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Abstract

Recent measurements indicate that cryo-cooled photo-injectors promise to be an important cor-
nerstone in the quest for next generation high brightness electron sources. State-of-the-art sources
are capable of producing electron beams with very low beam temperatures, which are correlated
and potentially quantum-degenerate. Accurate simulations of these sources require a numerical
model that includes inter-particle collisions in a way that is consistent with the low-temperature
limit. This thesis investigates the quantum nature of the plasmas produced and reviews multiple
approaches to modelling collisions with regard to their applicability. The approaches considered
range from kinetic Boltzmann and Landau schemes, over to randomized models, such as cumulative
collisions, up to models such as P3M. On the grounds of effective potential theory pioneered by
Baalrud and Daligault [1] it could be shown that classical approaches suffice for modern sources.
An additional feature of this thesis includes a variational description of the P3M algorithm, which is
used for an in-depth analysis of the role of electrostatic boundary conditions in collision modelling.
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Collision Modelling for Ultracold
Sources
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Chapter 1

Introduction

1.1 Cold Particle Electron Sources
The performance of applications of electron particle sources, such as X-ray free electron lasers
and electron diffraction imaging systems, depends strongly on the ability to generate and control
high-brightness beams. The emittance of photo-injector sources has a lower limit that cannot be
undercut. This limit is referred to as intrinsic emittance [2–4] and reads,

ε = σr

√
MTE
mc2

,

where MTE is the mean transverse energy of the electrons and σr the spot size of the laser used
for excitation. The mean transverse energy can be directly connected to the physical temperature
of the electrons [4–6],

ε = σr

√
kBT

mc2
.

Recent experiments have shown that cryogenic cooling of photocathodes [6–9] or laser-ionization
of optically trapped, ultracold gases [5, 10–12] allow for beams with effective temperatures as low
as 10 K. The drastically decreased intrinsic emittance allows for higher brightness and consequen-
tially these results pose a promising lead in the quest for ultra-low emittance electron sources. The
comparison in table 1.1 highlights the increase in brightness that is currently possible, as well as
the expected plasma temperature range for ultra-cold sources.

Observable Magneto-Optical
Trap

Ultra-Cold
Photoinjector

Regular
Photoinjector

e− Temperature [K] <10 50< 1e3 - 1e4
Beam Charge [pC] 1000 - 100-3000
Emittance [mm.mrad] 0.04 ∝ 0.05 1
Brightness [A/m2·sr] 1e16 ∝ 1e16 1e12 - 1e13
Bunch Length [ps] 0.1-1 - < hundreds

Table 1.1: Data from [5], [7].

However, the performance of a source is not only dependent on the intrinsic emittance. The final
emittance of the beam will certainly be larger than ε, as the emittance will grow due to inter-
particle collision effects. As results by Pierce et al. [3] indicate, ultracold sources still promise a
solid improvement. Nevertheless, for the purpose of precise simulations, we require a model that
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includes collision effects into the transport model, in a way that accurately reflects the physical
conditions. The main questions of this thesis is, how collision modelling is affected by the low
temperature limit.

It must be noted that this question combines concepts from several different fields of study. This
arises because collision (or transport) models are often rooted in statistical mechanics and plasma
physics but are applied to problems routinely encountered in an accelerator setting. Although
the intrinsic emittance provides an example, that an accelerator observable (the emittance) can be
connected to statistical properties (the temperature) the conversion often requires approximations.
Notably, whenever in the following chapters a particle number density is stated, it will be an es-
timation. In practice particle sources rarely have a homogeneous number density and are usually
characterized by other metrics, such as bunch charge.

With this in mind, it can be said that ultracold sources operate in a regime that is characterized
by extremely low temperatures (10 - 50 K) and moderate particle number densities (1e17 - 1e20
cm−3). Consequentially, due to both strong coupling between individual particles as well as quan-
tum mechanical effects, such as Fermi pressure, the physical picture is quite different compared
to the high temperature limit. This thesis investigates the nature of these conditions and possible
ways in which collision dynamics can be modelled for the purpose of an accelerator simulation of
ultracold particle sources.

An additional complication that arises for photo-cathode based sources is the presence of elec-
trostatic boundary conditions. The interplay between boundaries and collision modelling will be
investigated over the course of this thesis as well.

1.2 Approaches to Collision Modelling
In the following an abbreviated overview over collision models will be given. The different models
will be reintroduced later with greater attention to detail.
Considering a configuration of N classical charged particles, as in figure 1.2, a full description of
the dynamics can be given by solving Newton’s equations, i.e. a system of N coupled second order
differential equations. In other words the electrostatic energy of particle j in a configuration is
given as the sum over all interactions,

Ej =
e2

4πε0

N∑
i6=j

1

|ri − rj |
,

where ri is the position of particle i. Given that this was computationally possible, there would be
no need for a collision model, as the entire interaction would be described. The need for including
collisions separately arises only, when an approximation was made at some point. The collisional
dynamics then account for everything that e.g. the mean-field description neglected. In this sense,
collisions are artificially re-introduced electromagnetic interaction.

One possible way to categorize collision models is shown in figure 1.4. The base equations are
placed in the centre and describe the time evolution completely. Since the direct solution of e.g.
Liouville’s equation is mostly impossible, appropriate simplifications have to be made. Either, one
solves the full Liouville equation approximately, or the equation itself is simplified first.

Schemes like the fast-multipole-method (FMM) [13, 14] or Ewald-Splitting-based methods [15],
such as P3M [16–18], distinguish between far-field and near-field interaction and are - in the above
sense - to be considered as collision models as well. Usually, the far-field is solved in a mean field
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Figure 1.1: Illustration of a configuration of particles, where a particle interacts directly with N−1
others, which interact among themselves

rC

Figure 1.2: Illustration of a configuration of particles, where a particle interacts directly with close
neighbours, which interact with their immediate surroundings.

approach, whereas the near-field interaction is computed by direct summation. A visualization of
this procedure is shown in figure 1.2. These schemes provide an approximate solution to Newton’s
equations and can be fully described via Lagrangian formalism. How the electrostatic energy is
computed in this case will be detailed in chapter 6.

One can understand this approximation in terms of statistical correlation. By virtue of Newton’s
equations the position and velocity of each particle depends on the position of all other particles
within the configuration. Through this dependency the particle positions are statistically corre-
lated with each other. Considering figure 1.2, the direct correlation between particles is given
through the direct interaction with near neighbours and the indirect correlation summarizes ev-
erything that was neglected. In schemes like FMM or P3M there is an implicity assumption that
rC is chosen such that the indirect correlation, that remains, can be approximated well with ei-
ther a mean-field approach or a multipole expansion respectively. Naturally, if the cut-off radius
rC is chosen large enough, the entire interaction is computed directly and there is no approximation.

An additional simplification can be made by considering only two-particle interactions in the
collision dynamics [19–27]. This approximation is known as binary collision picture and requires
that the indirect correlation between particles is negligible. In terms of the electrostatic energy,
this can be written as follows,

Ej =
e2

4πε0

1

|ri − rj |
dir. corr.

+ γ(|ri − rj |)kBT
ind. corr.

≈ e2

4πε0

1

|ri − rj |
dir. corr.

, (1.1)

where γ = γ(r, T, ρ) quantifies the contribution of indirect correlation and i is reasonably close
to j. Regarding the dimensions it is understood that γ denotes an energy measured in units of
thermal energy.
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Figure 1.3: In the binary collision picture only two particles interact and indirect correlation is
neglected.

One can equivalently describe the dynamics in macroscopic terms with a distribution function
f(x1,x2, ...) in the 6N-dimensional phase space, where xi = (qi,pi) consists of position and mo-
mentum of the i-th particle. The base equation is known to be Liouville’s equation,

df

dt
= 0,

which provides an equivalent to Newton’s equations on the macroscopic scale and is equally costly
to solve directly. The kinetic approach is to simplify Liouville’s equation first, before (approxi-
mately) solving it, which can be achieved by writing out the RHS. One distinguishes the diffusion
term, which contains the mean field, and the collision operator, which contains everything else.
Through the introduction of the Bogoliubov-Born-Green-Kirkwood-Yvon-Hierarchy (BBGKY) this
abstract equation can be brought to workable forms, yielding Boltzmann’s or Landau’s collision
operator [28]. In order to translate the macroscopic equation into particle equations of motion,
one can discretize the operators in velocity space using Monte Carlo methods [29–31], or - in the
case of Landau’s operator - reformulate the equation to Langevin’s form [32–37].

In the fluid limit, one can further simplify by expanding Boltzmann’s equation in a moment ex-
pansion which is warranted, as long as the matter can be treated as a continuous system. Useful
branches with many applications, such as Magneto-Hydro-Dynamics (MHD), have their roots in
this treatment [38]. For the purpose of this thesis, these models are generally not of interest, since
electrons cannot be reasonably considered in the fluid limit in most contexts.

The low temperature limit is characterized by the loss of validity of classical plasma physics assump-
tions. The typical [39] parameters to distinguish the regimes from one another are the Coulomb
logarithm λ, the Plasma coupling parameter Γ and the electron degeneracy parameter (or Fermi
pressure) Θ. Since the Coulomb logarithm will be subject of chapter 5, we will focus the on the
remaining two, in order to motivate the problem. The plasma coupling parameter is defined the
ratio between electrostatic and thermal energy,

Γ =
EC

kBT
.

The higher Γ, the more important are collisional and indirect correlation effects. If indirect corre-
lations are relevant, the binary collision assumption fails and a collision event consists not only of
two collision partners, but includes every other particle that is correlated with either of the two.
In contrast the assumption works reasonably well, as long as the particles are weakly correlated.

The plasma degeneracy parameter is the ratio between thermal and Fermi energy,

Θ =
kBT

EF
.
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Exact Description

Microscopic

d2

dt2 x1 = F (x1,v1, ...)

Newton

Macroscopic
df
dt = 0
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Approximate Equation

Kinetic Description
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Figure 1.4: Overview over collision modelling approaches. In the figure F denotes a force, f a phase
space distribution function, x a position coordinate and 〈·〉 a mean value. The term

(
∂f
∂t

)
diff

refers
to the diffusion term in Boltzmanns original notation, which contains the mean field. In the same
notation

(
∂f
∂t

)
coll

represents the collision operator. Microscopic descriptions based around particle
equations of motion are colored red, whereas macroscopic descriptions based around distribution
functions are given in blue.

The smaller Θ, the more important are quantum effects generally and Pauli repulsion specifically.
For a typical ultracold photo-cathode based source (ρ ≈ 1e18 cm−3, T = 50 K) we get Γ ≈ 46,
θ ' 1. For comparison the uncorrelated/non-degenerate regime is given by approximately Γ ' 0.1,
θ ≪ 1. This rough estimate indicates, that the modelling of ultra-cold plasma potentially requires
the inclusion of correlation effects and quantum corrections. It stands to question, how the collision
modelling approaches mentioned above fare under these conditions and how an ideal model would
present itself.

This main part of this thesis is divided in two parts. The first part is dedicated to the quantum
nature of the electron beam. Through using an effective interaction potential it will be estimated
how relevant quantummechanical effects are in the description of ultracold electron particle sources.
The second part reviews various approaches to collision modelling with special consideration of their
applicability in the low temperature limit. In addition to the ones already mentioned the models
considered include kinetic Boltzmann schemes, cumulative collisions and others.
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Chapter 2

Effective Potential Theory

In the following chapter the concept of an effective interaction potential will be introduced. The
results of Baalrud and Daligault [1] will be summarized and it will be shown how the binary
collision approximation can be retained even in the presence of strong coupling.

2.1 Introduction: Debye Screening
The idea behind an effective potential is to include several physical effects into a single potential.
The approximation of (1.1) is refined in the following way,

Ej =
e2

4πε0

1

|ri − rj |
dir. corr.

+ γ(|ri − rj |)kBT
ind. corr.

≈ eΦ(|ri − rj |)
eff. corr.

, (2.1)

where Φ is an effective interaction potential. This is illustrated for a configuration of particles in
figure 2.1.
The most prominent example of this technique in plasma physics is Yukawa’s potential, which
accounts for charge screening. The potential has an analytic form that can be derived using Pois-
son’s equation. The necessary assumption is that the density of particles ρ(x) follows a Maxwell-
Boltzmann distribution,

ρ(x) = ρ0e
− qφ(x)
kBT , (2.2)

where qφ is the Coulomb potential energy, ρ0 a constant number density and kBT the thermal
energy. This can be inserted into Poisson’s equation, which yields,

∇2φ(x) = ρ0e
− qφ(x)
kBT .

Figure 2.1: Illustration of a configuration of particles, where a particle interacts directly with only
one other particle, but with an effective interaction potential.
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The solution is known as Yukawa’s potential,

φY =
e
− r
λD

r
, (2.3)

where λD is the Debye length. Typically, this is a good approximation for the interaction potential
in weakly coupled (Γ < 0.01) classical (Θ < 1) plasmas. For non-neutral plasmas there is a similar
effect, as shown by F. Ruggiero [40], as long as the shielding length is small compared to the
extension of the configuration.

In other words, an effective potential mediates the interaction between two particles, while con-
sidering the influence of their environment. Moreover, effective potentials provide a useful way to
use the binary collision picture, without neglecting collective and correlation effects by including
them directly into the interaction.

2.2 Ornstein-Zernike Equation with Hyper-Netted Chain Ap-
proximation

If two particles interact via electromagnetic forces, their positions and velocities are statistically
correlated. In a bunch of many particles all of them are correlated to some degree, as Coulomb’s
potential has infinite reach.

As mentioned previously, one can further distinguish correlation effects into direct and indirect
effects. The former describes the interaction between two particles, whereas the latter consists of
the interaction with all other third-party correlated particles. In a weakly coupled plasma, the two
of them together make up Yukawa’s potential. The Ornstein-Zernike equation is a relationship
between direct and indirect correlations and allows to calculate them even in the strong coupling
regime. The knowledge of both correlation functions can be used to find an effective potential
for this regime. The idea of using this approach for plasma physics was originally introduced by
Baalrud and Daligault [1, 41, 42]. In the following a brief introduction to the method will be
provided.

A thorough derivation of the relation will not be given here and can be found in e.g. [43]. The
notation of Busigin and Phillips [44] will be used, which denotes the indirect correlation function by
γ(r), the direct correlation function by c(r) and the total correlation function as h(r) = γ(r)+c(r).
With this notation the Ornstein-Zernike equation for a one-component plasma reads,

γ(r) = ρ

∫
d3s c(r− s)h(s). (2.4)

For easier evaluation this is mostly used in Fourier form,

γ̂(k) =
ρĉ2(k)

1− ρĉ(k)
. (2.5)

For two components 1, 2 with densities ρ1, ρ2 the functions are generalized to matrices, e.g. c(r)→
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cij(r), which describe the correlations between components i and j,

γ11(r) = ρ1

∫
d3s c11(r− s)h11(s) + ρ2

∫
d3s c12(r− s)h21(s)

γ22(r) = ρ1

∫
d3s c21(r− s)h12(s) + ρ2

∫
d3s c22(r− s)h22(s)

γ12(r) = ρ1

∫
d3s c11(r− s)h12(s) + ρ2

∫
d3s c12(r− s)h22(s)

γ21(r) = ρ1

∫
d3s c21(r− s)h11(s) + ρ2

∫
d3s c22(r− s)h21(s).

(2.6)

The Fourier transformed version reads accordingly [45],

γ̂11 =
ρ1ĉ

2
11(1− ρ2ĉ22) + ρ2ĉ

2
01(1 + ρ1ĉ

2
11)

(1− ρ1ĉ11)(1− ρ2ĉ22)− ρ1ρ2ĉ201

γ̂11 =
ρ2ĉ

2
22(1− ρ1ĉ11) + ρ1ĉ

2
01(1 + ρ2ĉ

2
22)

(1− ρ1ĉ11)(1− ρ2ĉ22)− ρ1ρ2ĉ201

γ̂01 = ĉ01

(
1

(1− ρ1ĉ11)(1− ρ2ĉ22)− ρ1ρ2ĉ201

− 1

)
γ̂10 = γ̂01.

(2.7)

Since the Ornstein-Zernike-relation(s) only gives a single equation per two functions c and γ,
another relation is required to solve for both quantities. The general closure relation is given as
follows [46],

c(r) = e
− qφ(r)
kBT

+γ(r)+B(r) − γ(r)− 1, (2.8)

where qφ(r) is the potential energy of Coulomb’s potential and B is a bridge function that accounts
for very short-ranged correlation effects, that start appearing for coupling strengths Γ > 3−5. For
the calculations in this thesis the bridge function proposed by Ng [47] was used,

B(r) = −1.6
Γ

|r|/a
Erf(0.024Γ · (|r|/a)), (2.9)

where a denotes the Wigner-Seitz radius. In the so-called hyper netted chain closure, as it was used
in the original approach by Baalrud and Daligault [1, 41, 42], the bridge function B(r) is neglected.

For multiple components the closure relation generalizes component-wise,

cij(r) = e
− qφ(r)
kBT

+γij(r)+B(r) − γij(r)− 1. (2.10)

The Ornstein-Zernike equation together with the hyper netted chain closure relation is a self-
consistent system of equations, which allows to compute the correlation functions c and γ. In
order to obtain the effective potential, one must use the following general relation,

g(r) = γ(r) + c(r) + 1 = e
− qφ(r)
kBT

+γ(r)
= e
− eΦ(r)
kBT , (2.11)

where Φ(r) is the effective potential and h(r) and c(r) come from the Ornstein-Zernike-relation.
The function g(r) is called pair distribution function and describes the distribution of inter-particle
distances. Taking a fixed particle in the origin g(r)d3r gives the probability to find another particle
in a volume [r, r + d3r]. Denoting the average density by ρ0, the radial density around a particle
reads,
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ρ(r) = ρ0g(r) = ρ0e
− qφ(r)
kBT

+γ(r)
. (2.12)

Comparing eqns (2.12) and (2.2), one can see that the Yukawa potential is indeed the effective
potential if γ(r) is negligible, i.e. in the weak coupling limit.

