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Abstract

The possibility of employing crystalline ion beams in storage rings has been explored since
the early 2000s [1, 2]. We build on the work of R.Husistein [3] and M. Solinas [4] towards
an implementation of a simulation of the full quantum state. For this, we develop a method
to entangle the external and internal states, including the interaction between them. This
implementation was successfully tested on spin states, whereas coherent Rabi oscillations could
not be observed for isospin states. We also address convergence issues and attempt to gain
insight into why Rabi oscillations could not be demonstrated.
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1 Theory and Methods

1.1 Motivation

In 2020, Brown & Roser [1] suggested the usage of storage rings as quantum computers. The qubits
should consist of ions in a crystalline ion beam, a state of matter achieved successfully in 2001 [2].
By skillfully placing lasers along the ring, transitions between two hyperfine states can be driven,
and hence two distinct quantum states can be resolved.

As Brown & Roser acknowledge, there are still a variety of experimental issues that need to be
resolved, such as the cooling limitations of a storage ring beam compared to an ion trap, the
synchronization of the quantum operations due to the continuous circulation of the beam, or the
effective implementation of quantum gates. However, experiments suggest that both qubit prepa-
ration and readout can be performed with high fidelity. This suggests that numerical simulations
could provide a reliable assessment of the viability of using a storage ring for quantum computations.

In an attempt to approach this question from first principles, R. Husistein [3] implemented algo-
rithms for the simulation of both the electronic and phononic states of an ion, and showed by means
of a toy example that entanglement between them could be achieved. Later, the work of M. Solinas
[4] allowed for the introduction of spin and isospin degrees of freedom (DoFs) as well as for the gen-
eralization to interactions with time-varying electromagnetic (EM) fields. Building on their work,
the aim of this project is to perform a simulation of the full state using a complete model, including
all interactions of all DoFs with the EM fields and between the internal and external statesl

1.2 Theoretical model
1.2.1 The Hamiltonian of the full state

The Hamiltonian that governs the time evolution of the full state |¥) = |1)int) ® [thext) can be written

as
H = Hiny + Hexy + Hy .

If we represent the full Hilbert space as H = Hin, ® Hext , the Hamiltonian can be written in operator

form as
H= Hint ® ]lext + ]lint ® Hext + HI .

Hence, Hi,t and Hey act only on the internal and external states, respectively, whereas the last
term, representing the interaction between both, acts on the full state.

The term acting on the internal state is given by
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and includes the kinetic term (7) , the potential term according to an effective core potential (ECP)
model (Vgcp), the Zeeman term (Hyz) , the spin-orbit interaction (Hgo) , the hyperfine interaction
(Hur) as well as the electric dipole interaction (Hgp). While the Bohr and nuclear magnetons, as
well as the electron g-factor, are well-known universal constants, it is worth noting that the nuclear
g-factor (gr) and the coupling constants of the spin-orbit and hyperfine interactions depend on the
atom or molecule under consideration.

The term acting on the external state is modeled as

4
Hext = _%AF + V(F) ) (2)

From here on, the terms “external” and ”phononic” states will be used interchangeably. Furthermore, the term
“internal” state will refer to the electronic DoF together with the spin and isospin ones.



with the Laplace operator Az representing the kinetic term and V' (7) being a smooth real potential.
This model can yield a solution to the time-dependent Schrodinger equation (TDSE) in any regime
ranging from a fully classical (e — 0) to a fully quantum (e = 1) case [5]. A common choice for V ()
is a harmonic or parabolic potential, which can be represented as

V(F) = (U$x2 + Jyy2 + O'ZZQ) (3)

N |

for some parameters 0,4 .. In an ion trap or storage ring, this choice of potential can be justified
because true potentials can be very well approximated by Eq. in the vicinity of the rest position
of the ions, which are assumed not to be subject to large displacements.

To properly interpret the interaction term between the internal and external states, it is necessary
to understand its physical nature. When the nucleus is at rest (énuc = Rg) , the energy of the valence
electrons is determined by the core Hamiltonianﬂ (Ho). However, a displacement of the nucleus
(4 := Ro - Rnuc * 6) induces a change in the electronic energy which depends on the electronic
distribution, i.e., on the state of the system. This is known as electron-phonon coupling and is
dominantly a first-order effect in terms of the potential [6]. Thus, the interaction Hamiltonian can
be modeled as

Hi=-u- VREel (Fel)b% . (4)

1.2.2 The internal state

The internal state consists of the electronic state, which describes the valence electrons of the atom,
the spin, and the isospin:

[int) = [e1) ®[5) ® | f) -

While the spin and isospin parts are already represented by basis states, it is necessary to ex-
pand [¢g]) on an appropriately chosen basis. For multiparticle atoms as well as in the context
of computational molecular dynamics, a widespread and efficient choice is the Hartree-Fock (HF)
theory framework, in which the full wavefunctions are represented using Slater determinants [7].
R. Husistein [3] showed that by choosing contracted Gaussian-type orbitals (CTGO) |xx) as basis
functions, the Roothaan equation can be solved with this method to find the energy and wavefunc-
tion of the atomic ground state. Then, he also demonstrated that the HF method can be extended
to a real-time time-dependent HF method, which, by means of an explicit second-order trapezoidal
Magnus propagator (E2TMP) algorithm, yields the time evolution of the wavefunction with high
precision. Although several sets of CTGO bases exist, each has different characteristics and func-
tionalities. Numerical experiments conducted by F. Welper [§] established that the cc-pvNz basis
set offers precise results, although at a higher computational cost. These basis states fit the case
treated here well, since they are valence-only but include core-valence correlationﬁﬂ Therefore, the
electronic state will be represented as