With the method proposed in this chapter, one can obtain an effective potential that accounts for
all correlation effects. It self-consistently reproduces Debye-screening in the weak-coupling limit
and allows to use the binary collision picture even for strongly coupled electrons.

2.3 Solving the Ornstein-Zernike Equation
The Ornstein-Zernike equation (2.4) or (2.6) together with a closure relation (2.8) or (2.10) presents
itself as a self-consistent set of integral equations. It can be directly solved by using an initial guess
and subsequently refining it by iteration. Basically, one constructs a sequence of functions γ(0),
γ(1), γ(2), ... which will approximate the solution better with every step.

The correlation functions typically share the symmetries of the underlying interaction potential
φ. In the case of Coulomb interaction, due to spherical symmetry, the correlation functions are
dependent on absolute distance |r| =: r only. For a discrete representation, one can discretize the
functions using ri := i · δr, which can be noted succinctly as γ(0)

i := γ(0)(ri)

The entire procedure is summarized in Algorithm 1 and will be laid out in the following. Let us
denote the initial guess with γ(0), then we can use the closure relation (2.8) to compute the direct
correlation function,

ci = e
− qφi
kBT

+γ
(0)
i +Bi − γ(0)

i − 1.

This result can be used to compute the next function in the sequence γ(1) by using the Ornstein-
Zernike equation (2.4). In order to circumvent the convolution the problem can be transported
into Fourier-Space. For this step the spherical symmetry allows to simplify the Fourier-Integration
by setting spherical coordinates up in such a way that the z-axis coincides with k,

ĉ(k) =

∫
d3r c(r)e−ik·r

= 2π

∫ 1

−1

d(cos θ)

∫ ∞
0

dr r2c(r)e−ikr cos θ

= 2π

∫ ∞
0

dr r2c(r)
1

−ikr
(
e−ikr − eikr

)
= 4π

∫ ∞
0

c(r)
sin(kr)

kr
r2dr

(2.13)

Instead of requiring a multidimensional Fourier-Transform, we can use a one-dimensional Fourier-
Bessel transform due to radial symmetry. The details of how numerical Fourier-Bessel transforms
can be implemented, especially the requirement for regularization functions, are laid out in ap-
pendix A.

In Fourier-Space we can then make use of the Fourier-Transformed Ornstein-Zernike equation (2.5)
to compute γ̂′(0),

γ̂′(0)(k) =
ρĉ2(k)

1− ρĉ(k)
.
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The distinction between γ′(0) and γ(1) is made, because it can be beneficial to construct γ(1) via a
damping procedure from multiple previous solutions. This will be laid out in the next chapter.

The back-transform can be made analogously, which results in γ′(0). This gives - without damping
- the next member of the sequence γ(1) = γ′(0). Ideally, the solution is reached after n steps when
γ′(n) = γ(n). In practice one tracks the self-consistency error ε,

ε(n) =

√∑
i

(γ
′(n)
i − γ(n)

i )2,

and stops the computation after a certain precision is achieved.

There are other methods available, which rely on reformulating the problem into e.g. an initial value
or root finding problem [44, 45] and solving them with standard methods like Newton-Raphson or
implicit Euler, while others use a complete angular integration [48]. These methods tend to have
stronger stability but with steeper scaling of the computation cost with the number of grid points,
due to matrix operations. For the purpose of this thesis it was found that - given good initial
conditions and damping - simple iteration provides a very precise solution with small computation
time on reasonably large grids (N>214).

Algorithm 1 Iteration of the Ornstein-Zernike Equation
Initial Condition γ ← γ(0)

α← 1/64 . Damping Factor

a← Wigner-Seitz Radius

Γ← Coupling Parameter

φ← e2

4πε0
r Bare Coulomb Potential

K Regularization for φ . Described in appendix A

B ← −1.6 Γ
r/aErf(0.024Γ · (r/a)) . Ng’s Bridge function (2.9)

while Self-Consistent Error ε < 1e-12 do

c← exp
(
−
(

qφ
kBT
−K

)
+ γ +B

)
− γ − 1 . hyper netted chain closure (2.8)

ĉ← FBT[c] . Fourier-Bessel transform

ĉ← ĉ− K̂

γ̂ ← ĉ
1−ĉ − ĉ . via Fourier-Transformed Ornstein-Zernike equation (2.5)

γ̂ ← γ̂ + K̂

γ′ ← FBT−1[γ̂] . inverse Fourier-Bessel transform

ε← Norm[γ′ − γ]

Compute γ ← αγ′ + (1− α)γ . Obtain new input with damping procedure

2.3.1 Forcing Convergence: Initial Conditions and Damping
Whether an iteration process of an integral equation results in a self-consistent solution is highly
dependent on the initial conditions, so the right choice is tantamount for success. The naive choice
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of random or constant initial conditions rarely works consistently. Some authors [1, 44] suggest to
use the weak coupling limit (qφ/kBT ≪ 1, γ ∼ 0) to expand the exponential in eq (2.8),

c0(r) = −qφ(r)

kBT
.

Others [45, 47] point out that the solutions γ (or c) are point-wise linearly dependent on the
coupling constant. One can keep a record of some solutions and then extrapolate an initial condition
point by point. Yet another approach is to use the fact that for the Percus-Yevick closure (where eq
(2.8) is expanded in γ) with a hard-sphere potential as φ, the OZ equation is solvable analytically
[49]. This is successful especially for Lennard-Jones potentials [44], which resemble a hard sphere
potential due to their rapid decay. For this thesis, the following initial condition was used,

γ0 = DST
[
qφ(r)

kBT
− qφ(r)

kBT
Erf(10r)

]
Erfc(0.8r)

r
,

where DST[] is a discrete sine transformation. This form has the major advantage of adapting eas-
ily to a new grid or denser stepping. Generally, this yields a rapid convergence as long as Γ < 250,
above which an extrapolation can no longer be circumvented.

Even with these methods it can still happen that the iteration converges slowly or not at all. A
damping procedure is a way to ameliorate the dependency on the initial conditions and can prevent
the iteration from spiralling out of control even for sub-optimal initial conditions. Let us denote
the solution after one iteration step before damping as γ′n, then the simplest form of damping can
be set up as follows,

γ(n+1) = (1− α)γ′(n) + αγ(n), (2.14)

where α is a damping parameter, than can be adaptive [44] or fixed. If the solution would diverge,
i.e. ε(n) was very large, then the impact of γ′(n)

i on the solution γ(n+1)
i will be damped by mixing

with the previous solution γ(n), thus preventing the iteration process from large jumps. Of course,
this can be taken arbitrarily far in terms of how many previous solutions are included.

A more elaborate method was proposed by Ng [47] and relies on choosing the damping parameters
every step with a scheme that minimizes the self-consistency error of the damped solution. True
to Ng’s original notation, let us denote an iteration step as an operator,

γ′(n) = Aγ(n)

and their difference as

d(n) = γ′(n) − γ(n) = (A− 1)γ(n).

The solution γ(n+1) will be damped with the two previous solutions,

γ(n+1) = (1− α1 − α2)γ(n) + α1γ
(n−1) + α2γ

(n−2). (2.15)

The main requirement of the method is that the self-consistency error of the damped solution
|Aγ(n+1)−γ(n+1)| is minimized. Equivalently, one can minimize the square and obtain the following
system of equations,

d

dα1

(
Aγ(n+1) − γ(n+1)

)2

= 0,

d

dα2

(
Aγ(n+1) − γ(n+1)

)2

= 0.

(2.16)

This is equivalent to the following system,
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2(A− 1)
[
(1− α1 − α2)γ(n) + α1γ

(n+1) + α2γ
(n−2)

]
(A− 1)

[
−γ(n) + γ(n−1)

]
= 0,

2(A− 1)
[
(1− α1 − α2)γ(n) + α1γ

(n+1) + α2γ
(n−2)

]
(A− 1)

[
−γ(n) + γ(n−2)

]
= 0,

(2.17)

which can be rewritten as follows,[
(1− α1 − α2)d(n) + α1d

(n+1) + α2d
(n−2)

]
·
[
−d(n) + d(n−1)

]
= 0,[

(1− α1 − α2)d(n) + α1d
(n+1) + α2d

(n−2)
]
·
[
−d(n) + d(n−2)

]
= 0.

(2.18)

Denoting a scalar product between vectors as a·b, the system of equations (2.18) can be generally
written with the following matrix equation,


[
d(n) − d(n−1)

]
·
[
d(n) − d(n−1)

] [
d(n) − d(n−1)

]
·
[
d(n) − d(n−2)

]
· · ·[

d(n) − d(n−2)
]
·
[
d(n) − d(n−1)

] [
d(n) − d(n−2)

]
·
[
d(n) − d(n−2)

]
· · ·

...
...


α1

α2

...



=

d
(n) ·

[
d(n) − d(n−1)

]
d(n) ·

[
d(n) − d(n−2)

]
...

 ,

which can be solved using standard methods.

Once the coefficients α1, α2, ... are obtained they can be used for damping. According to Ng [47]
the damped solution must be composed of solutions γ′ after the iteration step. This means the
solution γ(n+1) looks as follows,

γ(n+1) = (1− α1 − α2)γ′(n) + α1γ
′(n−1) + α2γ

′(n−2).

The obvious requirement of this method is, that we have previous solutions γ′ accessible, before we
can start the damping. Consequentially, if the damping is of order m, the first m iteration steps
cannot be damped,

γ(1) = γ′(1)

...
...

γ(m) = γ′(m).

While in most cases, damping accelerates the convergence by a large margin, it can happen that
the divergence starts already within those first n steps required. Usually, the solution can still be
obtained by using simple damping (2.14) for the first steps or modifying the initial conditions.

Another way [46] to achieve convergence in difficult cases is by solving the system at lower coupling
than intended. This solution is then used as an initial condition to solve a case with slightly higher
coupling, which is itself used as the initial condition for even higher coupling. In other words, one
slowly approaches the desired regime by gradually increasing the coupling strength and reusing
the previous solution each step as an initial condition.
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Figure 2.2: Comparison between the Ornstein-Zernike solver with hyper netted chain closure
(HNC) with Monte-Carlo (MC) data from [41] for coupling values Γ = 1, 100.

2.3.2 Comparison with Literature
For verification purposes, the solution procedure for the Ornstein-Zernike equation was checked
against MC data provided by Baalrud and Daligault [41], which can be seen in figure 2.2. It is
obvious that the solver lies in good accordance to the expected values.
At this point it must be noted, that the original publication did not include the bridge term (2.9),
which means in the higher coupling regime, their solver did not reproduce the peak heights to the
accuracy possible. For comparison, the original figure from [41] is shown in figure 2.3.

Figure 2.3: Graph from [41]
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Another way to test for physical validity is to check the weak coupling limit. Under the absence
of correlation effects the effective potential is expected to be the Debye potential (2.3). Assuming
this we can neglect γ in eq (2.11) and the pair distribution function takes the form,

gY (r) = e
− eφY (r)

kBT . (2.19)

A comparison between eq (2.19) with the numerical solution can be seen in figure 2.4. It is note-
worthy that the solution interval is quite large compared to the cases with stronger coupling (e.g.
figure 2.7). In this limit the Debye length is approximately λD ≈ 6.9 · 10−8 m and the interaction
is comparatively long ranged. Consequentially, the solution had to be obtained on a grid with 214

points.

Figure 2.4: Pair Distribution function in the weak coupling limit with ρ =1e17 cm−3, T = 50 K.
The pair distribution function of the Ornstein-Zernike solver (HNC) is in good agreement with the
pair distribution function corresponding to Yukawa’s potential (SCP).

In the same spirit one can compare the effective potential with the Debye-screened potential, which
is done in figure 2.5. One can see that towards the end of the interval there are deviations, which are
due to the fact, that the effective potential eventually reaches zero, as opposed to the hyperbolic
Yukawa potential. This happens due to the logarithm involved, as the same behaviour can be
produced by evaluating − log(exp(−φY /(kBT ))) numerically. This is an inevitable finite size effect
stemming from numerical limitations.

2.3.3 Possible Reasons for Failure
The iteration spirals out of control when γ reaches high values. In the hyper netted chain equa-
tion (2.8) the exponential causes a numerical singularity, which cannot be damped away. In the
one-component case this can only happen, if the initial conditions are chosen badly for the regime
one wishes to solve the equations in. The computations for this thesis are stable and fast for about
Γ < 250 but it is possible to solve them up to Γ = 7000 as it was done by Ng [47].

The multi-component case is more unstable in this respect as there are interactions in between
different components. A typical case of a numerical singularity in a multi-component calculation
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Figure 2.5: Effective potential in comparison with the Debye potential, corresponding to figure
2.4.

is shown in figure 2.6.

Figure 2.6: Numerical Singularity in a two-component calculation, which occurred in γ12.

It seems that the interactions between different components cause the problem, as the two-
component correlation functions γ12, γ21 diverge before the others γ11, γ22. Since they are con-
nected, as can be seen from the multi-component hyper netted chain closure (2.10), the calculation
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quickly diverges. Apart from the above techniques there are currently no ways to salvage the
computation, if it diverges at this point.

2.3.4 Numerical Effective Potential
The numerical solution of the integral equations is inevitably discrete and therefore all quantities
are given only on a set of points over a restricted interval. An example to showcase the problem
can be seen in figure 2.7. Of course it would be desirable, that the effective potential we obtain in
the process was continuous and could be evaluated beyond a finite interval.

Figure 2.7: Radial pair distribution function for a plasma with density 1e18 cm−3 and temperature
50 K. These parameters are typical for ultracold sources.

Based on the general shape of a pair distribution function in figure 2.7, we can assume that the
effective potential is still divergent for small radii and that it effectively vanishes for large enough
radii. However, the concrete form, i.e. how strong the divergence and the decay are, cannot be
read from the graph. At this point it is useful to recall eq (2.11) in the following form,

eΦ = − log(g)kBT = eφ− γ(r)kBT.

Since correlation functions, such as c(r) and γ(r), are typically zero in the origin and short-ranged,
we can expect that the effective potential does not deviate from the original potential φ outside of
the interval of solution. Hence, we can assume the same functional form and fit a function similar
to φ to the data.

Numerically, there are two caveats to this procedure. Firstly, the pair distribution function g(r)
will be effectively zero on the lower end of the interval (see figure 2.7), which causes infinities in
the logarithm that need to be smoothed over. Secondly, for good accuracy the fitting procedure
should only take into account the upper portion of the potential, before the oscillations take on.
Both these points need to be considered by only taking the logarithm at non-zero values of g and
using only the first ∼ 15% of the points for the fit, depending on the potential at hand. The result
of such a procedure can be seen in figure 2.8.
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Figure 2.8: Effective Potential evaluated discretely and with the fit, corresponding to figure 2.7.

For radii larger than the evaluation interval, we can assume the potential to vanish. The transition
to zero is guaranteed to be smooth, because the oscillation amplitude decreases gradually. The
result of the entire procedure can be seen in figure 2.9.

Figure 2.9: Effective Potential as in figure 2.8 including the continuation.

Another point wort mentioning is that the effective potential has an obvious screening length that
may deviate from the Debye length, depending on the coupling strength. The effective screening
length can be estimated by demanding the pair distribution function (see e.g. figure 2.7) to be 1
within some tolerance. Due to the oscillations we must look for the farthest away point, where the
function leaves the tolerance. An example code can be seen in listing 2.1.
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Listing 2.1: Effective Screening Length
n = len(g)
idx = np.zeros(n, dtype=bool)

for i in range(n):
if(1.−1e−3 < g[n−i−1] < 1.+1e−3):

idx[n−i−1] = True
else:

idx[n−i−1] = False

effscreen = r[idx][0]
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Chapter 3

Inclusion of Quantum Effects

While there are some ways to properly account for correlation effects in the strong coupling regime,
they are without exception purely classical. The Ornstein-Zernike equation, or direct schemes like
P3M, can only account for classical correlation effects. As pointed out by Claessens et al. [10], it is
to be expected that ultra-cold sources potentially produce quantum degenerate electron bunches.
In the following part, it will be elaborated what can be done to take quantum effects into consid-
eration, and how far into the ultra-cold limit a purely classical approach can go.

While quantum kinetic theory is a sufficiently developed field [50], the study of quantum mechani-
cal effects has largely been focused on either a fluid-like description with quantum magneto-hydro-
dynamics [51–60] or (comparatively) high temperature plasmas [34, 61–66], most notable among
which are the quantum Landau [34] and quantum Langevin [67] approach. Overall, it is not entirely
clear which quantum effects will become relevant in the ultracold regime. For example, one can
say for certain, that Pauli repulsion will factor into the dynamics, but not, whether other effects,
such as e.g. Alfven or Bohm-de-Broglie effects [59], must be considered as well.

For a particle accelerator simulation, the desired outcome is a model that dynamically computes
particle positions and velocities under the influence of external fields. In this sense the most promis-
ing candidate for a first-principles quantum mechanical model is time-dependent density functional
theory. However, the method seems to struggle to accurately describe strongly correlated electrons
[68], which are inevitable in the ultracold limit.

The algorithm proposed by Dauger [69] is a semi-classical alternative, that incorporates elements
of the wave-nature of electrons into the calculation, while retaining the basic PIC-scheme. In order
to be of use for the modelling of collisions, one would need to extend the idea into a P3M based
scheme, where it remains unclear, how the continuous short-ranged part would be incorporated.

A quantum-mechanical extension to the effective potential theory is provided by the classical-map
hyper netted chain algorithm, which was proposed by Dharma-Wardana and Perrot [70]. The
approach is conceptually rooted in density functional theory and applies the ordinary Ornstein-
Zernike procedure. The idea is to represent a quantum system by modelling a classical system in
a special way. The original procedure is augmented in two ways:

• The one-component electron gas is considered as a homogeneous mixture of two components
with equal density, which represent two types of spins. The interaction between particles with
different spins contains Pauli repulsion in addition to classical electromagnetic interaction.

• The (”classical fluid”) temperature of the mixture is Tcf =
√
T 2 + T 2

q , where T is the physical
temperature and Tq is a ”quantum” temperature. The reasoning is that, opposite to their
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classical pendant, quantum systems have non-vanishing zero-point energy. Hence, if we
model the quantum case with a classical system, we need to map the temperature, such that
at T = 0 it is non-zero Tcf = Tq > 0. The quantum temperature Tq is obtained by making
fits to MC data. For this thesis, the form of Bredow [46] was used,

kBTq =
EF

1.594− 0.316
√
a
, (3.1)

where a is the Wigner-Seitz radius and EF is the Fermi energy.

Usually, these calculations are done for plasma with high density > 1e20 cm−3 and relatively high
temperatures > 4000 K [71]. In the parameter region of interest for this thesis, it was found that
the two-component calculation is unstable and does not converge. Ignoring numerical consider-
ations for a moment, Bredow [46] suggests that the instability could alternatively be interpreted
physically. In other words the core assumptions of thermal equilibrium and homogeneous mixture
are no longer viable in the quantum regime. It could be, that the configuration of two mixed
spin populations is unphysical and we have to expect them to separate. Notwithstanding, there is
not enough data on spin distributions in strongly coupled plasmas to make such a claim confidently.

Another approximate way to include quantum mechanical effects into the effective potential is
via pseudo-potentials. The most common examples include the potential by Kelbg [72] and the
(various) Deutsch potentials [71, 73], which account for different features via statistical approx-
imations. One version of the Deutsch potential used by Bredow et al. [74] for a one-component
electron plasma reads as follows,

φD(r) = kC
1

r

(
1− e−

r
λT

)
+ kBT log(2)e

− log(2)
π

(
r
λT

)2

, (3.2)

where λT = ~
mkBT

is the thermal de-Broglie wavelength. The first term is a diffraction-correction,
which accounts for the fact, that the position of the electron is uncertain on the scale of the thermal
wavelength and the second term accounts for Pauli repulsion.

Unfortunately, the derivations of these pseudo-potentials involve approximations that are hard to
justify if the temperatures are very low. The most prominent example is the assumption of the
Slater determinant for the electron wave function. Since they fail to reproduce the appropriate
peak heights in relatively cold plasma, as shown by Bredow et al. [71], it must be assumed that
they lose validity in the ultracold limit.

In conclusion neither does a full first-principles quantum approach exist nor is there an obvious
extension to the semi-classical effective potential approach. In general there seems to be no straight-
forward way to construct a collision model that properly accounts for quantum influences.
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Chapter 4

Estimating the Significance of Pauli
Repulsion

Ultracold plasmas experience both correlations as well as quantum mechanical effects. Results by
Issanova et al. [75] show that for Γ → 1 quantum diffraction and screening start to compensate
each other. Whether these results generalize to configurations with stronger couplings stands to
question, but it has to be assumed that both effects appear and possibly interact and influence
each other.

As the previous chapter details there is no straight-forward way to extend commonly used com-
putation schemes into the quantum domain. Since a fully quantum simulation is out of question
for now as well, there seems little that can be done. For the sake of practicality an estimate of
the importance of Pauli repulsion will be given, which allows to gauge the applicability of classical
collision modelling schemes for certain ultracold sources.

Instead of the ”fully” quantum approach, we can modify the classical effective Potential Φ from eq
(2.11) directly with Pauli repulsion P ,

Φ→ Φ + P.

Through a comparison between two cross sections, once with P added (corresponding to a collision
with parallel spins) and once without (antiparallel spins) we can still get an idea of the importance
of quantum effects, while also considering (strictly classical) correlations. The reasoning is that
in the classical limit, the spins of two colliding electrons do not factor into the collisions. Corre-
spondingly, if their difference is significant, Pauli repulsion may not be neglected.

In order to motivate, why the classical collision cross section is a reasonable measure, one can for
example consider the Boltzmann collision operator in angular form (5.3),(

∂f

∂t

)
coll

=

∫
d3v′a

∫
d3v′b

∫
d3vb |vb − va|

dσ

dΩ
[f(v′a)f(v′b)− f(va)f(vb)] ,

where the cross section directly appears. As shown by Baalrud and Daligault [41], calculations
based on this operator while using an effective potential, hold even into the strong coupling regime.
Furthermore, for the purpose of this thesis, the idea is to get an idea on the applicability of classical
schemes rather than an exact quantification.
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4.1 Procedure
The first step is to compute the effective interaction potential by numerically solving the Ornstein-
Zernike equation, as detailed in section 2.3. For a one-component plasma, this involves the iteration
of the eqns (2.4), (2.8),

γ(r) = ρ

∫
d3s c(|r− s|)h(s),

c(r) = e
− qφ
kBT

+γ(r)+B(r) − γ(r)− 1,

from which the effective potential Φ can be computed through relation (2.11),

g(r) = γ(r) + c(r) + 1 = e
− qφ
kBT

+γ(r)
= e
− eΦ
kBT . (4.1)

In order to account for Fermi degeneracy, the Pauli potential is computed according the scheme
outlined by Dharma-Wardana and Perrot [70], which is summarized in appendix B.

Let us denote the classical scattering angle by θ and the impact parameter by b, then the classical
cross section is given through the following,

dσ

dΩ
(θ,E) =

b

sin θ

∣∣∣∣∣
(
dθ

db

)−1
∣∣∣∣∣ . (4.2)

The derivative can be evaluated, using relation,

θ = π − 2

∫ ∞
rmin

b

r2

√
1− φ(r)

E − b2

r2

dr, (4.3)

where rmin is the root of the perihelion equation,

1 =
φ(rmin)

E
+

b2

r2
min

. (4.4)

A detailed derivation of eqns (4.2), (4.3) and (4.4) and a procedure for their numerical solution
can be found in appendix D. One noteworthy peculiarity is that whenever the potential vanishes,
the cross section will diverge. From e.g. figure 2.9 it is clear that an effective potential oscillates
and decays, so we expect the cross section to diverge accordingly.

The issue when comparing cross sections with each other is that they might not be evaluated
at the same angles, since the relation (D.2) depends greatly on the form of the potential. This
problem is further intensified by the oscillating behaviour. In order to not solely rely on eyesight
for comparison, the following measure will be used to compare the cross sections dσ1

dΩ and dσ2

dΩ with
each other,

∆ =

√
1
N

∑
i

(
dσ1

dΩ (θi)− dσ2

dΩ (θi)
)2√

1
N

∑
i

(
dσ1

dΩ (θi)
)2 · 100. (4.5)

The idea is to interpolate the cross sections and evaluate the quadratic difference between them
for N samples. For scaling it is normalized to percentages of one of the results. This method is
not perfect as it is prone to errors due to interpolation but still gives an idea of the qualitative
behaviour.

The entire calculation involves a lot of different numerical procedures, among which are integration,
interpolation, differentiation, iteration and others. All of those steps introduce random deviations
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which propagate and possibly influence each other, therefore it is impossible to track each and
every error. For the purpose of estimation, one can compute the same result multiple times and
measure the deviation between samples with the measure introduced previously eq (4.5). For 2048
sample points in the OZ-solver, 1000 points in the cross section solver and 100 sample calculations,
the (normalized) deviation is below 1e-11% of the largest result. The only error of the same order
comes from the numerical integration of the classical scattering integral (4.3), which can hardly be
improved.
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4.2 Results
Figures 4.2 - 4.6 show the cross sections for increasing coupling parameter. Figure 4.1 shows the
overall behaviour of the difference in cross section as a function of temperature for various densities.

One can observe that the weak coupling limit reproduces the Rutherford cross section, as was to
be expected. The rise of correlation effects can be observed in the spikes that occur for stronger
coupling, which reflect the oscillations in the effective potential. The results show that the ap-
pearance of exchange interaction is predominantly affecting the large-angle portion of the cross
section. This was to be expected as the Pauli potential is short-ranged and collisions with small
impact parameters correspond to larger scattering angles. From the cross sections and especially
from figure 4.1 we see, that Pauli repulsion may be neglected over a large temperature range
as long as the density is below 1e19 cm−3. The non-zero values for the 1e17 cm−3 contour are
likely due to interpolation errors, to which the measure (4.5) is prone to. Firstly, this means that
the line Θ = 1 (where Θ is the degeneracy parameter) in configuration space is to be understood
as a hard limit. Secondly, this also shows that a classical picture suffices for state-of-the art sources.

Figure 4.1: Estimated overall difference in cross section (calculated as in eq (4.5)) for various
densities in cm3.
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Part II

Review of Approaches to Collision
Modelling
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Since this part is heavy in mathematical notation, a glossary of the commonly used symbols is
provided in table 4.1. Sparsely used notation is introduced when needed.

Table 4.1: Collection of mathematical symbols used in chapter 6.

Symbol Meaning

x1 3-dim vector of initial spatial conditions
v1 3-dim vector of initial velocity conditions
f Probability density function in 6-dim phase space
f0 Initial probability density function
x(x1,v1, t),
v(x1,v1, t)

Position and velocity of a point in phase space as a function of initial conditions
and time.

ξα 3-dim position vector of (macro-)particle α
ξnα 3-dim position vector of (macro-)particle α at time n∆t
{ξα} Set of 3-dim position vectors of all (macro-)particles
ξ̇α 3-dim velocity vector of (macro-)particle α
{ξ̇α} Set of 3-dim velocity vectors of all (macro-)particles
ωα Weight of (macro-)particle α, i.e. the number of physical particles that α

contains
φ Electric potential
ρ Charge density function. Corresponds to spatial part of the probability density

function.
L Lagrangian
Sx Spatial shape function, e.g. B-spline of order 0
Sv Velocity shape function, e.g. δ-function
∇x 3-dim spatial derivative of first order
∆,∇2

x 3-dim spatial derivative of second order
∇v 3-dim velocity derivative of first order
Nx, Ny, Nz Number of grid points in different spatial directions
hx, hy, hz, ∆t Grid stepping in different spatial directions and time
Dx Finite difference operator of second order in x-direction
Dxyz Discrete Laplacian operator
W (xi − ξα) Interpolation function, i.e. the amount of charge that particle α contributes to

grid point i.
Ld(...,∆t) Lagrangian averaged over span of time ∆t
⊗ Convolution between two continuous functions
⊗d Discrete convolution of two finite sets
γ Charge smearing function
φS , φρ−ρ⊗γ Potential corresponding to the Poisson equation ε0∆φρ−ρ⊗γ = ρ− ρ⊗ γ
φS , φρ⊗γ Potential corresponding to the Poisson equation ε0∆φρ⊗γ = ρ⊗ γ
WS The screened charge distribution ρ−ρ⊗γ, dubbed the short-ranged interpola-

tion function for consistency reasons alone, as there are no interpolation steps
involved.

WL Interpolation function for the charge distribution ρ⊗ γ
LLf , LLint Field energy and interaction term of the Lagrangian for the potential φL

LSf , LSint Field energy and interaction term of the Lagrangian for the potential φS

(ρL)nk Discretized charge distribution ρ⊗ γ at grid point k and time n
(ρS)n(x) Continuous charge distribution ρ− ρ⊗ γ at position x and time n
GS Green’s function to the Poisson equation ε0∆φS = ρS

GL Discrete Green’s function to the discrete version (6.20b) of the following Poisson
equation: ε0∆φL = ρL
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GC Correction function to Green’s function, which is added to enforce Dirichlet
boundary conditions

GF The ”free” Green’s function GF (r) = 1
r

S(x, y, z) Symmetry map that gives the mirror image of the position vector (x,y,z)
x, y Position vectors
R Analytical Green’s function that gives the correct boundary conditions for an

arbitrary geometry
Φ True potential, corresponds to Φ = R⊗ ρ
ΦS True short-ranged potential, corresponds to ΦS = R⊗ ρS
φtot Potential as computed via P3M algorithm
E Total integrated error committed by P3M algorithm
φ̃L(x) Continuous form of (φL)k
m,k Discrete reciprocal grid vector and continuous Fourier space variable respec-

tively
n Vector of integers n ∈ N3
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Chapter 5

Kinetic Description of Collision
Dynamics

Fundamentally, a kinetic description relies on simplifying Liouville’s equation to a solvable form.
Over the course of the following chapter, the basis for Boltzmann’s and Landau’s equation will be
motivated and their assumptions investigated. It will be made clear, which conditions must be
fulfilled for these approximations to be useful and whether or not this is the case for ultra-cold
sources.

5.1 Base Equations
The first step of a kinetic description is to build a phase space. Therein lies the fundamental
difference between Liouville’s and Klimontovich’s equation. In the following a quick outline of the
differences between them will be given, which roughly follows [28].

5.1.1 Klimontovich
As mentioned above, an exact description of the dynamics of a set of charged particles is given
by solving Newton’s equations for each particle individually. The system of equations can be
compactly expressed by using a density function f in 6D phase space (x,v), where each particle
corresponds to a point. Denoting the position of particle α as ξα, the distribution function reads,

f(x,v) =

N∑
α=1

δ(3)(x− ξα)δ(3)(v − ξ̇α).

The conservation of phase space density can then be written as,

∂f

∂t
+ v∇xf +

q

m
E∇vf = 0,

where we used the electrostatic approximation mv̇ = −qE, where m denotes mass and assume
only one species of particles. This equation is referred to as Klimontovich’s equation. The electric
field is given self-consistently,

∇E(x, t) =
1

ε0

∫
d3v f(x,v, t).
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These equations together are exact and contain the entire dynamics, including collisional effects.
In order to single out the collision part, one can consider a mean field distribution function 〈f〉,
that is averaged over patches ∆Γ of the phase space,

〈f〉 (x,v, t) =
1

∆Γ

∫
∆Γ

dΓ f(x,v, t),

where ∆Γ = ∆x∆y∆z∆vx∆vy∆vz is a volume element of 6D phase space.
We can then write the fields as fluctuations around the mean field, denoting the deviations as δf ,
δE respectively, we can write

f = 〈f〉+ δf

E = 〈E〉+ δE.

The fluctuation terms fulfil 〈δE〉 = 0, 〈δf〉 = 0, where the former corresponds to Newton’s third
law. With this splitting, we arrive at the averaged Klimontovich’s equation,

d

dt
〈f〉 =

∂ 〈f〉
∂t

+ v∇x 〈f〉+
q

m
〈E〉∇v 〈f〉 = − q

m
〈δE∇vδf〉 . (5.1)

The collision term on the RHS can intuitively be understood in such a way, that collisions are
regarded as interactions of particles with localized field fluctuations.

5.1.2 Liouville’s Equation and Truncation Schemes
In contrary to the 6D description, Liouville’s equation describes distribution functions in a 6ND
dimensional phase space, where N is the number of particles.
Let us consider the 6D vector xi = (qi,pi) as the phase space coordinates of particle i. The
evolution of the N-particle-distribution function is then described by Liouville’s equation,

d

dt
fN (x1, ...,xN ) =

∂fN
∂t

+

N∑
i=1

pi
m

∂fN
∂qi

+

N∑
i=1

N∑
j<i

∂φ(i,j)

∂qi

∂fN
∂pi

= 0,

where φ(i,j) is the interaction potential between particles i and j. This equation can be rewritten
by introducing reduced s-particle-distribution functions with s < N , where the degrees of freedom
of N − s particles have been integrated out [40],

fs(x1, ...,xs) =
N !

(N − s)!

∫
d3xs+1 · · · d3xNfN (x1, ...,xN ).

This leads to a set of N equations, which are termed the Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) hierarchy of equations. The name stems from the hierarchic dependence of fs on fs+1

for s = 1, ..., N − 1. These equations read as follows [40],

d

dt
fs(x1, ...,xs) = (N − s)

s∑
i=1

∫
d3xs

∂φ(i,s+1)

∂qi

∂fs+1

∂pi
, s = 1, ..., N − 1.

Because they depend hierarchically on each other, the RHS for fs essentially represents the in-
teraction with the N − s remaining particles, that have been integrated out previously. In this
picture, collision effects are the cumulation of direct interactions in between particles.

Thanks to the hierarchical structure, solving all these equations would be as impossible as solving
Liouville’s equation directly. For the purpose of simplification there are various schemes, which
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can be used to truncate the series f1, f2, ... at some point, of which the most prominent ones are
Boltzmann, Landau and Lennard-Balescu, of which the first two are commonly used in collision
modelling. All of them truncate at second order, meaning that they assume binary scattering
implicitly.

In the following, these schemes will be illustrated and the differences made clear. In order to get an
understanding of the assumptions that these schemes require, the physical meaning of the neglected
terms will be shown. For this purpose we write out the last two equations of the hierarchy,

∂f1(x1)

∂t
=− p1

m

∂f1(x1)

∂q1
+ (N − 1)

∫
d3q2d

3p2

∂φ(12)

∂q1

∂f2(x1,x2)

∂p1
, (5.2a)

∂f2(x1,x2)

∂t
=−

(
p1

m

∂f2(x1,x2)

∂q1
+

p2

m

∂f2(x1,x2)

∂q2

)
+
φ(12)

∂q1

∂f2(x1,x2)

∂p1
−
φ(21)

∂q2

∂f2(x1,x2)

∂p2
(5.2b)

+ (N − 2)

∫
d3q3d

3p3

(
φ(13)

∂q1

∂f3(x1,x2,x3)

∂p1
+
φ(23)

∂q2

∂f3(x1,x2,x3)

∂p2

)
.