K

e = > ak|xk) -

k=1

1.2.3 The external state

The external state represents the mechanical DoF's of the nucleus. It models its displacement from
the rest position as mechanical excitations or phonons. It is common practice, in particular in the

’In the model from Eq. 7 this represents the kinetic and potential terms. For a concrete description of the
numerical model of the core Hamiltonian under the Hartree-Fock theory, see [3].

3The acronym stands for correlation consistent polarized valence N zeta basis set. “Valence-only” means that
they only consider the electrons in the valence shells, which are the relevant ones for calculations with ECP potential
models.



context of harmonic potentials, to model this as a Fock state [n), or more generally as a coherent
state - m
) = e~/ D 2 ny.

n=0 Vn!
This description is often used to treat the mechanical DOFs of quantum systems that involve
classical or semiclassical fields as well as time-resolved experiments. Fock states, and thus by
extension, coherent states are energy eigenstates of the harmonic oscillator. Furthermore, coherent
states allow for the representation of quantum states without a definite number of phonons; rather,
the mechanical excitations follow a Poissonian distribution of phonon numbers. Hence, a coherent
state is the perfect quantum analog of a classical harmonic oscillator [9, [10].

Since it is computationally impossible to use an infinite-dimensional basis, the external state will
be represented by a truncated coherent state, i.e.,

P N am 3 N )
|thext) = € Z 75 In) =: Z n|n) .
n=0

n=0 V1T
1.2.4 The full quantum state

The full quantum state, including all considered DoF's, reads as followsﬁ

1 K N

[T) =1f)@ls) @ [a) ® [ext) = D0 D0 X0 D Crspnlf) ®s) @ xk) ®In) . (5)

f=—1se{1,l} k=1n=0

1.3 Numerical model

Since we are working in the Schrédinger pictureﬂ the time evolution of the full state can be tracked
by considering the time evolution of the coefficients cfﬂ&k’n(t) in Eq. .

1.3.1 The data structure

When only considering the internal state, the preferred data structure for the bookkeeping of the
coefficients during the time evolution was the density matrix, i.e.,
(int) o~ ~%
pf7gys7T7k7l ‘_ af,S,k‘ ) a/ger :
This is mathematically the natural data structure, which also flows smoothly into the E2TMP
algorithm that solves the Liouville-von Neumann equation for orthogonalized versions of the Fock
operator and the density matri)ﬂ Furthermore, M. Solinas [4] showed that this approach could

be applied not only to the electronic state, but to the entire internal state, including the spin and
isospin DoF's.

“The ordering of the Hilbert spaces in the tensor product is irrelevant. This choice corresponds to the data structure
used for the time-evolution bookkeeping, as explained in Section

5There might be operators that change in time because of their dependency on either time-varying fields or the
state itself, but this approach is based on the assumption that the quantum state is what changes in time.

5The Fock operator is the operator appearing on the Roothaan equation. The necessary orthogonalization is due
to the non-orthogonality of the basis of the electronic state {[xx)};c1, . k) - See [3] for a detailed explanation.
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Figure 1: Workflow for each step of the time evolution when working with the data structure given by W .

To extend this isomorphically to the full state |¥), i.e., including the external state, we would need
an operator analogous to the Fock operator, which would act with Hiyt + Hext On p(f““) . Since the
calculation of the corresponding matrix elements in a common basis is not available in the numerical
tools at our disposal, the time evolution driven by Hj,; and Hey must be performed separately.
More specifically, using the properties of the tensor product, we can Writeﬂ

N
(191 (£ 2 o) = (3 ta) olol]
k=1n=0 n=0
and analogously for the time evolution of the external state. The workflow that describes this
process is shown in Fig.[[l Although this is possible to implement while working with a two-
dimensional tensor such as p(fuu) , another structure might offer computational advantages as well
as more simplicity. We proposeﬁ to store the coefficients cf 1 »(t) in a four-dimensional tensor W
of shape (dy,d;,2,2, K, K, N,N'), where d is the number of isospin projections of the atom. In this
form,
W(t) [fa g,8,7, k> l7 n, m] = Cf,s,k,n(t) : C;,r,l,m(t) = wﬁg,S,r,k,l,n,m(t)

still holds, while

(a) the external state’s partial density matrix is already traced out in the last two dimensions for
each tuple (f,g,s,7,k,1), and

(b) the partlal density matrix of the internal state p(mt)(t) for each tuple (n,m) can easily be

Another advantage of this structure is the calculation of the relevant state populations: in both the
case of spin state (i.e., when not considering the isospin DoF) and hyperfine state populations, it
boils down to simple tracing-out operations (cf. Appendix [A]).

1.3.2 Time evolution of the internal state

As introduced in Sec. the time evolution of the internal state is performed with the E2TMP
algorithm, which solves the Liouville-von Neumann equation for Hi,y and p(mt) . In order to obtain

"This is a simplified illustration of the idea that includes only the electronic and phononic states.
8Note that the extension of this approach to a system with fewer degrees of freedom (e.g., without considering the
isospin) is trivial and does not change the process, only the dimensionality.



the corresponding unitary, the matrix elements of Hj,; with respect to the internal basis must be
obtained. While the matrix elements involving the spin or isospin bases are well known from basic
quantum mechanics theory, the terms affecting the electronic basis can be obtained straightforwardly
from the quantum chemistry package PySCF, which includes all relevant integrals. For a detailed
description of how Hijy is evaluated with respect to the full basis of the internal state, see [4].

Although the time evolution according to the E2TMP algorithm should be unitary, some phase
mixing or trace loss might occur due to floating-point precision issues. These can be mitigated by
performing the following operations on p(mt) after each time step:

in 1 in in]L
o ”Hg(ﬂ( ) 4 int) )

(int) — 1 (int)
P tr {p(int)}p '

Whereas the first correction is made to ensure hermiticity, the second one warrants that the state
follows a “no-jump” phase-space trajectory, i.e., that our observables remain in the subspace where
the original state lived [11].

1.3.3 Time evolution of the external state

Gradinaru & Hagedorn [5] showed that the TDSE with respect to the Hamiltonian in Eq. can
be efficiently solved by projecting the corresponding quantum state onto Hagedorn wavepackets
(HWPs), and they implemented their algorithm in the WaveBlockND package. For our purpose,
this is an ideal solution, since HWPs are an optimal representation of a harmonic oscillator for
several reasons: they form an invariant family under a purely quadratic Hamiltonian evolution, and
they ensure minimal representation, since a single HWP can represent any pure Fock state.

Unfortunately, this algorithm, as implemented in the WaveBlockND package, only accepts quantum
state coefficients and not density matrices, i.e., it takes cy s, (t) rather than wyg g,k inm(t) as
input. Although going back and forth between both representations can be easily achieved with
eigendecomposition methods, these unnecessarily increase the computational cost and introduce a
source of numerical errors.

Here, we present an alternative approach. First, consider a Fock state with n excitations |n)
representing a three-dimensional harmonic oscillator. It is

In) = ng,ny,n;) with Ny +ny+n, =n.

Therefore, any combination of n;, . that fulfills the last equation describes a harmonic oscillator
with n excitations. Thus, we have

) (6)

Loy )
= — Ny Mgy M
\/ |S| Nz +Ny+nz=n R

where /S| is a normalization constant that ensures |(n|n)|* = 1. In particular, |S| is given by
the number of terms in the sum above. Let G be the operator acting on |n), as implemented in

WaveBlockND, that performs a timestep evolution of length At, and consider the full state for a

fixed choice of (f,s,k)
N

(W) sk = Yint(fr5,k) ® > cfsknln) -

n=0



Then, for one timestep of length At, we haveﬂ

A A N N A
|\Ijl>f,s,k = (]1 ® G) |‘Ij>f757k = Q;Z)int(fa S, k) G ( Z Cfskn |n>) = ¢int(fa S, k) ® Z Cf,s,k’,nG |n>
n=0 n=0
N , N N
= ¢int(f757k) ® Z Cfskn|T > = ¢int(fa S, k) ® Z Cfskn Z €n,n |7]> . (7)
n=0 n=0 n=0
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Figure 2: Comparison of the number of states that fulfill Eq. @ to those used by the algorithm in the
WaveBlockND package as a function of the number of excitations n .

Define the matrix Uy such that Uext[a,b] =: €4 . This matrix should be unitary, but due to the
algorithm developed by Gradinaru & Hagedorn [5], the calculation represented by Eq. might
suffer from “norm leakage”. In order to represent a three-dimensional HWP with n excitations, the
algorithm uses a basiﬂ ranging from |0,0,0) to |n,n,n). As can be seen in Fig. |2, the number of

states that fulfill Eq. @,
n+2
("2

grows much more slowly than the number of basis states used by the algorithm, (n + 1)3. This
means that the operator G might project the input state into basis states that are not considered
in the expansion of |n), thus resulting in a norm loss. As a method for conserving the norm, we
suggest using polar decomposition, i.e., to approximate ﬁext to its closest unitary in the sense of
the Frobenius norm [12, |13]:

Usct = min || Uext — =x)T,
ext = min |Uesi = Q| , = XY
where ffext = XYY is the singular value decomposition of f]ext .