Note that each of these equations is complete on its own, as their respective dependency on all
other fi contains the entire physics. For the purpose of illustration one can separate the correlated
part from the uncorrelated part, using a Mayer Cluster expansion as follows [40],

f1(1) = f1(1)

f2(1, 2) = f1(1)f1(2) + g(1, 2)

f3(1, 2, 3) = f1(1)f2(2)f3(3) + f1(1)g(2, 3) + f1(2)g(3, 1) + f1(3)g(1, 2) + t(1, 2, 3).

where g2 is the two-particle and t3 the three-particle correlation function respectively. With this
we can rewrite eq (5.2b) accordingly:
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∂g

∂t
= −

(
p1

m

∂

∂q1
+

p2

m

∂

∂q2

)
g(1, 2)



1

2

+
∂φ(1,2)

∂q1

(
∂

∂p1
− ∂

∂p2

)
(f1(1)f1(2))



1

2

1

2

+
∂φ(1,2)

∂q1

(
∂

∂p1
− ∂

∂p2

)
(g(1, 2))



1

2

1

2

+

∫
d3x3

[
∂φ(1,2)

∂q1

(
∂

∂p1
− ∂

∂p2

)
f1(1)g(2, 3)

+
∂φ(2,3)

∂q2

(
∂

∂p2
− ∂

∂p3

)
f1(2)g(1, 3)

+
∂φ(1,3)

∂q1

(
∂

∂p1
− ∂

∂p3

)
f1(3)g(1, 2)

+
∂φ(2,3)

∂q2

(
∂

∂p2
− ∂

∂p3

)
f1(3)g(1, 2)

]



{12}

3

{12}

3

+

∫
d3x3

[
∂φ(1,3)

∂q1

(
∂

∂p1
− ∂

∂p3

)
t(1, 2, 3)

+
∂φ(2,3)

∂q2

(
∂

∂p2
− ∂

∂p3

)
t(1, 2, 3)

]
 {123}

For simplification and illustration purposes a graphical representation of the mathematical expres-
sions will be used. The first two terms are the propagator and the collision between uncorrelated
particles respectively. The third term corresponds to a close encounter, i.e. the colliding particles
get near enough to be correlated. Typically, this happens between particles that collide head-on
and correspond to events with large scattering angles. The fourth term represents the collision of
a correlated system of two with another particle, which can be interpreted as a collision with a
screened particle. As previously, the last term contains the entire remaining physics by containing t.

In figure 5.1 it is visualized which terms are being kept by each truncation scheme, according to
Baalrud and Daligault [1]. The following can be noted:

• Landau’s operator only describes collisions between uncorrelated particles with small scat-
tering angles.

• Lenard-Balescu’s approach is the only one to include screening.

For practical applications, especially Boltzmann’s and Landau’s approach are significant.
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Figure 5.1: Terms kept in BBGKY Truncation Schemes for Landau, Boltzmann and Lenard-
Balescu.

5.2 Boltzmann’s Collision Operator
Boltzmann’s collision operator can be derived from the BBGKY hierarchy using eq (5.2b), by ne-
glecting the last term, which corresponds to assuming that all collisions are binary. A full account
of the derivation can be found in [76]. For the sake of brevity, only an intuitive derivation will be
given here.

Essentially, Boltzmann’s Ansatz for a collision integral (i.e. for the second term of eq (5.2b))
describes the difference between particles that leave and enter a point in 6-dim phase space. Let
us denote the probability of changing the velocities (v1,v2)↔ (v′1,v

′
2) with P , which is assumed

to be symmetric (”micro-reversible”). The collision term reads as follows,

(
∂f

∂t

)
coll

=

∫
d3v′1

∫
d3v′2

∫
d3v2 P [(v1,v2)↔ (v′1,v

′
2)] · [f(v′1)f(v′2)− f(v1)f(v2)] .

The probability P = |v2 − v1| dσdΩ is closely related to the cross section, which is assumed to be
given by Rutherford’s formula. The use of Rutherford’s cross section is justified by assuming binary
collisions. If θ denotes the scattering angle and u = v2−v1 the relative velocity, P looks as follows,

B(|u|, θ) =
1

|u|3 sin4(θ/2)

(
q2

4πε0m

)2

.

Since the cross section only depends on u and θ, the integration can be changed to angular form,(
∂f

∂t

)
coll

=

(
q2

4πε0m

)2 ∫
S2

dΩ

∫
d3v2

1

u3 sin4(θ/2)
[f(v′1)f(v′2)− f(v1)f(v2)] . (5.3)

This operator is singular, since Rutherford’s cross section diverges for forward scattering (θ ∼ 0).
The meaning of this divergence can be understood by the following reasoning. Assuming elastic
collisions both energy and momentum are conserved and for particles of equal mass this means
the absolute value of the relative velocity stays the same |u′| = |u| and only the direction changes.
The change in relative momentum δu = u′ − u is then dependent on the deviation angle,

|δu|2 = |u′|2 + |u|2 − 2|u′||u| cos θ

= 2|u|2(1− cos θ).
(5.4)

This means that collisions with small angles correspond to small changes in velocity. Physically,
the divergence translates such that soft collisions with far away particles are the main influence
due to the infinite-range nature of Coulomb’s potential, that enters through Rutherford’s formula.
This notion arises as a direct consequence of assuming binary collisions.
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5.3 Landau’s Approximation
Boltzmann’s operator is divergent and to be of use, it must be renormalized. One possible proce-
dure is to exploit the strong dominance of forward scattering and expand the distribution functions
in a small angle expansion. This leads to Landau’s collision operator [77–79], which is a valid ap-
proximation of Boltzmann’s operator as long as small scattering angles dominate.

For a collision between two particles of identical mass, we can define the centre of mass vector
vCOM = (v2 + v1)/2. This allows us to write,

v2 = vCOM +
u

2
,

v1 = vCOM −
u

2
,

where the factor 1
2 comes from the reduced mass. Since the centre of mass does not change through

collision, the change in velocity is dependent only on the change in relative velocity v′2−v2 = δu/2.
We can write the following,

v′2 = v2 +
1

2
δu,

v′1 = v1 −
1

2
δu.

Since the absolute value |δu| is small for small angles according to (5.4), we can expand the velocity
part of the distribution function f(v′2),

f(v′2) ≈ f(v2) +
1

2

3∑
i=1

δui
∂f

∂vi
(v2) +

1

8

3∑
i,j=1

δuiδuj
∂2f

∂vi∂vj
(v2) + ... (5.5)

For the calculation of the components of δu, we can use spherical coordinates, where the axis θ = 0
is coincides with the incoming relative velocity vector u. This choice implies that the scattering
angle is the polar angle θ. This yields,

δu = u′ − u = |u|

sin θ cosϕ
sin θ sinϕ

cos θ

−
0

0
1

 .
If we insert the expansion eq (5.5) up to second order in Boltzmann’s operator eq (5.3), we obtain
Landau’s equation [33],

d

dt
f =

3∑
i,j=1

∂

∂vi

(
f 〈δui〉

)
+

1

2

∂2

∂vi∂vj
(f 〈δuiδuj〉), (5.6)

where the averages 〈δui〉, 〈δuiδuj〉 refer to the following angular integral,

〈δui〉 (x,v1) =

(
q2

4πε0m

)2 ∫
d3v2

∫
S2

dΩ f(x,v2)
1

u3 sin4(θ/2)
δui(|u|, θ).

Since eq (5.6) has the form of a Fokker-Planck equation, it is often referred to as Landau-Fokker-
Planck equation. The divergencies in the angular integrals can be regularized with cut-off param-
eteres θ±,
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〈δui〉 (x,va) =

(
q2

4πε0m

)2 ∫
d3v2

∫ θ+

θ−

sin θdθ

∫ 2π

0

dϕ f(x,v2)
1

u3 sin4(θ/2)
δui(|u|, θ).

Using eq (5.4), one can find the following,

∫ θ+

θ−

dθ sin θ
|u|

sin4(θ/2)
= u

∫ θ+

θ−

dθ
sin θ(1− cos θ)

sin4(θ/2)

∝
∫ θ+

θ−

dθ
1

sin(θ/2)

≈
∫ θ+

θ−

dθ
1

θ/2

= ln

(
θ+

θ−

)
=: Λ,

where Λ is called Coulomb logarithm [80] (or Landau logarithm [78]). It is commonly agreed upon
that the approximation via small angle expansion is only valid for Λ > 10 [77, 78, 80]. Physically,
this means that the approximation treats collisions as a large number of weak, binary interactions
with far away particles. The regularization procedure simply removed all large angle collisions by
cutting them out.

As shown by Rosenbluth et al. [81] the averages can be rewritten (without additional assumptions)
using the so-called Rosenbluth potentials h(x,v) and g(x,v), which fulfil a Poisson-like equation.
They are computationally easier to handle and can be implemented self-consistently, which was
demonstrated by Ji Qiang et al. [35]:

〈δui〉 = C
∂h

∂vi
with ∇2h = f =⇒ h = 2

∫
d3w

f(x,w)

|v −w|

〈δuiδuj〉 = C
∂2g

∂vi∂vj
with ∇2g = 2h =⇒ g =

∫
d3w f(x,w)|v −w|

C =
q4Λ

4πε2
0m

2

(5.7)

Coulomb Logarithm

In order to determine the applicability of Landaus collision operator to the case of ultracold electron
sources, one needs to find physically reasonable values for θ± and determine whether Λ > 10 can
be fulfilled. For this purpose λ can be rewritten conveniently with the ratio between the maximum
and minimum allowed impact parameters,

Λ = ln

(
rmax

rmin

)
,

since we may rely on Rutherford’s formalism.

The divergence of Boltzmann’s operator was brought about by the infinite reach of Coulomb’s
potential. In ideal plasma the range is ultimately capped by Debye shielding, therefore the upper
cut-off is readily given by the Debye length rmax = λD.

For the lower cut-off there is quite some controversy regarding the justification. Most authors use
the minimal scattering radius (corresponding to θ+ = π/2) from classical collision theory. Above
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certain temperatures, this definition can lead to a value of rmin that is smaller than the corre-
sponding de-Broglie wavelength, so the majority chooses the larger one of the two [80, 82, 83].
However, it has been argued, that this choice relates to an assumption regarding the shape of the
screening cloud and not to quantum uncertainty [84, 85]. Hence it is expected, that this definition
fails at sufficiently low temperatures, as it is tied to assumptions of the screening cloud from ideal
plasma physics. These concerns will be ignored in the following since the goal of this chapter is not
to obtain the most accurate Coulomb logarithm but rather to estimate the validity of the Landau
approximation.

For the purpose of a simple validity estimate, we will differentiate between classical and quantum
regime [83]. For the classical case, one chooses the radius of minimal approach, which reads as
follows,

rmin =
q2

4πε0meu2
,

where u is the relative velocity before collision. Assuming a thermal Maxwellian distribution, the
relative kinetic energy can be expressed through the temperature meu

2 = 3kBT . This cut-off
parameter is velocity-independent, and therefore cannot remove the divergence of eq (5.3) in the
incident energy, which was pointed out by Chang and Li [86–89]. In other words, it is possible
that a large angle event is not removed, as long as the kinetic energy is small enough. Likewise,
it may happen that small angle events are removed, if the energy is too large. While there are
ways to retain the velocity dependence [86, 89–91], the situation for ultra-cold sources is, that the
(thermal) energy varies very little and the approximation meu

2 = 3kBT is justified. The mean
approximation gives,

rmin =
q2

12πε0kBT
.

In the classical approximation the Debye length for an electron plasma assumes the following form
[39],

λD =

(
ε0kBT

nq2

) 1
2

.

Together this gives the classical Coulomb logarithm for electron-electron collisions,

Λcl = ln

(
ε

3/2
0 12π

q3

)
+

1

2
ln

(
(kBT )3

n

)
≈ 23.463 +

1

2
ln

(
T [eV]3

n[cm−3]

)
.

Above certain temperatures, this must be replaced with a quantum mechanical analogon, which
can be obtained from a quantum cross section. In the final form this enters via correction term
[83],

Λqm = Λcl + ln

(
2αcm

1/2
e

(3kBT )1/2

)
− 1

2

= Λcl + 1.796 +
1

2
ln

(
1

kBT

)
− 1

2

≈ 23.948 +
1

2
ln

(
T [eV]2

n[cm−3]

)
.
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The critical temperature Tc that distinguishes both regimes is found, where both definitions agree.
It evaluates to [83],

Tc ≈ 6.67 eV ≈ 77405.13 K,

from which we see, that for the purpose of modelling ultracold electron sources the classical defi-
nition suffices.

Mathematically, the Coulomb logarithm is a renormalization parameter, that - physically - is a
measure for the dominance of small-angle (soft) collisions with far-away particles over short and
hard collisions. In table 5.1, it is shown how the values of Λ can be used to distinguish different
regimes [82].

Value regime
Λ > 10 weak coupling

2 < Λ < 10 moderate coupling
Λ < 2 strong coupling

Table 5.1: Different Coupling regimes according to their Coulomb Logarithm.

For the weak coupling regime, Landau’s operator provides a good approximation. From figure 5.2
we see that Landau’s approximation in the classical limit holds in the ultracold regime only if the
density is very small.

Figure 5.2: Classical Coulomb logarithm as a function of temperature for various electron densities.

In order to get an idea about actual applications, one can assume cylindrical bunches of volumes
in between 8e-4 and 6e-2 cm3. In the low (resp. high) charge regime with 20 pC (resp. 20 nC) the
Coulomb logarithm assumes the values as depicted in figure 5.3.
The values for the (classical) Coulomb logarithm shown in figure 5.3 suggest, that the Landau ap-
proximation does not hold in the ultracold regime. In other words, large-angle collisions contribute
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Figure 5.3: Classical Coulomb logarithm in the low and high-charge regime for cylindrical bunches
with radii in between 0.5 and 2 mm and lengths in between 1 and 5 mm.

significantly to the dynamics.

So far, the Coulomb logarithm rests on the assumption that collisions are binary and Rutherford’s
scattering cross section is suitable to describe collisions within plasma. It is shown in figures
4.2-4.6 that inter-particle correlation effects, that arise in ultracold sources, significantly alter the
collision cross section compared to Rutherford’s result. While the Coulomb logarithm can be
generalized to account for correlation effects [82], for the purpose of this thesis, it is only relevant
whether this changes the validity of Landau’s approximation. To get an idea how the Coulomb
logarithm changes by including correlation effects, one can include Debye shielding numerically. In
the following we will use the approximation provided by Ordonez and Molina [92] to include Debye
shielding. The Coulomb logarithm for a Yukawa-screened potential is denoted by Λ̃cl and reads,

ι = 1.17eΛcl

Λ̃cl =
(1 + ι)

2
log (1 + ι)

(2 + ι)
2 − ι

2 (1 + ι)
+ 0.15ιe−0.5ι.

The dependence on the temperature is best illustrated graphically. For the same range of values
as in figure 5.3 the Coulomb logarithm for a Yukawa-screened potential is shown in figure 5.4.

Apart from a slight overall decrease in value, the form changes only in the high-charge regime for
temperatures below 0.1 eV. In general, the above statement still holds: typical ultracold electron
sources display moderate or strong coupling. Additionally, we can see that the introduction of
Debye-shielding restricts the Coulomb logarithm to strictly positive values. This can be inter-
preted as a feature brought about by using an interaction potential that naturally accommodates
the cut-off regularization.
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Figure 5.4: Classical screened Coulomb logarithm in the low and high-charge regime for cylindrical
bunches with radii in between 0.5 and 2 mm and lengths in between 1 and 5 mm.

Possibilities of Extension

As demonstrated by Li [93] it is possible to retain a third-order term in the small-angle expansion
eq (5.5) to obtain a collision operator that holds in the moderate coupling regime. The collision
operator takes the following form,

(
∂

∂t
f

)
coll

=

3∑
i=1

∂

∂vi

(
f 〈δui〉

)
+

1

2

3∑
i,j=1

∂2

∂vi∂vj
(f 〈δuiδj〉)

− 1

6

3∑
i,j,k=1

∂3

∂vi∂vj∂vk

(
f 〈δuiδujδuk〉

)
,

where the last term can be represented with a vector potential that has an expression similar to
Rosenbluth’s potentials (5.7).

The main drawback is that the distribution equation can no longer be expressed through a Langevin
approach, due to Pawula’s theorem, which is shown in detail e.g. by Risken and Frank [32].
With this in mind, there is no easy way to find a system of corresponding microscopic equations.
Additionally, it is unclear whether the truncation after the third term is justified or not [82]. The
first two terms are of order O(λ) and are dominant, as long as λ >> 1. The remaining terms are
all of the same order and there is a priori no reason to prefer one of them.

5.3.1 Langevin Equation
For completeness’ sake a brief description of the the Langevin equation will be given. Usually,
simulations rely on microscopic variables like position and velocity rather than macroscopic dis-
tribution functions. The Langevin equation is a microscopic formulation of the Landau equation,
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which is significantly more practical for applications.

The Landau-Fokker-Planck equation (5.6) with Rosenbluth’s notation (5.7) reads as follows,

∂f

∂t
+ v ∇vf +

F

m
∇xf =

q4Λ

4πε2
0m

2

3∑
i,j=1

[
∂

∂vi

(
f
∂h

∂vi

)
+

1

2

∂2

∂vi∂vj

(
f

∂2g

∂vi∂vj

)]
.

This can be written in a bit more generic form with a dynamic friction term Fd and a Diffusion
matrix D,

∂f

∂t
+ v ∇vf +

F

m
∇xf =

3∑
i,j=1

[
∂

∂vi

(
fF id

)
+

1

2

∂2

∂vi∂vj
(
fDij

)]
.

Although Landaus equation is deterministic, it is equivalent to a set of Langevin equations, which
are themselves stochastic. In other words, if all particles in a distribution are evolved according to
a Langevin equation, it yields the same as if the distribution is evolved according to the Fokker-
Planck equation. In generic form Langevin’s equation can be stated as follows [32, 35],

v̇ = α(v, t) + β(v, t)Γ(t),

where Γ is δ-correlated noise,

〈Γi(t)〉 = 0 (5.8a)
〈Γi(t)Γj(t′)〉 = 2δijδ(t− t′). (5.8b)

Intuitively spoken, Γ is a different random variable at each time step. In this sense they are inde-
pendent and identically distributed normal random variables. According to Wiener-Khintchine’s
theorem the spectral density of Γ is constant, which is the reason it is referred to as ”white” noise.

The link between both descriptions is given by the following relations,

F id = αi,

Dij =

3∑
k=1

βikβjk

The reverse relationship can be found as well,

βij = (
√
D)ji.

The proof that these formulas indeed imply the equivalence of Fokker-Planck’s equation with
Langevin’s equation can be found e.g. in the book by Risken and Frank [32]. Consequentially,
both approaches share the same underlying assumptions and drawbacks.
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Chapter 6

Variational Description of Collision
Dynamics

In the following, a fully discrete Lagrangian description of the P3M algorithm will be developed
for the first time. This formalism will be employed to investigate the applicability in the ultracold
regime and whether near-field interaction must adhere to electrostatic boundary conditions. This
chapter mainly revolves around the P3M algorithm but analogous considerations could be made
about other direct simulation schemes.