Finally, if p;e;(ts) . is the partial density matrix of the external state for a fixed tuple (f, g,s,7,k,1),

its time evolution is given by

Xt Xt
P (4 A8 = UL o) () Ut

1.3.4 Time evolution due to the interaction term

The model presented in Eq. for the interaction term is used recurrently to describe first-order
electron-phonon coupling. It can be found in many fields of physics, from quantum optics in the

?For details on the calculation of €, , cf. Appendix

10T6 use this algorithm, the user must choose a basis shape, which determines the basis states that will be employed.
As R. Husistein showed [3], an efficient choice is the so-called hyperbolic cut shape, which includes all the states as
described here.



context of excitons or polarons [14} |15], to condensed matter physics, where it is known as a Holstein-
type coupling [16-18|. In the quantum chemistry literature, it appears as well and is known as linear
vibronic coupling [19]. However, this model fails to describe the type of coupling considered here
in a symmetrical single-ion system. In that case, and according to the Hellmann-Feynman theorem
[20], the first-order change in the electronic energy should vanish.

In order to overcome this caveat, we propose the following approach. Contrary to the other two
terms in the full Hamiltonian, the interaction Hamiltonian acts on the entire Hilbert space. However,
it can be shown that this operator can be written in decomposable form, i.e., as the tensor product
of two operators such that each one acts on a different subspace [16]:

h=FeX.

On the one hand, we model F as the expectation value of the electronic energy with respect to the
internal state basis, which can be efficiently calculated with the PySCF functionalities:

A 0H
F = (Xi 0 Xj) .

i
Note that this does not contradict the previous statement: the diagonal elements of F' are zero,
because they represent the vanishing first-order change in the electronic energy, but the non-diagonal
ones are non-zero and describe the exchange of energy between the basis states |x;) due to the
electron-phonon coupling.

Ro

On the other hand, the term acting on the phononic space is modeled as
L 1
X = —ki®,
2

since the first-order coupling strength is, as argued above, zerdﬂ Noting that
1
2Mw

with M is the mass of the nucleus, and w the angular frequency of the interaction, we obtain
5 hw

i = (a+al),

Thereby, we used the relation [21, [22]
w=1\/—.

Furthermore, when calculating the expectation values of the ladder operators with respect to the
Fock basis, we assume that a single interaction process between the internal and external states can
only couple neighboring excitation manifolds, i.e., that a phonon state |n) can only couple to the
states |n+1). This assumption is reasonable as long as the system is not in a strongly nonlinear
regime, which, for our case, can also be expected [23, [24].

Finally, in a similar way to the product basis, the full matrix representing H; can be constructed as
the Kronecker product of the matrix representations of F and X with respect to the corresponding
bases.

Since the interaction term is independent of spin and isospin, the interaction Hamiltonian will
be block-diagonal with respect to these. By calculating the corresponding unitary matrix Uy and
reshaping W into a density matrix form, the time evolution can be applied as follows:

PO A = U0 with U= A
Note that in this case, too, issues with the unitarity might arise in the numerical implementation
of Ur. To address them, both methods presented above in Sections and might be used.

1t Appendix [C] for a detailed description on how to calculate the second-order coupling constant &, as well as
for numerical estimations in the case of the Be™ ion.



2 Results and Discussion

In this section, the numerical simulations performed to evaluate our model are described, and plots
of the obtained raw data are shown. At the same time, the results obtained are discussed. All
plots of individual simulations follow the same structure. The upper subplot shows the difference
between the total energy of the internal state{r_zl at time ¢ and its initial value as a function of time.
The lower subplot shows the time evolution of the trace of the full state as well as of the considered
state populations (i.e., either the spin or hyperfine states). Additionally, boolean information about
the electric and magnetic fields is also displayed in the lower subplot.

2.1 Electron-phonon interaction
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Figure 3: (a) Baseline plot, where external and internal states are simulated without taking into account
the interaction between them. (b) Simulation of the internal and internal states, including the interaction
term. In both cases, no external fields were applied, and the isospin DoF was not included.

Figures[3aand 3b|show the baseline plot and the effect of including the interaction term, respectively.
In both cases, as well as in all other tests described in Sections and the isospin DoF was
not included. These simulations were performed with values of N/ =5 and At = 0.1 a.u., and the
system behaved as expected. Without external fields and without the interaction term, not only
the total energy but also every one of its components is constant. Similarly, the initial populations
of the system remain unchanged. The addition of the interaction term between the electronic and
the phononic state induces an oscillatory exchange of energy between both. Since the accuracy with
which the truncated Fock basis represents the external state depends on the cutoff value N, the
influence of this parameter on the amplitude of the oscillations was studied as well. As shown in
Fig.[] the amplitude of the energy oscillations converges towards a value of approximately

1.232-107° Hartree ~ 5.383- 10722 J ~ 0.336 meV

for increasing /. Electron-phonon interaction studies are generally done for solid-state lattices or
in relation to vibrational effects in molecules [25]. Hence, it would be challenging to find reference
values for this amplitude in the literature. Under the Born—Oppenheimer approximation, which is
often assumed when treating electron-phonon interactions, non-adiabatic energy exchanges between
electrons and phonons scale parametrically with the electron-to-nucleus mass ratio [26]. As a con-
sequence, non-adiabatic corrections are strongly suppressed, and it is therefore valid to assume that

2Note that only the energy of the internal state has been tracked in these simulations. This is due to technical
aspects of the package used to model the external state, which neither offers any possibility of obtaining the matrix
form of the external state Hamiltonian in terms of Fock states nor can it calculate energies at different time steps
from the state coefficients in the form that we track them. In the context of this investigation, from here on, the
term “energy” will refer to energy of the internal state, and energy conservation will be assumed whenever the energy
difference with respect to the initial value does not drift significantly in the long term.