6.1 Collisionless Lagrangian
A Lagrangian approach is commonly used to describe beam dynamics in particle accelerators. For
photocathode-based electron sources the dominating influence are conservative electromagnetic
forces either from external fields or from inter-particle interaction. The conservative nature means
firstly that Liouville’s theorem holds and secondly that a Lagrangian description is warranted.

The first collisionless Lagrangian description stems from Low and Chandrasekhar [94], whose
derivation (but not result) was later corrected by Galloway and Kim [95]. It is not the only
possibility for a Lagrangian [96] but reproduces the physical equations of motions nevertheless, as
shown by Evstatiev and Shadwick [97], whose notation will be used in the following.

We denote the 6-dim phase space distribution as f(x,v, t) = f(x(t),v(t), t). The quantities x, v
are themselves solutions to the equations of motion and only dependent on time t and on initial
conditions x0, v0. If Liouville’s theorem holds, we can express the distribution at time t through an
initial distribution f0 as f(x(t),v(t), t) = f0(x0,v0), i.e. there is no time dependence. Speaking in
terms of fluid dynamics, x0, v0 are Eulerian variables and x, v and the potential φ are Lagrangian
fields.
With this in mind, Low’s Lagrangian reads as follows,

L(x,v, φ) =

∫
d3x0

∫
d3v0 f0(x0,v0)

[
1

2
mv2(x0,v0)− qφ(x(x0,v0))

]
+
ε0

2

∫
d3x(∇φ)2(x(x0,v0))

= Lp + Lint + Lf ,
(6.1)

where the first and last term represent particle and field energy respectively. The interaction term
can be simplified considering that after integrating f over velocity we are left with the spatial
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charge distribution,∫
d3x ρ(x) =

∫
d3x0

∫
d3v0 qf0(x0,v0) =

∫
d3x

∫
d3v qf(x,v),

where it was used, that,
f0(x0,v0)d3x0d

3v0 = f(x,v)d3xd3v. (6.2)

The physical meaning of eq (6.2) is particle number conservation for a phase space element [95],
which is a consequence of Liouville’s theorem.

The equations of motion can be obtained by variation after x and φ(x0) respectively,

mẍ = −q∇xφ(x),

∇2
xφ(x0) =

1

ε0

∫
d3v f(x0,v) q =:

ρ(x0)

ε0

and turn out as expected.
In order to transition to a discrete set of particles, we can compartmentalize the distribution
function with macro-particles fα, which have a finite spatial shape Sx, a finite velocity shape Sv,
a weight ωα and are located at the position ξ,

f(x,v) =
∑
α

fα(x, v, t)

=
∑
α

ωαSx(x− ξα)Sv(ẋ− ξ̇α).
(6.3)

Usually, the ωα are chosen as the amount of physical particles per macroparticle, Sv is a δ-function
and Sx is a B-spline function of order 0 or 1. In the limit of small particle numbers this is not
necessary and we can replace Sx, Sv with δ functions accordingly. There are only a few conditions
that the shape functions must fulfil. Additionally to being symmetric and compact, it should be
normalized to 1, ∫ ∞

−∞
Sx(x− ξ)d3x = 1 =

∫ ∞
−∞

Sv(ẋ− ξ̇)d3v.

The resulting Lagrangian depends on a discrete set of position and velocity coordinates {ξα}, and
a continuous field φ(x) and looks as follows,

L({ξα}, {ξ̇α}, φ) =
∑
α

m

2
ωαξ̇

2

α −
∑
α

ωα

∫
d3x Sx(x− ξα)φ(x) +

ε0

2

∫
d3x(∇φ)2(x). (6.4)

The charge distribution at x is now given as the contribution of every particle ξα to this point,

ρ(x) =
∑
α

ωαSx(x− ξα).

6.1.1 Spatial Discretization
P3M and other mesh-based approaches rely on the discretization of the spatial coordinate onto a
finite grid. A priori all coordinate systems can be discretized this way but for the sake of argument,
lets imagine an euclidean coordinate space [0, Lx]×[0, Ly]×[0, Lz] that is discretized as Lx = Nxhx,
Ly = Nyhy, Lz = Nzhz. Likewise the electromagnetic potential is given only at a discrete set of
mesh-points φklm = φ(k · hx, l · hy,m · hz). To reconcile this with the continuous Lagrangian
description, we can use finite element functions I(x) to interpolate in between grid points [97],

φ(x) =
∑
klm

φklmIk

(
xk − x
hx

)
Il

(
yl − y
hy

)
Im

(
zm − z
hz

)
.
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We can use multi-index notation i = (k, l,m) to write this more succinctly as,

φ(x) =
∑
i

φiIi

(
xi − x

∆x

)
. (6.5)

The easiest choice for Ii are B-splines of 0th order, which essentially corresponds to assume a
constant charge distribution over a computational cell. This can be seen from the definition,

Ii

(
xi − x

∆x

)
= b0

(
xi − x

∆x

)
=

{
1 if

(
xi−x
∆x

)
< 1

2 .

0 otherwise.

Alternatively, we can rewrite this as,

Ii (xi − x) = b0 |xi − x| =

{
1 if |xi − x| < |∆x|/2.
0 otherwise.

Additionally, the derivative in the field energy term must be approximated using finite differences.
An x-directed finite difference operator of second order Dx acting on a discrete 3-dim potential
φjlm can be defined as follows [98],

(Dxφ)klm =
∑
j

(Dx)kjφjlm = φ(k+1)lm + φ(k−1)lm − 2φklm

(Dx)ji = δj(i+1) + δj(i−1) − 2δji

(6.6)

Through the way the mesh was defined, it was already implicitly assumed, that the coordinates are
separable. Thus the multi-dimensional discrete Laplacian can be construcuted directly through a
Kronecker-sum of discrete one-dimensional Laplacians,

Dxyz = Dx ⊗ 1y ⊗ 1z + 1x ⊗Dy ⊗ 1z + 1x ⊗ 1y ⊗Dz,

where ⊗ denotes the tensor product. This assumption holds as long as the respective coordinate
system is not curved, which usually not the case for mesh-based algorithms. The matrix elements
of this operator can analogously be defined as a sum of Kronecker-Deltas,

(Dxyz)abc;def = (Dx)abδcdδef + δab(Dy)cdδef + δabδcd(Dz)ef .

Before discretization of Lint, one can use partial integration to achieve second order, which allows
to directly use finite differences of second order:∫

d3x (∇φ(x)) · (∇φ(x)) = −
∫
d3x φ(x)∆φ(x)

= −hxhyhz
∑
klm

φklm(∆φ(x))klm

= −hxhyhz
∑
klm

∑
abc

φklm(Dxyz)klm;abcφabc

= −hxhyhz
∑
i

∑
j

φi(Dxyz)i;jφj ,

(6.7)

where i = (k, l,m) and j = (a, b, c) are multiindices as defined before.
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The discretization of the field has additionally brought about a discrete charge distribution. This
can be seen by looking at the interaction term of (6.4),

Lint = −
∑
α

qωα
∑
i

φi

∫
d3x Sx(x− ξα)b0

(
xi − x

∆x

)
= −

∑
α

qωα
∑
i

φiW (xi − ξα)

= −
∑
i

φiρi

ρi =
∑
α

ωαqW (xi − ξα),

where we have defined the interpolation function W that mediates between particles and grid. If
we choose Sx = b0 we regain cloud-in-cell interpolation via the recursion relation for splines,

W

(
xi − ξ

∆x

)
=

∫
d3x b0

(
x− ξ

∆x

)
b0

(
xi − x

∆x

)
= b1

(
xi − ξ

∆x

)
.

The spatially fully discretized Lagrangian then reads as follows,

L =
∑
α

m

2
ωαξ̇

2

α −
∑
α

qωα
∑
i

φiW (xi − ξα)− ε0hxhyhz
∑
i

∑
j

φi(Dxyz)i;jφj .

This reproduces correctly the discretized equations motion as can be seen by varying φm and ξβ
respectively,

(Dxyz)m;jφj =
1

ε0

ρm
hxhyhz

(6.8a)

mωβ ξ̈β = −
∑
i

dW

dξ
(xi − ξβ)φi. (6.8b)

The inverse volume factor in (6.8a) is due to assuming that the charge value at grid site xi is
the average over the cell. The derivative term of the interpolation function in eq (6.8b) can be
unterstood as a forward finite difference operator of first order if we use splines as above,

d

dξ
W (xi − ξ) =

d

dξ
b1(xi − ξ)

= 3
b0(xi+1 − ξ)− b0(xi − ξ)

3h
,

where the factor 3 arises due to summation over three directions in the multiindex i. This tensor
locates the grid points nearest to ξ and takes the finite difference of first order.

6.1.2 Temporal Discretization
Every numerical scheme that solves a differential equation of motion presumes a discrete stepping
in time. In the following, it will be shown how the Lagrangian can be made to reflect the time
discretization by using variational integrators [99–101]. The basic idea is that the optimal trajectory
- as described by Hamilton’s principle - that minimizes the action is approximated via a discrete
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set of patches Ld. The action functional is approximated by a sum over M patches with size ∆t,

S =

∫
dt L(ξ(t), ξ̇(t), φ(ξ(t), t))

≈
M−1∑
n=0

∫ tn+1

tn

dt L(ξ(t), ξ̇(t), φ(ξ(t), t))

≈
M−1∑
n=0

Ld(ξn, ξn+1, φn, φn+1,∆t),

where,

ξn = ξ(n ·∆t)
φn = φ(ξ(n ·∆t), n ·∆t)

Ld(ξn, ξn+1, φn, φn+1,∆t) =

∫ tn+1

tn

dt L(ξ(t), ξ̇(t), φ(ξ(t), t), t).

To reproduce the equations of motion, it is enough to consider the Lagrangian at three points
and vary with respect to the middle point [100]. Essentially, this works because discrete equations
of motion propagate solutions time step by time step. One can discretize the Lagrangian in the
following way,

L → Ld(ξn−1, ξn, φn−1, φn,∆t) + Ld(ξn, ξn+1, φn, φn+1,∆t). (6.9)

The equations of motion are then given through the discrete Euler-Lagrange equations. For exam-
ple in the coordinate ξ, this looks as follows,

d

dξn
Ld(ξn−1, ξn, φn−1, φn)− d

dξn
Ld(ξn, ξn+1, φn, φn+1) = 0. (6.10)

For the most commonly used symplectic integrator - the leap-frog method - one chooses the piece-
wise Lagrangian in the following way [100],

Ld(ξn, ξn+1, φn, φn+1) = L
(
ξn,

ξn+1 − ξn

∆t
, φ(ξ)

)
,

where L is the time-continuous Lagrangian. Insertion into eq (6.9) leads to the fully discretized
three-point Lagrangian,

L =
∑
α

m

2
ωα

[
ξnα − ξn−1

α

∆t

]2

−
∑
α

qωα
∑
i

φn−1
i W (xi − ξn−1

α )− ε0hxhyhz
∑
i

∑
j

φn−1
i (Dxyz)i;jφ

n−1
j

+
∑
α

m

2
ωα

[
ξn+1
α − ξnα

∆t

]2

−
∑
α

qωα
∑
i

φniW (xi − ξnα)− ε0hxhyhz
∑
i

∑
j

φni (Dxyz)i;jφ
n
j .

(6.11)
Variation after ξnβ yields the fully discrete equation of motion for the particle coordinate,

mωβ
1

∆t2
(ξnβ − ξn−1

β − ξn+1
β + ξnβ) = −qωβ

∑
i

φni
dW

dξnβ
(xi − ξnα)

=⇒ mωβ
1

∆t2
(ξn−1
β + ξn+1

β − 2ξnβ) = qωβ
∑
i

φni
dW

dξnβ
(xi − ξnα),
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where we recognize a finite difference of order two in the temporal domain.
The corresponding Poisson’s equation can be found by varying φnm,∑

j

(Dxyz)m;jφ
n
j =

1

ε0hxhyhz

∑
α

qW (xi − ξnα).

6.2 Ewald’s Summation
In order to include collisions into eq (6.11) and transition to the P3M algorithm, the approach will
first be motivated by introducing Ewald summation, on which P3M is based.

The electrostatic energy within a charged many-body system is ultimately determined by the
pairwise interaction between the particles. Denoting the position and charge of particle i with ri,
qi respectively, the electrostatic energy for a set of N point particles is given as follows,

E =

N∑
i<j

qiqj
|ri − rj |

In cases where a large number of particles is present or many copies of the same system are needed,
the direct evaluation of the sum becomes rather costly. The main idea of Ewalds summation [102]
is to split the interaction in two parts - long and short ranged - which can be summed individually.
The Coulomb potential decays with O(r−1), which means it varies strongly on the short range
and slowly on the long range. The advantage of the splitting is, that the long-range part can be
summed efficiently in Fourier space, since only few k vectors are needed due to slow variation,
whereas the short-range part can be summed in coordinate space. The splitting can be written as
follows,

1

r
=

1− f(r)

r
+
f(r)

r
.

In the context of electromagnetic interaction, one usually chooses f as the error function,

f(r) = Erf(αr) =
1

2
√
π

∫ ∞
αr

dt e−t
2

,

which gives,
1

|ri − rj |
=

Erfc(α|ri − rj |)
|ri − rj |

+
Erf(α|ri − rj |)
|ri − rj |

. (6.12)

This can be used to split above sum accordingly, where we can already represent the long-range
part in Fourier space,

E =

N∑
i<j

Erfc(α|ri − rj |)
|ri − rj |

qiqj +

N∑
i<j

∑
k

4π

k2
eik(ri−rj)e−k

2/(4α2)qiqj .

The second part can be evaluated in Fourier space, by using the definition of the Fourier-Transformed
charge distribution ρ̂(k) =

∑
i<j qie

ik(ri−rj),

E =

N∑
i<j

Erfc(α|ri − rj |)
|ri − rj |

qiqj +
∑
k

4π

k2
|ρ̂(k)|e−k

2/(4α2)qj . (6.13)

Note, that we have omitted the self-energy from the start, otherwise this would have to be sub-
tracted separately.
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6.3 P3M
The P3M algorithm [15, 16, 18, 102–107] is an Ewald summation on a grid, which employs DFFT
to quickly handle the second sum of eq (6.13) in reciprocal space. In practice this is done by using
a Particle-in-Cell scheme for the long-range forces, complemented by adding a direct summation of
the short-range forces. In other words, the long-range interaction is calculated by solving Poisson’s
equation on a grid, whereas the short-ranged counterpart is summed directly.

Instead of splitting the interaction potential (or more precisely: Green’s function), one can equiv-
alently split the charge distribution. Through the subtraction and subsequent re-addition of a
screened charge distribution, we obtain the same result. Let γ be the screening function.

ρ = ρ− ρ⊗ γ + ρ⊗ γ (6.14)

In terms of the potential this is equivalent to before, because it is given as the convolution between
Green’s function and charge distribution,

φ =
1

r
⊗ ρ

=
1

r
⊗ (ρ− ρ⊗ γ + ρ⊗ γ)

=
1

r
⊗ ρ− 1

r
⊗ γ ⊗ ρ+

1

r
⊗ γ ⊗ ρ

=

(
1

r
− 1

r
⊗ γ +

1

r
⊗ γ
)
⊗ ρ

If γ is chosen in the form of a Gaussian,

γ =
α3

√
π3
e−α

2r2

,

we obtain the same splitting with the error function as in eq (6.12).

Since Poisson’s equation is linear, we may write the potential as a sum of two potentials originating
from two charge distributions,

φ = φρ−ρ⊗γ + φρ⊗γ . (6.15)

This interpretation has the advantage, that it does not require the modification of Green’s function
with the error function as in eq (6.12). Instead Green’s function is still 1

r and can be considered a
fundamental solution to the Laplacian, which makes it more straight-forward to accommodate for
boundary conditions. Moreover, splitting the charge instead of Green’s function allows us derive a
corresponding Lagrangian, because in contrary to Green’s function, the charge appears in (6.1).

The Lagrangian (6.1) must distinguish between both potentials, since they stem from different
charge distributions. Starting again from Low’s Lagrangian (6.1) we make the following Ansatz,

L(x, ẋ, φρ−γ⊗ρ, φρ⊗γ) =

∫
d3x1d

3v1f(x1,v1)
[m

2
ẋ2(x1,v1, t)[

− qφρ−γ⊗ρ(x(x1,v1, t))− qφρ⊗γ(x(x1,v1, t))
]

+
ε0

2

∫
d3x (∇φρ−γ⊗ρ)2 +

ε0

2

∫
d3x (∇φρ⊗γ)2.

(6.16)
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Since the field energy term is quadratic in the potential, we cannot simply reduce this Lagrangian
to its old (non-split) form. In other words, inserting (6.15) into (6.1) does give (6.16). Nevertheless,
treating both potentials as separate will lead to two Poisson’s equations. In order to motivate the
above Ansatz (6.16) we can anticipate that both potentials will in the end fulfil (6.15) again.

To simplify the notation, the following shorthand will be used,

φL := φρ⊗γ

φS := φρ−ρ⊗γ ,

where φS , φL represent short- and long-ranged potential respectively.
We can again write this in terms of a set of discrete particles, using eq (6.3), where we insert the
splitting (6.14) as follows,

ρ(x) =
∑
α

ωαSx(x− ξα)

=
∑
α

ωα(S − S ⊗ γ)(x− ξα) + (S ⊗ γ)(x− ξα),

which yields the following Lagrangian,

L({ξα}, {ξ̇α}, φ) =
∑
α

m

2
ωαξ̇

2

α −
∑
α

qωα

∫
d3x (S − S ⊗ γ)(x− ξα)φS(x)

+
∑
α

qωα

∫
d3x (S ⊗ γ)(x− ξα)φL(x)

+
ε0

2

∫
d3x (∇φS)2 +

ε0

2

∫
d3x (∇φL)2

= Lp + LSint + LLint + LSf + LLf ,

where LSf , LLf are the field energy terms for the short- and long-ranged potentials. Likewise are
LSint, LLint the corresponding interaction terms.