10



the amplitude of the energy oscillations here observed should be of the same order of magnitude as
the ratio of the masses between the valence electron and the nucleus. In the case of a single ion
such as “BEY, the main sources of electronic-phononic exchange are recoil and zero-point motion
associated with electronic binding [27]. A conservative estimation for this type of interaction yields
a range of 0.1-1 meV , making the simulated energy exchange physically plausible.

Amplitude [a.u.]
o o o - =
S o © o N

o
N

0.0

Figure 4: Convergence of the amplitude of the energy oscillations as a function of the truncation index N
of the Fock basis.

2.2 Spin states

— Total (IS)

E-Eo[a.u.]

B-Field
08 It
=== 14

Trace (full)

0 500 1000 1500 2000 2500 3000 3500 4000
Time [a.u.]

Figure 5: Effect of a constant magnetic field parallel to the spin polarization (B = Bz) .

With these tests, we aim to show the effects of applying a constant magnetic on the system, while
still not considering the isospin DoF. As can be seen by comparing Figs.[5§ and a magnetic field
along the z-direction, i.e., parallel to the polarization direction of the ion’s spin, does not affect
the dynamics of the system beyond a constant shift of the energy. However, when the field is
polarized perpendicularly to the spin, the population between the spin states oscillates back and
forth (Fig.@. This is known as Larmor precession, and its oscillation frequency depends linearly
on the strength of the applied magnetic field (Fig. according to

WLarmor = H’YB

Y

where v is the gyromagnetic ratio. Note that the system’s dynamics also remain unchanged when
choosing either perpendicular axis with respect to the spin polarization. The sole variation is an
overall phase difference, which is not physically measurable. Figure [64] also shows that a perpen-
dicularly polarized magnetic field induces an energy drift. By repeating this simulation for several

11



values of HB , we could show that this drift, which reduces the total energy of the internal state,
depends quadratically on the magnetic field strength (Fig.|7]).
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Figure 6: (a) Larmor precession observed when applying a magnetic field perpendicular to the spin polar-
ization. In this case, the magnetic field was polarized along the y-direction. (b) Dependence of the frequency
of the Larmor precession on the magnetic field strength.
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Figure 7: Drift of the total energy of the internal state due to an external magnetic field perpendicular to
the spin polarization.

To determine the source of such drift, we investigated various simulation parameters. First, the effect
of the Fock basis cutoff N was tested (Fig.. For constant values of B =0.01 T and At =0.1 a.u.,
the cutoff was modified, and the drift in the energy was tracked. Convergence can be observed
for increasing A, with stable values for N 2 8. Since [¢).,, is modeled as a coherent state with
lalpha| = 1, the phonon number follows a Poissonian distribution with unity mean and variance.
Hence, by choosing [28]
N>|a]* +6|a| =7,

which corresponds to a 60 range around the mean, we can ensure that the probability for the true
coherent state of being fully represented by the truncated one is given by

o o 6_1 s

1—€trunC:1—Z'P(N)=1—ZW%10 .
n=8 n=8

Therefore, for N' > 7, convergence to a high degree of accuracy should be expected, thus agreeing
with our results above.
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After this, the consequences of varying the duration of the time step were analyzed (Fig.@. We
observed convergence of both the oscillation amplitude and the energy drift for decreasing time
step duration, with stable values for At < 0.05 a.u. This result agrees with that of Fig.[§l The
simulations performed to obtain Fig.[§] were carried out with values of At = 0.1 a.u., and for the
tests corresponding to Fig.[9] the cutoff value of the Fock basis was set to ' =5. Comparing the
corresponding data points in both plots, it can be easily seen that they are in agreement. Note that
for obtaining the individual data points in Figs.[7] [§] and [Ob] the energy difference AE := F — Ej as
a function of time was fitted to a linear model, and the slope as well as the corresponding standard
error estimation were extracted from the fit and plotted here.
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Figure 8: Drift of the total energy of the internal state as a function of the Fock basis cutoff parameter N .
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Figure 9: (a) Amplitude of the energy oscillations as a function of the time step duration. (b) Energy drift
as a function of the time step duration. Both plots were generated from simulations with a fixed magnetic
field strength of B=0.01 T.

Finally, we wanted to study the tradeoff between the accuracy obtained by decreasing the duration
of the time step or increasing the cutoff A and the physical time required to compute one simulation
step. This is displayed in Fig.[I0] where it can be seen that the computational time increases linearly
with the duration of the time step, while larger cutoff values result in a quadratic increase of the
time needed to compute one simulation step.
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Figure 10: Computational time per simulation step as a function of (a) the duration of the time step and
(b) the cutoff value N of the Fock basis.

2.3 Isospin states

The final step of our study was to include the isospin DoF in the simulated system. In the absence
of external fields, the observed behavior is expected to be the same as before. Figure shows
that for values of At > 0.05 a.u., the system behaves unphysically. Even for At = 0.01 a.u., a value
that ensured convergence in the previous tests, still results in a slight upward drift in the energy
(Fig.|11a)). This indicates that simulating the full state is much more sensitive to the choice of time
step duration.
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Figure 11: Simulations of the full state, including the isospin DoF, without external fields applied for (a)
At =0.01 a.u. and (b) At =0.05 a.u.

Finally, a simulation of the full state under the action of a magnetic field with both constant and
time-varying components was performed. For this purpose, we set A’ =5, At =0.001 and

B = (B cos(2r f,t), By sin(2r f,t), Bo) | (8)

with By = 119.4428 G, B; = 1.0 G and f, = 1.2074958 GHz. The choice of By and f, matches
the resonance condition of the |2,0) < [1,+1) transition [29]. In addition, the geometry of the
magnetic field corresponds to the so-called o* polarization, which allows for a Amg = +1 transition.
The choice of Bj is irrelevant as long as By < 0.1By, because for By = 119.4428 G and w, =
1.2074958 GHz, the |2,0) <> |1,+1) transition is independent of B; up to first order [29]. The given
upper limit for By assures as well that the system remains in the weak coupling regime. Increasing
its value to By ~ By would induce some state mixing as well as off-resonant transitions [30, 31|, and
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higher values would bring the system into a strong coupling regime, where both the adiabacity and
Born-Oppenheimer approximations would not be valid anymore [32-34]. The described effects of
going into the intermediate and strong coupling regimes are shown in Figs.[12a]and [I2b] respectively.

Unfortunately, the simulation within the weak field regime did not yield the expected results
(Fig.. Instead, coherent oscillations of the population can be observed between the hyper-
fine states |2,0) and |1,0). However, these must not be mistaken for Rabi oscillations. We believe
that these are so-called quantum beats. For any bias By # 0, the hyperfine states are no longer
eigenstates of the static hyperfine Hamiltonian, i.e., Hygp plus the terms from Hy that involve a
non-oscillating magnetic field. Instead, for bias values as large as the transition considered here,
the proper eigenstates are Breit-Rabi states, which are statistical mixtures of hyperfine states .
An example of a transition between Rabi eigenstates for By = 119.4428 G is the one between

[+,0) := cos(Omp-0) [2,0) + sin(fmp-0) [1,0)  and  [¢F) := cos(Omp-1) [1,1) = sin(Omp-1) 2, 1) ,

at a frequency of f,. » 6.3047541 GHz. Thereby, 6, is the corresponding mixing angle. Therefore,
if we initialize our system in the |2,0) hyperfine state, the strongest transition driven by our Hamil-
tonian, i.e., the transition with the largest matrix element will be that between [2,0) and |1,0).
This is, in fact, a so-called “clock transition”, because it is completely independent of the magnetic
field strength at first order.
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Figure 12: Simulations of the full state, including the isospin DoF, with an external B-field as described by
Eq. . Figure (a) corresponds to an intermediate field regime (B; ~ By), and (b) to a strong field regime
(By > By) .
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Figure 13: Simulations of the full state, including the isospin DoF, with an external B-field as described by
Eq. in the weak driving regime (B; $0.1By).

To observe proper Rabi oscillations between Breit-Rabi states for this type of transition is, for
our understanding, very difficult. The mentioned transition at By = 119.4428 G corresponds to a
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Rabi frequency of Qg ~ 188 kHz for a weak-driving field of By = 1 G, or equivalently a period of
Tr ~ 5.3 ps. In atomic units, this value is on the order of 4-10'° a.u. As explained before, based on
Fig.[ITa], this type of simulation requires At < 0.01 a.u. to achieve energy convergence. In the upper
limit of At = 0.01, this would imply that ~ 4-10'? time steps would be needed to observe a full Rabi
oscillation. If one examines Fig.[14] it can be easily seen that the introduction of the isospin DoF
and, in particular, of time-varying magnetic fields drastically increases the computational time per
simulation step. This is mainly due to the internal implementation of the WaveBlockND package.
We use this package, as explained earlier, to calculate the matrix coefficients for the evolution of the
external state. This matrix depends on the magnetic field and hence must be computed at every
time step for time-varying B-fields, which is very slow (on the order of 1 ~ 2 seconds per calculation
for N/ = 5). This means that even a one-million-fold optimization in the computational time per
simulation step would require an unfeasible amount of time.
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2.01
1.51 1

0.5

Computational time [s]

©
& s
&

Figure 14: Computational time per simulation step for various tests. All the tests used for this plot were
performed with the same cutoff value of N =5.
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3 Conclusion

In this work, we realized an implementation based on the works of M. Solinas [4] and R. Husistein [3]
that deals with the simulation of the full quantum state of a single ion under the effects of an external
EM field. First, we found a data structure that allows the user to track the full state in a single
matrix element despite the incompatibilities between the internal implementations of the packages
used to simulate the time evolution of the electronic and external states. Then, we developed a
model for the interaction between the internal and external states. We validated its implementation
by comparing the results of tests performed on spin states under the effect of a magnetic field
with the expected theoretical behaviors. In addition, we studied the convergence of our models
in dependence on the time step duration as well as the cutoff value for the truncated Fock basis.
Finally, we added the isospin DoF in the hope of being able to observe coherent Rabi oscillations.
Although this last attempt was unsuccessful, we strongly believe that further investigation into the
following topics could lead to a positive result:

e A completely new and optimized implementation of the methods used in the WaveBlockND
package could lead to a large improvement in the computational time needed per simulation
step. This could also be seen as an opportunity to develop a method that approaches the
definition of the quantum state based on a single, full-state basis. If successful, a single
Hamiltonian could suffice to implement the time evolution of the system.