In P3M both potential contributions are calculated differently. In other words, whereas the long-
range potential undergoes the entire discretization procedure in the spatial (6.5), (6.7) and temporal
(6.9) domain, the short-range part is still dependent on continuous coordinates, as it is not solved
on a grid. We can put the long-range part on the grid, using eq (6.5) as described above,

LLint =
∑
α

qωα

∫
d3x (S ⊗ γ)(x− ξα)φL(x)

=
∑
α

qωα
∑
i

(φL)i

∫
d3x (S ⊗ γ)(x− ξα)b0

(
xi − x

∆x

)
=
∑
α

∑
i

qωα(φL)iW
L(xi − ξα),

where we have defined the long-range interpolation function WL,

WL(xi − ξα) :=

∫
d3x (S ⊗ γ)(x− ξα)b0

(
xi − x

∆x

)
(6.17)
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The field energy term can be treated using finite differences (6.6) again,

LLint = −ε0

2

∫
d3x φL∆φL

= −ε0hxhyhz
∑
i

∑
j

(φL)i(Dxyz)i;j(φ
L)j .

For the sake of consistency we can also define a short-range ”interpolation” function,

WS(x− ξα) = S(x− ξα)− (S ⊗ γ)(x− ξα), (6.18)

which does not actually contain interpolation. This is done for easier notation.

The last step - which affects both potentials equally - is to discretize time using the variational
integrator for the leap-frog. The fully temporally and spatially discrete three-point Lagrangian for
the P3M method then reads as follows,

L =
∑
α

m

2
ωα

[
ξnα − ξn−1

α

∆t

]2

+
∑
α

m

2
ωα

[
ξn+1
α − ξnα

∆t

]2

−
∑
α

qωα

∫
d3x (φS)n−1(x)WS(x− ξn−1

α )−
∑
α

qωα
∑
i

(φL)n−1
i WL(xi − ξn−1

α )

−
∑
α

qωα

∫
d3x (φS)n(x)WS(x− ξnα)−

∑
α

qωα
∑
i

(φL)niW
L(xi − ξnα)

− ε0hxhyhz
∑
i

∑
j

(φL)n−1
i (∆2

xyz)i;j(φ
L)n−1
j − ε0

∫
d3x (φS)n−1(x)∆(φS)n−1(x)

− ε0hxhyhz
∑
i

∑
j

(φL)ni (∆2
xyz)i;j(φ

L)nj − ε0

∫
d3x (φS)n(x)∆(φS)n(x).

(6.19)

The Lagrangian depends on sets of particle coordinates, continous fields and sets of field values at
grid points,

L = L({ξn−1}α, {ξn}α, {ξn+1}α, (φS)n−1, (φS)n, {(φL)n}i, {(φL)n−1}i).

If we use the discrete Euler-Lagrange equations (6.10) with the above Lagrangian (6.19) for the
variables ξkβ , (φS)k, (φL)km we obtain the equation of motion describing the particles, as well as a
Poisson equation for each potential,

ωβm

[
ξk+1
β + ξk−1

β − 2ξkβ
∆t2

]
= −

∑
i

ωβqβ
dWL

dξ
(xi − ξkβ)(φL)ki (6.20a)

− ωβqβ
∫
d3x

dWS

dξ
(x− ξkβ)(φS)k(x),

ε0hxhyhz
∑
j

(Dxyz)m;j(φ
L)kj = −

∑
α

ωαqW
L(xm − ξkα), (6.20b)

ε0∇2(φS)k(x) = −q
∑
α

ωαqαW
S(x− ξkα) = [ρk − ρk ⊗ γ](x). (6.20c)

At this point it is clear, that self-energy does not contribute to the equations of motion as it is per
definition independent of the particle position and vanishes through the derivative in the Euler-
Lagrange equations (6.10). Hence, we make no mistake by omitting it from the start.
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These microscopic equations (6.20a), (6.20b) and (6.20c) can be connected to the macroscopic
distribution function through Klimontovich’s averaged equation (5.1), since the phase space is the
same. In this picture, collisional effects arise due to the interaction of particles with local electric
field fluctuations, (

∂f

∂t

)
coll

= − q

m
〈δE∇vδf〉 .

In P3M the situation is similar, as the second term in eq (6.20a) represents the interaction of the
particle with the near-field, which arises due to the sub-mesh granularity of the charge distribution.
It becomes clear, that the short-ranged interaction plays the role of a collision operator.

As for correlation effects, we can see from the second term of eq (6.20a) that all immediately
surrounding particles contribute to the interaction. Since there are no assumptions regarding the
scattering angle, or the amount of colliding particles per collision, this method includes correlation
effects naturally.

The only criterion is that the Ewald parameter α needs to be chosen in such way, that the cut-off
radius coincides well with the correlation length, i.e. that all non-negligible correlations are in-
cluded in the short-range potential. In the spirit of effective potential theory the correlation length
can be interpreted as the reach of the effective interaction potential and can be calculated using
the hyper netted chain approach, as presented in chapter 2. In figure 6.1, one can see that the
prediction of Debye-Hueckel theory is too low for strongly coupled configurations. The common
practice of choosing α such that the Ewald-Sphere coincides with the Debye sphere causes an un-
derestimation of correlation effects.

Additionally, one can see that the correlation length initially decreases with decreasing temperature
but at lower temperatures starts rising again, if the coupling is strong. As illustrated in figure 6.2
this behaviour persists scaling and is likely due to increasing ”stiffness” in the particle configuration.

Figure 6.1: The correlation length for various combinations of density and temperature, as pre-
dicted by the Ornstein-Zernike equation with hyper netted chain closure (HNC) and by Debye-
Hueckel theory.

In summary: the stronger the coupling factor is, the more particles are correlated and the larger
the Ewald sphere needs to be. From figure 6.2 one can see, that the sphere radius may certainly
not be lower than ten times the Wigner-Seitz radius.
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Figure 6.2: The same as in figure 6.1 but the length is scaled to units of the Wigner Seitz radius.

6.4 Interplay with Boundary Conditions
Since the splitting (6.14) does not directly affect Green’s function, we can still solve both Poisson’s
equations (6.20b), (6.20c) using standard methods. However, the potentials will need to be solved
with different Green functions, since φL is discrete and φS is not. This means we need to distin-
guish Green’s functions GL, GS for both ranges and make use of the finite convolution ⊗d for the
long range.

From eqns (6.20b), (6.20c), we can define the charge distributions ρL, ρS , corresponding to φL, φS
as follows,

(ρL)nk = −
∑
α

ωαqW
L(xk − ξnα), (6.21a)

(ρS)n = −q
∑
α

ωαqαW
S(x− ξnα), (6.21b)

where again n denotes a temporal index and k a spatial multi-index. The solutions to eqns (6.20b),
(6.20c) are then given as,

(φL)nk =
[
(ρL)n ⊗d GL

]
(xk)

=
hxhyhz
ε0

∑
q

(ρL)n(xq)G
L(xk − xq) (6.22a)

(φS)n(x) = ((ρS)n ⊗GS)(x),

=
1

ε0

∫
d3z (ρS)n(z)GS(x− z). (6.22b)

The defining equations for Green’s function refer to the discrete and continuous Laplacian respec-
tively,

(Dxyz)klm(GL)klm;k′l′m′ = δkk′δll′δmm′ ,

∆x(GS)(x− y) = δ(3)(x− y).
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Ultimately, both potentials together should approximate the true potential in the best way possible
for any given boundary conditions. The main problem is, that the short-ranged potential φS is
never actually calculated. Instead the algorithm prescribes that the pairwise interaction is summed
up directly, which becomes non-trivial as soon as the potential should adhere to boundaries. In
other words, setting GS 6= 1/r requires that the coordinate space term in Ewalds summation for-
mula (6.13) needs to be changed. If we choose to ignore this and sum up the free interaction, as it
is usually done, the potential will be erroneous.

The following calculations serve the purpose of investigating this error.

Green’s Function for a Planar Cathode

The electrostatic boundary value problem is given by Poisson’s equation and a boundary value
condition for a Volume V in coordinate space,

∆φ(x) =
ρ(x)

ε0
for x ∈ V

φ(x) = 0 for x ∈ ∂V,

which is solved by a suitable Green’s function. Green’s function is defined as a smooth harmonic
function that fulfils the boundary condition and is a fundamental solution to the Laplacian every-
where else. Formally, these constraints read,

∆G(x− y) = δ(3)(x− y) for x ∈ V,
G(x− y) = 0 for x ∈ ∂V.

The ”free” choice GF (r) = 1
|r| (where r = x−y) refers to the ”free” boundary condition GF (r)

r→∞−→
0. With a correction function GC one can apply the modification G(r)→ G(r)−GC(r) to enforce
Dirichlet’s condition as above, if the correction fulfils the following conditions,

GC(x− y) = 0 for x ∈ V
GC(x− y) = G(x− y) for x ∈ ∂V.

For certain geometries, this correction can be found by interpreting it as the influence of oppo-
sitely charged mirror images of the original charges [108, 109]. The limitations of this approach
are expanded upon in appendix E.

For the sake of argument, let us consider the case of a planar cathode at z = 0, which is depicted
in figure 6.4. The correction function reads as follows,

GC(x,y) = GF (x, S(y)), (6.23)

where S : R3 → R3 is the mirror symmetry map,

S(x, y, z) = (x, y,−z). (6.24)

This means the Green’s function that accommodates for the boundary at z = 0 is given as,

G(x− y) = GF ((x− y))−GF (x− S(y)).

Numerically, the issue with this technique is that the location of the mirror image must be part
of the computational domain. In other words, the entire distance between charge and image must
be resolved as well. This is leads to poorer resolution and higher computational cost.
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rm ro

Mirror Image
- Charge Domain

y

Original
- Field Domain

x

Figure 6.3: Illustration of the planar Green’s function. Thanks to the decoupling of charge and
field domain, the entire (dashed) space in between does not need to be resolved. rm and ro denote
the position of image and original respectively.

As demonstrated by Qiang et al. [110], one can reduce the work load by shifting Green’s function
(see figure 6.4). This method decouples the location of the image (charge domain) from the location
where its field is calculated (field domain). If Green’s function is denoted as G(x,y), then x lies
in the field domain and y in the charge domain. If we denote with ro the location of the original
charge, we can shift Green’s function, which reduces the domain needed for x. Everything together,
the correction functions is given as,

GC(x,y) = GF (x + ro, S(y)).

Potential Error due to Free Short-Range Function

Having established the Green function formalism, we can proceed to quantify the error invoked by
neglecting the boundary condition in the short range.

Let Φ be the true potential for a given geometry that is to be approximated. It can be denoted as
the convolution between the analytic Green function R for this geometry and the total continuous
charge distribution,

Φ(x) = R⊗ ρ =
q

ε0

∫
d3y R(x− y)

∑
α

ωαSx(y − ξα).

The total computed potential using P3M will be denoted as φtot. It can be put together by adding
eqns (6.22a) and (6.22b) and insert from eqns (6.21a), (6.21b). Additionally, the long-range part
needs to be re-interpolated, using WL again,

φtot =
1

ε0

∑
α

ωα

∫ d3z WS(z− ξnα)GS(x− z) +
∑
q,k

WL(xq − ξα)GL(xk − xq)W
L (x− xk)

 .
For a more general picture, we can remove the fixed charge distribution and instead write the
dependence on the charge position explicitly. The potentials depend on charge position ξ and are
evaluated at x, i.e. they determine the potential value at x due to one particle at ξ. For the sake
of simplicity, we set ω = 1, so the potentials are given as follows,
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Φ(x, ξ) =
q

ε0

∫
d3y R(x− y)Sx(y − ξ)

φtot(x, ξ) =
q

ε0

∫
d3y GS(x− y)WS(y − ξ) +

q

ε0

∑
q,k

WL(xq − ξ)GL(xk − xq)W
L (x− xk)

A statement about the overall error of this method is difficult to make, as there are interdependent
contributions from discretization, interpolation and finite differencing. In addition the difference
between φtot and Φ depends on the position and the amount of charges present. An error measure
that captures the overall deviation can be found by integrating, as proposed by Hockney and
Eastwood [16], over both degrees of freedom. Let us denote the error measure by E,

E =

∫
d3ξ

∫
d3x |φtot(x, ξ)− Φ(x, ξ)|2

In order to quantify the error made by summing the short-range contributions with the free in-
teraction potential, we can assume that the total error is dominated by the short-range error. If
the long-range part approximates the continuous case well, then this assumption holds. The error
reads,

E =

∫
d3ξ

∫
d3x |φS(x, ξ)− ΦS(x, ξ)|2,

where,

ΦS(x, ξ) = q

∫
d3y R(x− y)ω(Sx − Sx ⊗ γ)(y − ξ) = q

∫
d3y GS(x− y)ωWS(y − ξ),

denotes the true short-range potential. For illustration we assume the case of a planar cathode,
which implies that the difference between the Green functions is exactly the image charge contri-
bution. Furthermore, we can consider point charges S = δ to get the following,

E =

∫
d3x

∫
d3ξ

∣∣∣∣∫ d3y
[
ω(ξ)WS(y − ξ)

]( 1

|x− y|
−R(x− y)

)∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣∫ d3y
[
ω(ξ)WS(y − ξ)

] 1

|x− S(y)|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣∫ d3y ω(ξ) [Sx(y − ξ)− (Sx ⊗ γ)(y − ξ)]
1

|x− S(y)|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣∫ d3y [δ(y − ξ)− γ(y − ξ)]
1

|x− S(y)|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣ 1

|x− S(ξ)|
−
∫
d3y

γ(y − ξ)

|x− S(y)|

∣∣∣∣2 .
The action of the mirror charge onto the original charge location is equivalent to the action of the
original charge to the mirror charge domain. Hence, we can rewrite this expression,
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E =

∫
d3x

∫
d3ξ

∣∣∣∣ 1

|S(x)− ξ|
−
∫
d3y

γ(y − ξ)

|S(x)− y|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣ 1

|S(x)− ξ|
−
∫
d3y

γ(y)

|(S(x)− ξ)− y|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣Erfc(α|S(x)− ξ|)
|S(x)− ξ|

∣∣∣∣2
=

∫
d3x

∫
d3ξ

∣∣∣∣Erfc(α|x− S(ξ)|)
|x− S(ξ)|

∣∣∣∣2
>

∣∣∣∣∫ d3x

∫
d3ξ

Erfc(α|x− S(ξ)|)
|x− S(ξ)|

∣∣∣∣2 .
This means that the error committed is equal to the integral of the short-range potential from the
corresponding mirror charge. Due to the strong decay of the complementary error function, the
error is strongly confined. If we restrict the integration to the original charge domain and require
that the image charge is sufficiently far away from the original, the error is nil. Consequentially,
only if a particle is within half the Ewald cut-off length to the cathode, the error (within the
computational domain) will be non-vanishing as can be seen in figure 6.4.

rc

Figure 6.4: When rc denotes the cut-off radius of the method, only particles closer than rc
2 to the

cathode are affected by the boundary condition.

For any other geometry, we may infer that although the value will be different, the boundedness
will be the same, as it arises due to the charge screening. For illustration, one can consider the
long- (6.20b) and short-ranged (6.20c) Poisson equations as continuous:

ε0∇2φS = ρ− ρ⊗ γ
ε0∇2φL = ρ⊗ γ.

The argument, why the above result may be generalized, is that the screening is independent of
the geometry. By solving both equations with the same boundary conditions, we essentially solve
the same problem twice, but on different length scales. Instead, one can solve both equations
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separately, with and without a boundary condition respectively. The error, as has been shown
above, is negligible. A visualization of the short-ranged potential can be seen in figure 6.5, which
illustrates that boundary conditions have no impact in the short range. For the long-ranged
potential, as depicted in figure 6.6, the boundaries do influence the potential. In figure 6.7 the
solution of the unaltered Poisson’s equation is shown, which coincides well with the sum of short-
and long-ranged potential.

Figure 6.5: Solution of the short-ranged Poisson equation in a box with Dirichlet condition for two
point charges, using a Gauss-Seidel solver.

Total Potential Constraint with Analytic Short-Range Function

The following derivation closely follows the derivation of Hockney & Eastwood [16].

In the above calculation, it was assumed that the long-range computed potential perfectly approx-
imates reality, and that the error was predominantly coming from the short-ranged part. The
existence of such a perfect approximation will be shown in the following section. With regard to
optimizing the long-range part, the calculations become easier if we use GS = R. The optimization
condition reads as follows,

δ

δGLklm;k′l′m′

∫
d3ξ

∫
d3x |φtot(x, ξ)− Φ(x, ξ)|2 !

= 0.

The form of the potentials and the many integrations makes this derivative difficult to evaluate,
but one can simplify the calculation by transforming to Fourier space. For the continuous parts,
this poses no challenge. If we denote a Fourier space vector with k the transforms read,
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Figure 6.6: Solution of the long-ranged Poisson equation in a box with Dirichlet condition for two
point charges, using a Gauss-Seidel solver.

Figure 6.7: Solution of the total Poisson equation in a box with Dirichlet condition for two point
charges, using a Gauss-Seidel solver.

Φ̂(k) = q
1

ε0

∑
α

ωαR̂(k)Ŝx(k)e−ikξα (6.25a)

φ̂S(k) =
1

ε0

∑
α

ωαŴ
S(k)R̂(k)e−ikξα . (6.25b)
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The long-range potential is the result of a discrete convolution, which transform to the product of
Fourier series coefficients,

F [(φL)nk ](m) = F


∑
q

(ρL)nq︷ ︸︸ ︷{∑
α

WL(xq − ξnα)

}
GL(xk − xq)


= (ρ̂L)n(m) · ĜL(m)

Note that m is a reciprocal lattice vector, which means this representation is defined on the lattice
only and not continuous like k. In order to be able to compare to the continuous transforms, we
rewrite the discrete convolution using a Dirac comb,

Xhx(x) =

∞∑
k=−∞

δ(x− khx).