e It is unclear, from the implementations of both the WaveBlockND and PySCF packages, what
units the physical quantities are supposed to have. While we can assume, as it is for most
Quantum Chemistry implementations, that PySCF works in Hartree/atomic units, our results
for the dependence of the frequency of the Larmor precession on the magnetic field strength
(Fig seem to hint that magnetic fields given in Tesla are interpreted as atomic units of
magnetic field strength. Based on these observations, a deeper investigation than what we
were able to test could reveal whether all blocks of code used in this implementation are
consistent in terms of physical units.

e If the necessity of matching resonance conditions as well as of choosing the simulation pa-
rameter to achieve convergence results in a huge number of time steps per Rabi cycle, we
think that a full re-scaling of the involved quantities could be studied. If such a modification
would allow us to match the resonance conditions, the expected behavior of the coherent Rabi
oscillations could at least be demonstrated qualitatively.
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Appendices

A Calculation of state populations

A.1 Case 1: Spin states

When considering a quantum state consisting of the electronic, phononic, and spin DoFs, the
relevant populations are the spin states. For a quantum state, the internal state is often represented

ma = (o) = (15

where [¢p(*)) and [)(-)) are known as the spin-up and spin-down states. Such states are relevant,
e.g., when studying the Zeeman effect on the quantum system.

as a spinor,

In this case, the matrix W is of shape (2,2,KC,IC,N',N'). Then, by tracing out the external state
subspace, the matrix
Ri=trp, {W} = > (m|W|m)
m

can be defined, which is a block matrix of the form
g (N @O ™) (O - (Roo Ron
O (O] ) (O] " \Rio Run)
Therefore, the populations are given by

P(W(+)>) =tr{Roo} and P(lw(f))) =tr{Ri1} .

A.2 Case 2: Hyperfine states

If the isospin DoF is also considered, quantum states can be expressed on the uncoupled ba-
sis [I,my;J,;my), where the tuple (J,my) refers to the electronic angular momentum and its z-
projection, and the tuple (I,m;) to the isospin and its z-projection. Alternatively, by defining
F =J+ 1, the state can be represented in the so-called coupled basis

(F7mF)
(I,mr;J;my)

\Fymp) =Y, (I,mpJ,mylF,mp)|I,mp; Jmy) = ), CG

mj,mjy mgj,mjy

\I,mr; J,my) .

The states |F,mp) are precisely the hyperfine states, and the conversion between both bases can be
achieved by means of Clebsch-Gordan (CG) coefficients.

For the particular case of I = 3/2 and J = 1/2, which is relevant for this project, the conversion
between bases can be represented by a matrix

1 0 0 0 0 0 0 0
0 1/2 0 0 0 V32 0 0
0 V3/2 0 0 0 -1/2 0 0
Ve =0 0 1/v2 0 0 0 1,2 0
o 0 12 0o 0 o0 -1/v2 0o |’
0 0 0 V320 0 0 1/2
0 0 0 12 0 0 0 V32
0 0 0 0 1 0 0 0

where the columns correspond to the hyperfine states

|23+2) 7|2>+1> a|270> ’|27_1> a|27_2> 7|1a+1> 7|130> 7|1a_1>
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from left to right, and the rows to the z-projections
[+3/2,+1/2) ,|+3/2,-1/2) ,|+1/2,+1/2) ,|+1/2,-1/2) ,
|-1/2,+1/2) ,|-1/2,-1/2) ,|-3/2,+1/2) ,|-3/2,-1/2)
from top to bottom.

To calculate the populations in this case, one starts again by tracing out both the phononic and
electronic subspaces, i.e., by defining

Rune = trg.m {W} s

which yields a partial density matrix in the uncoupled isospin-spin basis. Since hyperfine states are
linear combinations of these basis states, correlations must be taken into account because some of
them may interfere constructively. This is particularly relevant as long as the partial density matrix
in the uncoupled basis is not diagonal [20, [36]. Therefore, in order to extract the populations, the
matrix Runc should be transformed to the coupled basis as

Phf = U(TjG punc Uca ,

where pync corresponds to Rype reshaped into a true partial density matrix. Then, the populations
are given by the diagonal elements of pyn., where the i-th diagonal element corresponds to the
hyperfine state of the i-th column label in Ucg .

B Calculation of the ¢, , coefficients in Eq.

Define
S = {5 = (g, Ny, 12) ‘nx + Ny + N, :n}
such that 1
)= —=lo)
geS \/ |S|
Let

n)= Z a, g |b)

beB
be its projection onto HWP, where B = {(0,0,0),...,(n,n,n)}, and

{1/\/_ ifbeS

otherwise

For the time evolution of |n), it holds after one timestep given by the operator G that

N
| G|’I’L za blb Z;]En,n 77)
n=

beBB

(9)

Note that the last equality in Eq. @ follows because of the properties of both Heyt and the HWP:
the operator G works as a rotation on the space spanned by {|0),...,|N)}.