In three dimensions this generalizes to the corresponding product,

X(x) = Xhx(x)Xhy (y)Xhz (z).

The corresponding Fourier transform is a Dirac comb with the period of the reciprocal lattice.,

X̂2π/hx(kx) =

∞∑
n=−∞

δ(kx − n2π/hx).

Using this, the discrete convolution in eq (6.22a) can be written in continuous form, assuming we
know the continuous form of GL and WL, which is usually the case but can be readily obtained
by making the grid constants infinitely small. The result is a continuous function (φ̃L)n that
reproduces the meshed potential at grid points,

(φ̃L)n(x) =

∫
d3y1 W

L(y1 − ξnα)X(y1)GL(x− y1)

(φ̃L)n(xk) = (φL)nk .

The re-interpolated long-range potential is given as the convolution with the interpolation function,

(φL)n(x) = (W ⊗ (φ̃L)n)(x) (6.26)

The continuous Fourier transform of (6.26) can then be readily calculated,

(̂φ̃L)n(k) = (ŴL ⊗X(2π/h))(k)Ĝe−ikξ
n
α .

The convolution can be evaluated directly. Let n ∈ N3 denote a vector of integers,

̂̃WL

⊗X(2π/h)(k) =

∫
d3 q

∑
n

δ(kx − nx2π/hx)δ(ky − ny2π/hy)δ(kz − nz2π/hz)W (k)

=
∑
n

ŴL [k− 2π(nx/hx, ny/hy, nz/hz)]

=:
∑
n

ŴL

[
k− 2π

h
n

]
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The sum can be identified as aliasing sum [16]. It describes the influence of the aliases of the
principal harmonic of the charge distribution, i.e. every harmonic that is periodically shifted to
the original. Basically, it arises due to the sampling onto the mesh that is done during the charge
assignment and as such it is the price paid for a discrete description.

Now the corresponding continuous Fourier representation of the long-range potential looks as
follows,

(φ̂L)n(k) = ŴL(k)(̂φ̃L)
n

(k)

= ŴL(k)Ĝ(k)
∑
n

ŴL

[
k− 2π

h
n

]
e−ikξ

n
α

The total potential thus has the following form,

φtot(x) =
∑
α

∑
k

[
ŴS(k)ĜS(k)eikξ

n
α + ŴL(k)Ĝ(k)

∑
n

ŴL

[
k− 2π

h
n

]
e−i(k−2πn/h)ξnα − R̂(k)Ŝx(k)eikξ

n
α

]
e−ikx.

By omitting the the sum over particles α, we can again rewrite this to the potential caused by one
particle at ξ,

φtot(x, ξ) =
∑
k

[
ŴS(k)ĜS(k)eikξ

n

+ ŴL(k)Ĝ(k)
∑
n

ŴL

[
k− 2π

h
n

]
e−i(k−2πn/h)ξn − R̂(k)Ŝx(k)eikξ

n

]
e−ikx.

In addition, potentials depend only on absolute distance values, hence it makes sense to write a
dependence on the particle position and the distance from it. We denote r = x− ξn, which yields,

φtot(r, ξ) =
∑
k

[
ŴS(k)ĜS(k)eikξ

n

+ ŴL(k)Ĝ(k)
∑
n

ŴL

[
k− 2π

h
n

]
e−i(k−2πn/h)ξn+ikξn − R̂(k)Ŝx(k)eikξ

n

]
e−ikr.

The Fourier transform can be read off,

φtot(k, ξ) =

[
ŴS(k)ĜS(k)eikξ

n

+ ŴL(k)Ĝ(k)
∑
n

ŴL

[
k− 2π

h
n

]
e−i(k−2πn/h)ξn+ikξn − R̂(k)Ŝx(k)eikξ

n

]
,

We can then propose the following minimization condition analogous to the above, while remem-
bering that Φ and φS are independent of GL:

Ê =
δ

δ(ĜL)(k)

∫
d3ξ

∣∣φtot(k, ξ)− Φ(k)
∣∣2 =

∫
d3ξ 2

∣∣φtot(k, ξ)− Φ(k)
∣∣ δφL(k, ξ)

δ(ĜL)(k)

!
= 0.

We can resolve the integral over ξ to obtain δ(k − (k − 2πn/h)) and solve for ĜL, while keeping
in mind that ĜL is a periodic function in k-space. For simplicity, we will set ĜS = R̂ to get the
following,

Ê =
∑
n

ŴL
2
[
k− 2π

h
n

][
ĜL(k)

∑
n

ŴL
2
[
k− 2π

h
n

]
− R̂

[
k− 2π

h
n

]
(Ŝx − ŴS)

[
k− 2π

h
n

]]

= ĜL(k)
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−
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[
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]
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[
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]

66



This leads to the following expression,

ĜL(k) =

∑
n Ŵ

L
2 [

k− 2π
h n
]
R̂
[
k− 2π

h n
]

(Ŝx − ŴS)
[
k− 2π

h n
]∣∣∣∣∑n Ŵ

L
2 [

k− 2π
h n
]∣∣∣∣2

Per definition (6.17), (6.18), the Fourier transforms of the interpolation functions, are given as
follows,

ŴS = Ŝx − Ŝxγ̂

ŴL = Ŝxγ̂b̂0,

therefore all aliasing sums contain a decaying factor γ̂(k) = e−k
2/(4α2). If mesh-size and Ewald-

sphere are chosen sufficiently small [104], we can only keep the principal harmonic n = 0.

ĜL(k) =
R̂Ŝxγ̂(
Ŝxγ̂b̂0

)2 = R̂ · 1

γ̂Ŝxb̂20

This results shows, that the assumed minimum exists.

In conclusion, it was proven that,

GL is a good approximation ⇐⇒ GS =
1

r
is a good approximation,

which means that the only error committed is the error of the long-range function.
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Chapter 7

Statistical Description of Collision
Dynamics

This chapter reviews a branch of models which employ statistical treatment to account for collision
dynamics. In rough terms the main idea is to consider collisions as rotations of particle velocity
vectors and to choose the rotation angles statistically.

7.1 Random binary Collisions
For a collision between two particles of identical mass, we can define the centre of mass velocity
vCOM = (v2 + v1)/2 and the relative velocity u = v2 − v1. This allows the following notation,

v2 = vCOM +
u

2

v1 = vCOM −
u

2
,

where the factor 1
2 comes from the reduced mass. Since the centre of mass does not change through

collision, the change in velocity is dependent only on the change in relative velocity v′2−v2 = δu/2.
The change can be written as,

v′2 = v2 +
1

2
δu

v′1 = v1 −
1

2
δu.

Since the collision can be assumed to be elastic, the velocities do not change in magnitude |u′| = |u|
and the change may be described solely by a the scattering angle θ,

|δu|2 = |u′|2 + |u|2 − 2|u′||u| cos θ

= 2|u|2(1− cos θ)

Additionally, each component of δu can be expressed through a rotation as well. One can use
spherical coordinates (r, ϕ, ϑ), where the axis ϑ = 0 is coincides with the incident relative velocity
vector u. This choice implies that the polar angle ϑ is the scattering angle θ. In this coordinate
system δu is given as follows,
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δu = u′ − u = |u|

sin θ cosϕ
sin θ sinϕ

cos θ

−
0

0
1


The two angles θ, ϕ are free since momentum and energy conservation are already given through
the choice of coordinates. This idea is the fundament of the collision model by Takizuka and Abe
[24]. The model takes essentialy two steps, which consist firstly of choosing the angles randomly
and secondly of pairing particles together for a collision and change their velocities oppositely. The
random pairing process is - given that the time-stepping is sufficiently small - equivalent to a Monte
Carlo integration of the distribution function, which is why the model asymptotes to results consis-
tent with Landau’s equation. However, they choose tan(θ/2) according to a Gaussian distribution
with a variance of σ = δt(e2e2ρλ)/(2πε0|u|3), where λ is the Coulomb logarithm. Due to explicit
dependence on δt, this approach tends to choose θ too large, compared to the Landau-Operator,
if the time-stepping is not small enough.

Another approach, that does not have this drawback, has been proposed by Wang et al. [20]. The
choice of the relative velocity vector is chosen as,

δu = sin(ε)n̂ ∧ u + (1− cos(ε))n̂ ∧ n̂ ∧ u,

where n̂ is a random unit vector in spherical coordinates, depending on θ and ϕ, and ε is chosen
small. This operator can be shown to asymptote exactly to the Landau-Fokker-Planck form, which
is why both models share the same assumptions and drawbacks.

7.2 Cumulative Collisions
The main issue with computing all collisions one-by-one is the steep growth of computational cost
with the number of particles. Especially for dense configurations, this approach quickly becomes
inefficient. A possible solution was proposed by Nanbu [19] in the form of cumulative collisions,
which essentially groups multiple binary collisions together. This is possible, since several rotations
in velocity space can be expressed through a single rotation with a ”cumulative” angle. Let us denote
R(θ, ϕ) as a rotation matrix around azimuthal and polar angle:

R(θ, ϕ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

cos(ϕ) − sin(ϕ) 0
sin(ϕ) cos(ϕ) 0

0 0 1

 .

Let us further say that a particle has undergone i collisions before the (i+1)-th, which have induced
cumulative angular deviations θi, ϕi. If the deviation from the (i+ 1)-th collision is named ∆θi+1,
∆ϕi+1, then the velocity after the (i+ 1)-th collision is given as follows,

ui+1 = R(θi, ϕi)R(∆θi+1,∆ϕi+1)ẑ|u|,

where the coordinate system has been chosen as above, such that the initial u lies along the z-axis.
By virtue of Rutherford’s relation eq (D.8), and the assumption that collision partners haven been
uniformly distributed in space, one can write,

∆θi = tan−1

(
1

Ebmax
√
α

)
,

where bi = bmax
√
αi is the random impact parameter with αi as uniform random numbers in [0, 1).

Due to isotropy, the azimuthal angle ∆ϕi can be chosen uniformly in [0, 2π). Given these relations,
one can derive the distribution f(θN ) of the cumulative scattering angle after N collisions, which
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can be sampled and used to modify the velocity vectors. In the original, this derivation makes
several assumptions to arrive at an analytical expression for the distribution f(θN ), which is then
fundamentally bound to the same limitations as the Landau operator.

A possible extension of this method is to consider empirical distributions for the cumulative scat-
tering angle, as proposed by Chap and Sedwick [21]. Instead of deriving f(θN ) analytically, the
idea is to conduct numerical experiments to measure the cumulative scattering angle. For weakly
coupled plasmas it was demonstrated that this approach consistently reproduces large-angle scat-
tering events and thus breaks the limitations of Landau’s equation.

For this thesis it was investigated, whether this model can be expanded into the high coupling
regime to be used in the simulation of ultracold electron plasmas. The main hindrance is the
set-up of the numerical experiments to determine the angle distribution function numerically. In
the original work, the test particle was put in a box filled with randomly placed and fixed collision
partners. The trajectory of the test particle is evolved over a certain time, and the angular de-
viation between initial and final velocity represents one sample for the distribution of cumulative
scattering angles.

In weakly coupled plasmas, the thermal energy dominates the Coulomb interaction and the particle
positions can be considered random, since the high thermal velocities are just weakly influenced
by the repulsive electric energy. In other words, the particles can be very close to each other or
very far apart, i.e. their positions and velocities are uncorrelated. However, in strongly coupled
plasmas, the upcoming correlation effects lead to local modifications of the density (see eq (2.12)),
due to the particle positions depending on each other.

In order to get an idea, whether the cumulative collision approach can be extended to the strong
coupling regime, one needs to set up configurations of strongly coupled particles, to do mea-
surements of f(θN ). To this end it is possible to derive the radial pair distribution function of
a strongly coupled configuration of particles even for very high coupling factors, by solving the
Ornstein-Zernike equation (2.4), which is presented in section 2.3. From the pair distribution func-
tion one can then reconstruct one possible bunch of particles in a box, so essentially this approach
allows to find particle configurations for arbitrary coupling factors. The numerical details on how
this reconstruction can be achieved are given in appendix C.

Figure 7.1 depicts examples for two different coupling strengths. The graphs on the right show
the distribution of inter-particle distances for the particles in the box on the left, whereas the solid
line displays the pair distribution function, as expected from the Ornstein-Zernike equation for the
given coupling factor. One may observe that for a higher coupling factor the configuration assumes
a minimal distance. Consequentially, chosen particle positions randomly does not do the physical
situation justice.

The gradual appearance of a structured low-temperature state, gives a clear indication of the
shortcomings of the existing model. For the purpose of extending to the strong coupling regime,
one could try to find a scattering angle distribution for larger coupling factors by sampling the
particles in the right way. Unfortunately, finding a configuration adjusted to a pair distribution
function is a very slowly converging process and not free from grave deviations, as can be seen the in
the presence of very close particle pairs in figure 7.1 for the second graph. For setting up numerous
simulations to compute a distribution function f(θN ) it is far too inefficient and imprecise.
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Figure 7.1: Particle configurations (left) and their respective pair distribution functions as a his-
togram (right). The solid line represents the analytical pair distribution function to be expected
for a one-component-plasma. The radius is measured in units of the Wigner-Seitz radius.
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Figure 7.2: Overview over different regimes, including regions of validity for different collision
models and data from ultra-cold sources. The data cited may not appear explicitly in the sources
and is to be understood as an estimate based on the information provided. The point from [112]
is hypothetical, whereas the others refer to experiments.

State-of-the art electron sources have demonstrated that increases in brightness of several orders
of magnitude are possible by using cryo-cooled photo-cathodes or ultracold atomic gases as targets
for laser excitation. This brings about substantial increases in brightness from which applications
like free electron lasers or electron diffraction systems profit greatly. It is expected that these re-
sult provide a significant milestone in the development of next-generation high-brightness electron
sources. Nevertheless, the emittance of a particle source is also dependent on our ability to control
and mitigate space charge effects. In order to fully harness the potential of ultracold sources, it
is crucial to have an accurate understanding for the influence of inter-particle collisions. Using a
precise numerical collision model, one can employ large-scale simulations to gear the source towards
optimal performance.

The extracted beams have very low temperatures in the tens of Kelvin, which lead inevitably to a
peculiar physical picture, which is characterized by strong inter-particle coupling and - potentially
- quantum mechanical interaction. For visualization, the parameter space is mapped out in figure
7.2, where several physical regimes are shown as well as recent experimental data. The figure
illustrates that any successful collision model must accommodate the increasing relevance of inter-
particle correlations as well as quantum mechanical effects. Thanks to unprecedented experimental
progress we are advancing into a regime which poses a serious challenge to existing collision models.

A truism of physical simulations is, that there is always a trade-off between accuracy and speed.
This is no different for the simulation of charged many-body systems that are interact predom-
inantly electrically. In the collisionless limit the interaction is resolved routinely by mesh-based
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mean-field calculations or by using tree-algorithms with multipole expansions. In general a colli-
sion model provides a way to reintroduce the electromagnetic interaction, that these approaches
neglected. On a microscopic level this can be achieved by directly summing up the missing inter-
action, which is done in schemes like P3M or FMM, or by accounting for them in a stochastic way,
for example through cumulative collisions or Langevin’s approach. Obviously, some approaches
require stricter assumptions than others, so we can expect that not all collision models will hold
in the low-temperature limit.

The most common assumption, under which most collision models operate, is the assumption of
binary scattering. In this picture collisional interaction happens between two particles at a time
only, or in other words, the surrounding particles do not partake in the interaction. Of course the
positions of all particles are correlated with each other on some level due to Newton’s equations,
but as long as the correlation is negligible, the binary collision picture remains a valid assumption.
Nevertheless, in the more strongly coupled ultracold sources, the binary assumption will inevitably
fail. In figure 7.2 is is shown that the regime of validity of Boltzmann’s collision operator does not
reach far enough into the low-temperature region. The Landau operator is even more restricted
by the fact that it is a small-angle approximation of Boltzmann’s operator. In conclusion common
kinetic collision modelling schemes like the Langevin equation, direct simulation Monte Carlo or
fluid-based descriptions are not applicable to ultracold sources. The reason behind is that colli-
sions in the low-temperature limit can no longer be considered random, as the inter-connectedness
between particles grows stronger. As a consequence every kind of statistical or stochastic approx-
imation of collision behaviour will not properly reflect physical reality. One way to still include
collisions into the numerical model is by partially computing the entire interaction instead of ap-
proximating it. In figure 7.2 it is shown that ”direct computation” models, such as P3M or FMM,
can describe collisions while still accommodating inter-particle correlation.

An additional way to construct a more broadly valid collision model is provided by an effective
interaction potential. Basically, one incorporates correlation effects directly into the two-particle
interaction potential, which allows to maintain the binary collision picture even into the strongly
coupled regime. The Debye-screened Yukawa potential is probably the most famous representative
of this method in plasma physics. A more general approach that goes further into the strongly
coupled regime was pioneered by Baalrud and Daligault [1] and relies on the Ornstein-Zernike
equation to compute an effective potential. It has been shown that classical Boltzmann theory can
reliably compute various properties of strongly coupled plasmas simply by using an effective inter-
action potential. By using this technique the fundamental limitations of previous binary models
can be circumvented.

Direct computation schemes or effective interaction potentials provide accurate ways to properly
account for collision effects in a strongly coupled environment. Nevertheless, all these methods are
strictly rooted in classical electrodynamics or statistical mechanics. From figure 7.2 we can see that
it cannot be excluded that the collision model must take quantum interaction into consideration,
where it is not entirely clear which quantum mechanical effects we have to expect. While there are
categorizations of quantum corrections (e.g. [59]) they usually rely on the fluid limit, which is not
valid for one-component electron plasmas. On the other hand, commonly used methods to sim-
ulate quantum many-particle-systems, such as time-dependent density functional theory, CHNC
or quantum-corrected pseudo-potentials, do not hold in the low-temperature limit - again due to
correlation effects - and do not allow any statements either. In general there is little known neither
which quantum mechanical effects take place in strongly coupled electron plasmas nor in which
hierarchy they appear. This thesis achieved - for the first time - to make a statement about the
quantum contribution to the collision dynamics in ultracold sources.