Since the |n) are Fock states, and hence orthonormal, it holds

R BT (S T B N i
na = (1] )—g&;m< |(£ n,b|b>) UZE;S |8|< |(bz+b§bz:n n,blb))

Oéng Oén b
= — (o|b) = =
aze;sbz+byz+:bz:n VIS —— bw+byz+:bz=n VIS

ob

Thereby (%), we assumed that & np =0 if b ¢ S must hold for the state to remain in the considered
subspace after time evolution. Note that this assumption leads to the norm leakage phenomenon,
which is then addressed as explained in Section [1.3.3
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C Calculation of the coupling strength for the nuclear displace-
ment operator X

The time evolution of a harmonic oscillator is governed by a Hamiltonian that can generically be
written as H = T + V', i.e., as the sum of the kinetic and potential operators. For a nucleus
modeled as a linear combination of harmonic oscillators, the potential can be expanded for small
displacements % := Ry — R around the equilibrium as

1
V(i) Vo = 3 Shuty

where k,, is the coupling strength along the direction v € {x,y, 2z} . Therefore, it follows

0%V
ol i=Ro

kv (10)

The harmonic approximation in the expansion of the potential is adequate for small oscillations
around the equilibrium. In such cases, terms of cubic order or higher, which correspond to nonlinear
perturbations of the energy, are strongly suppressed with respect to the quadratic term. Those terms
only become relevant for energetic perturbations that would lead to high excitation levels or even
molecule dissociation. In our context, we can automatically discard those cases, since they would
violate the assumptions of the Born-Oppenheimer approximation, which is inherent to our whole
discussion. We chose this approach because it is often used to describe molecular vibrations as well
as phonons in solids [37, 3§].

A naive approach to the next step would be to assume that the restoring force is of Coulomb-
type nature. In particular, this assumption would justified for short- and even intermediate-range
displacements, since at such distances, quantum electrodynamic effects are much weaker [39]. Fur-
thermore, no modifications due to core shielding effects would be required, because these are already
included computationally when using ECP and Slater orbital models [21]. Then, the potential to
be considered in the computation of k& would be of the form

Zette ;L Zende

V(i) = -2y 2
(@) dmeg | 2 4req (r)?

[l , (11)

where (r) represents the valence shell orbital radius, and ge the electron charge. From Egs. (|10)
and (1)), it would follow that
Zeffqz
ky v ————.
dreq (r)

As preliminary tests demonstrate, this is barely a toy model, which yields qualitatively acceptable
results but does not capture the entire effects of how the electronic cloud of the ion rearranges with
the movement of the nucleus due to, e.g., polarization, exchange-correlation, or multipole effects.

A different approach is to assume that the change in the potential due to a small displacement can
be described by means of the energy stored in the induced dipole of a linear-response, i.e., static
polarizable electronic cloud:

2 2,2

by ety
Eind-dip = =2 05
il =255, = 2 23,

where dgp, is the static dipole polarizability of the ion. Then, again by comparison with Eq. (10)),

Since the numerical value of dg, has been determined to high precision from very accurate correlated
electronic-structure calculations based on Hylleraas and FCCI methods, it includes the electronic

22



many-body response that was missing in the toy model [40]. Hence, it does not only include all the
assumptions made in the description the previous approach, but is also more complete.

With this, the angular frequency of the nucleus along v of the oscillations generated by this potential
is

where M is the mass of the nucleus. Finally, the prefactor or coupling strength for the nuclear
operator along v is computed as

_ hwy
9=
Quantity Value Reference
Ssp 24.4966 - 4regap [40]
M 9.012183050 amu [41]

Table 1: Numerical values and references for the quantities used in the estimation of k, , w, and g, for the
ground state “Be™ ion. Thereby, ag is the Bohr radius.

ESTIMATION OF g, FOR THE BET 10N

For the ?Be* ion in the ground state, the valence electron lies in the 2s orbital. For our calculations,
we use the values given in Table [l Then, we have in SI unit

(1.602176634 - 10719)”
" 47 8.854187817- 10712 - 24.4966 - (5.29177109 - 10-11)°

Ky, st =63.55547717260995 N/m ,

[k, 63.55547717260995
wy, st =\~ \/ = 6.5116838238011957 - 10'* rad/s,
’ M 9.012183050 - 1.66054 - 10-27

f 1.054571817 - 10-34
Gu,S1 = h ~\/ 054571817 10 =1.718118485438837-1072" J.
’ 2Mw, 2-9.012183050 - 1.66054 - 1027 - 6.5116838238011957 - 1014

Considering now the conversion factor for energy from SI to atomic units (a.u.),
Jaw = 4.3597447222071-107 J,

we obtain

= 3.9400869465790758 - 10~ a.u. .

1
Gu.am, ~ 1.718118485438837 - 1072 - v

a.u.

13Note that in the discussion above, g, did not have a # factor. This is because in our simulations, we use atomic
units with A =1, but this factor is needed for the numerical computation in SI units.
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