This thesis proposed a method how one can measure the relevance of quantum mechanical effects,
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using Pauli repulsion as a proxy. The Ornstein-Zernike equation was used to compute an effec-
tive interaction potential that fully accounts for classical correlation effects. The potential-based
approach allows to include quantum effects by adding a potential representation of the Pauli exclu-
sion principle. Through the comparison of classical cross sections, once with Pauli correction and
once without, one is able to tell exactly from which point onwards Pauli repulsion can no longer
be ignored. As a result of this thesis it could be determined that a classical description of particle
dynamics suffices for state-of-the art electron sources. Moreover, the results showed clearly that
quantum effects impact mostly the occurrence of large angle collisions. As results of Gordon et
al. [14] indicate, large angle collisions have a direct impact on the emittance. This means on the
grounds of our findings, we can heuristically expect Pauli repulsion to have a tangible influence
on the final emittance. If future experiments will accomplish even higher densities, the classical
description will reach its limit, which will be directly visible in key observables.

Overall it can be said that it is still unclear how to properly conceptualize a low temperature
plasma in the quantum regime without a full first-principles quantum approach, which does not
exist yet. The divergence occuring in CHNC simulations could be interpreted to that effect, that
homogeneous mixtures of electrons with different spins are physically unreasonable at low temper-
atures. On the other hand, there is too little known on the topic of spin distributions in ultracold
plasmas to substantiate this interpretation. In conclusion it can be said that there is still a lot open
regarding the quantum nature of non-continuous low temperature charged many-particle systems.

In the context of photo-cathode-based electron sources an additional complication arises in the
form of electrostatic boundary conditions from the grounded cathode. On one hand lies the fact
that collision dynamics usually happens over distances, that are short compared to the distance to
the cathode. On the other hand it cannot be denied that inter-particle collisions are mediated by
electric interaction and can therefore be impacted by boundary conditions. This thesis investigated
for the first time the magnitude of the error comitted by ignoring boundary conditions in collision
events.

For this calculation a variational and fully discrete representation of the P3M scheme has been
employed that had not existed previously. On the grounds of a discretized Low’s Lagrangian, a
Gaussian charge screening procedure rendered it possible to reconstruct the spatially and tem-
porally fully discrete equations of motion of the P3M algorithm. In contrast to Ewald’s direct
splitting of the interaction, this approach retains the full potential. As a consequence Green’s
function is kept a fundamental solution to the Laplacian and allows to investigate the boundary
value problem on basis of two distinct Poisson’s equations. Through this formalism it could be
proven that the magnitude of the error incurred by regarding collision interaction as unbounded,
is directly tied to the magnitude of the discretization error coming from the meshed non-collisional
interaction. This means that for all intents and purposes the error is not only completely under
control, but in most applications also negligible.

The aforementioned Lagrangian provides a way to derive fully discrete and physically valid equa-
tions of motion, which describe space charge dynamics with the inclusion of close-ranged inter-
particle collisions. This result provides a framework for deriving other kinetic collisional particle
algorithms, by using e.g. functional expansions instead of finite-element-mesh discretization, which
opens up a broad range of possibilities. For future work this could be used as a first step towards
a fully symplectic collisional space-charge map.
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Appendix A

Numerical Transforms

In this chapter the numerical methods, that are underpinning the evaluation of the Fourier trans-
form in the Ornstein-Zernike solver, are presented.

A.1 Discrete 3-dim Fourier Transform
It was shown previously (2.13) that the evaluation of 3-dimensional Fourier transforms can be
reduced to a 1-dimensional Fourier-Bessel Transform if the function to be transformed exhibits
spherical symmetry. For a function f : R→ R in L2, the transform reads as follows,

f̂(k) = 4π

∫ ∞
0

f(r)
sin(kr)

kr
r2dr. (A.1)

This can be reformulated to the evaluation of a Fourier Sine transform, SinT[·],

f̂(k) = 4π

∫ ∞
0

f(r)
sin(kr)

kr
r2dr

=
4π

k

∫ ∞
0

rf(r) sin(kr)dr

=
4π

k
SinT[rf(r)].

For a numerical evaluation of eq (A.1) the interval is restricted to [r0, L], which is discretized with
N points. The stepping is given through the following expressions,

dr =
L− r0

N

dk =
2π

L

One can readily discretize eq (A.1) with ki = idk + 2π
L , ri = idr + r0, which yields,

f̂(kj) = 4π

N∑
i=1

f(ri)
sin(kjri)

kjri
r2
i dr.

Again, this may be further reduced to the evaluation of a discrete Fourier-Sine-Transform DST[·],

f̂(kj) =
4π

kj
DST[r · f(r)](kj),
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where DST[r · f(r)] is the evaluation of the discrete Fourier-Sine-Transform over the same interval
with the same discretization.

A fast way to evaluate the sine transform via FFT was provided by Makhoul [115]. Let us denote
f(ri) as fi for simplicity. Then a set of points {gi} is constructed as follows,

gi = f2i for i = 1, ...,
N

2
− 1

gN−1−j = −f2i+1 for i = 1, ...,
N

2
− 1,

where the even and odd points are separated. The discrete Sine Transform can then be obtained
from the FFT,

DST[b]j = − Im
(
FFT[g]je

−iπ k
2N

)
. (A.2)

In figure A.1 one can see the numerical Sine transform of the function e−r

r , for which the analytic
Sine Transform is known to be arctan(k)

√
2/π. It can be seen that the implementation is indeed

bijective, even though there are deviations from the expected Sine Transform. The Fourier-Bessel
transform essentially shows the same behaviour, as shown in figure A.2.

Figure A.1: Forward and backward Sine Transformation for the function e−r

r .

These deviations stem from the fact that in Python 3.7.6 the expression np.sin(r)/r is divergent if
evaluated at r=0, even though it analytically is not. This means that numerically, the evaluation of
a Fourier-Bessel Transform f̂ as a Sine Transform of r · f(r) is not entirely accurate, because np.

sin(kr)/(kr) is not entirely the same as np.sinc(kr). By virtue of the same problem, the expression
SinT[r · f(r)]/k is analytically the same as SinT[r · f(r)/k] but they are not equal numerically.

It is possible to circumvent this issue, using an Taylor expansion of the sine function. However, in
figure A.2 it can be seen that the the numerical solution via eq. (A.2) diverges less for r → 0 than
the analytical solution. Overall, this tendency to smaller values is beneficial for the solution of the
Ornstein-Zernike equation as it means greater stability.

Since the solution procedure for the Ornstein-Zernike equation always uses the forward and back-
transform successively within one iteration step, the precision of the solution is not affected because
the transform is still bijective. The main advantage of this procedure is its speed that comes nat-
urally from using FFT and the increased stability against divergence.
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Figure A.2: Forward and backward Fourier-Bessel Transform of the Yukawa Potential with reach
1.

A.2 Regularization
The Coulomb potential has by definition infinite reach and will not vanish at the end of the integra-
tion interval. As a consequence the discrete Fourier transform shows severe numerical instabilities
that lead to strong deviations in any application. In order to compute a transform of a long-ranged
function it needs to be regularized to be zero at the end of the interval.

This is done by using a correction function K(r), as proposed by Springer et al. [116], which
is subtracted and later added again. Let f be a function that is non-zero at the end of the
transformation interval. Instead of directly transforming f , we evaluate the corrected version as
follows,

FFT[f ] = FFT[f −K] + K̂,

which amounts to the same result since Fourier transforms are linear. As long as f −K vanishes
at the end of the interval, the transform can be evaluated without issue.

In the case of the Ornstein-Zernike solver described in section 2.3, this correction is applied to
all major quantities in the calculation, i.e. the direct correlation function c(r) (see eq (2.8)), the
indirect correlation function γ(r) (see eq (2.4)) and the interaction potential φ(r). The correction
is applied as follows,

φ(r)→ φ(r)−K(r),

γ(r)→ γ(r) +K(r),

c(r)→ c(r)−K(r).

This choice implies that the corrections from γ and φ will cancel each other, such that the pair
distribution function is not affected. In the algorithm one can leave out the correction for γ, which
means we compute an ”already” corrected γ, which leads to regular transforms. Applying the above
corrections to eqns (2.4) and (2.8), the iteration cycle is then given by the following two equations,

c(r) = e
− q(φ−K)

kBT
+γ(r)+B(r) − γ(r)− 1,

γ̂(k) =
ρ(ĉ(k)− K̂(k))2

1− ρ(ĉ(k)− K̂(k))
− K̂(k).

(A.3)
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For the calculations in this thesis the correction function from Ng [47],

K(r) =
Erf(αr)

r

K̂(k) =
4π

k2
e−

k2

4α2 ,

where the choice of α depends on the interval length. Generally, α = 0.8 − 1.08 work well, but it
is advisable to check with plots like figure A.3, whether the goal of regularizing the transform was
achieved. In a successful case the transform is regular as in figure A.3.

Figure A.3: Comparison between the discrete Fourier-Bessel Transforms (FBT) of the corrected
and uncorrected bare Coulomb potential.
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Appendix B

Computation of Pauli’s Potential

As soon as the quantum nature of electrons starts to become important, they begin to obey Fermi-
Dirac statistics, whose effect can be incorporated with the Pauli potential. Essentially, it is a
method to describe the repulsive effect of quantum statistics by means of an interaction potential.

B.1 Theoretical Basis
The computation of the Pauli potential for this thesis follows the scheme outlined by Dharma-
Wardana and Perrot [70]. The main idea of the approach is to find an expression for the pair
distribution function, from which the potential can be obtained, using the Ornstein-Zernike equa-
tion.

The pair distribution function corresponding to the Pauli Potential is given as,

g(r) = 1− FT (r)2, (B.1)

where FT is the 3-dimensional Fourier Transform of the Fermi-Dirac distribution function n(k),

FT (r) = F−1

[
1

1 + e
EF (k2−1)

kBT

]
(r),

where EF corresponds to the Fermi energy.
From the pair distribution function, the Pauli potential P

kBT
can be obtained,

P

kBT
= − log(g) + h(r)− c(r),

where h and c can be calculated by combined use of (2.8) and (2.4) and (B.1). The numerical steps
of the calculation include the computation of the Fourier-Bessel Transform above, the subsequent
computation of the potential as an effective potential and the continuation of the result outside of
the solution interval.

B.2 Numerical Transform
If it is required to obtain the Fourier-Bessel Transform of an expression to high accuracy, one needs
a different implementation than the FFT-based version from appendix A. The algorithm used for
this thesis was proposed by Candel [117, 118] and relies on weighted summation of different Fourier
components.
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At T ≈ 0 the Fermi-Dirac distribution is a step function and the Fourier Transform can be calcu-
lated analytically [119],

n̂(r) = 2
J1(kF r)

kF r
,

where kF is the Fermi wave vector corresponding to the Fermi energy EF = ~2k2
F /(2m). In figure

B.1, one can see that the numerical result for T ≈ 0 lies in good accordance with the analytical
result.

Figure B.1: Comparison between the analytical Fourier Transform of the Fermi-Dirac distribution
with its numerical counterpart, computed with the algorithm of Candel [117]. Length is scaled to
the inverse Fermi wave vector.

On a side note: despite that the algorithm displays very good accuracy, it is unfit to be used in the
OZ-iteration. Firstly, the back-transform is not specified by Candel and secondly the computational
cost is too high for repeated application, compared to FFT.

B.3 Continuation
In the same spirit as for the effective potential, one would like to have a continuous function that
can be evaluated outside of the integration interval. The easiest way to proceed, is to notice that
the pair distribution function has the general shape of a sigmoid. The fitting routine used for the
calculations in this thesis fits the following function,

gc(r) =
Erf(a1r − a2) + 1

2
,

where a1, a2 are fitting parameters. Additionally one can fit γ = h − c, which has been found to
be described appropriately by the following function,

γc(r) =
Erf(a3r) + 1√

r
,

where a3 is a fitting parameter. The result of this routine then gives the Pauli potential,

P (r)

kBT
= − log(gc(r))− γc(r). (B.2)
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The result can be seen in figure B.2, which coincides well with the graph from Dharma-Wardana
and Perrot [70] thus verifying the procedure.

Figure B.2: Discrete and Fitted Pauli potential and corresponding pair distribution function.

In order to extract the potential from (B.2) one needs to multiply by kBTcf, where Tcf is given
according to eq (3.1).
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Appendix C

Reconstructing Distributions from a
Pair Distribution Function

The solution to the OZ equation comes in the form of a pair distribution function, which is a
statistical measure for local modulations of the particle number density. In order to get insight on
what exactly this means in terms of particles in a box, one can attempt to reconstruct a configu-
ration that corresponds to a given pair distribution function. One possible method, based on an
approach by Rintoul and Torquato [120], is rooted in simulated annealing.

The idea is to generate a random distribution of N particles pi, that are given within a box
[−L,L] × [−L,L]. The pair distribution g(r)dr of this configuration gives the probability for the
inter-particle distance to assume a value within [r, r+dr]. This can be approximated by discretizing
distance as ri = i∆r and measuring the occurrence H(ri) of each bin. The discrete approximation
gd(ri) of the pair distribution function g(r) is then given as,

gd(ri) ≈
H(ri)

M∆r
,

where M =

(
N
2

)
is the number of distance samples.

The deviation between the pair distribution function and its discrete approximation ∆g =
∑
i(g(ri)−

gd(ri))
2 is a measure for the deviation between the present configuration from the desired one. The

initial distribution is now successively modified by going through each particle and deviating it
by (dx, dy), which is picked from a uniform distribution on [−1, 1] × [−1, 1]. In the sense of the
Metropolis algorithm, the acceptance probability for the change is given as,

P = e
− ∆g
kBT ,

where T can be gradually decreased or chosen as the physical plasma temperature. For the present
case, the move is also rejected, if the particle would end up outside of the simulation box. The
computation cost grows quadratically with the particle number and the method generally converges
very slowly, due to the randomness of the changes. An example can be found in figure 7.1.
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Appendix D

Classical Two-Body Scattering Cross
Sections

This chapter serves the purpose of reviewing classical two-body scattering formulae, which are used
throughout the thesis. In addition, it will be shown, how cross sections change in the presence
of screening. The material presented here can be found in every standard textbook to classical
mechanics or scattering dynamics, e.g. [121]. A different take on the derivation of Rutherford’s
cross section was given by Krane [122].

D.1 Classical Two-Body Scattering Theory
The Lagrangian for two particles that interact via Coulomb’s potential φ reads as follows,

L =
1

2
mṙ1 +

1

2
mṙ2 − qφ(|r1 − r2|).

We can introduce the relative distance vector r = r1 − r2 and the centre of mass vector R =
(r1 + r2)/2 to simplify the situation to a one body problem. We have,

r1 = R +
1

2
r

r2 = R− 1

2
r

Inserting yields the following,

L = mṘ +
m

4
ṙ− qφ(|r|)

Obviously Ṙ is a cyclic coordinate, so the problem is simplified by choosing the frame of reference
such that Ṙ = 0 and transforming into the centre-of-mass frame. Since angular momentum is
conserved as well, the dynamics are restricted to a plane and the problem can be treated as two-
dimensional. Therefore, one can transform to polar coordinates (r, ϕ) as the Coulomb potential is
dependent on distance only,

L =
m

4

(
ṙ2 + r2ϕ̇2

)
− qφ(r),

where it was used that ṙ = ṙer + rϕ̇eϕ, denoting |r| =: r. For further simplification, one can
express angular momentum in polar coordinates as well,
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l = r ∧ m
2

ṙ =
m

2
r2ϕ̇,

which allows to write the polar Lagrangian in the following way,

L =
m

4
ṙ2 − qφ(r)− l2

mr2
. (D.1)

As already mentioned, the two governing integrals of motion are energy and angular momentum,
which yield two coupled, first-order ordinary differential equations,

d

dt

[
m

4
ṙ2 +

l2

mr2
+ qφ(r)

]
= 0 =

d

dt
E

d

dt

[m
2
r2ϕ̇
]

= 0 =
d

dt
l.

We can find a differential equation for the angle as a function of the radius, by solving above
equations for ṙ and φ̇,

dϕ

dr
=
ϕ̇

ṙ
=

2l
mr2

E − ( l2

mr2 + qφ(r))
,

which can be readily integrated to give the following expression for the angle,

ϕ(r) =

∫ ∞
rmin

2l
mr2

E − ( l2

mr2 + qφ(r))
dr,

where rmin belongs to the singularity,

E − l2

mr2
min
− qφ(rmin) = 0.

The set-up of a two-body scattering situation is illustrated in figure D.1. Going by this notation
we can rewrite the angular momentum as l = b

√
2mE, assuming the projectile starts out far away

from the target.

r
m
inb

θ

Figure D.1: The smallest distance between target (blue) and projectile (solid line) is rmin, the
deviation angle is θ and b denotes the impact parameter.

The scattering angle θ = π− 2ϕ, can then be expressed through the classical scattering integral in
the following way,

θ = π − 2

∫ ∞
rmin

b

r2

√
1− φ(r)

E − b2

r2

dr, (D.2)

with the relation for the radius of minimal distance,
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1 =
φ(rmin)

mv2/2
+

b2

r2
min

. (D.3)

The classical cross section is given by the ratio of the area element dσ = bdφdb of the incident
annulus and the solid angle element dΩ = sin(φ)dφdθ. Consequentially, the formula is given as
follows,

dσ

dΩ
=

b

sin θ

∣∣∣∣∣
(
dθ

db

)−1
∣∣∣∣∣ . (D.4)

Together the relations (D.2), (D.3), (D.4) compose the classical picture of a collision cross section.

D.2 Rutherford’s Cross Section
The equations (D.2), (D.3), (D.4) can be solved analytically for the bare Coulomb potential,

eφ(r) =
e2

4πε0

1

r
=: kC

1

r
,

where kC denotes the constant pre-factor. With the following substitution,

r =
1

u

dr = −r2du,
(D.5)

the scattering integral can be solved analytically by using the following formula,

d

dx
arccos

(
αx+ 1√
β + 1

)
=

−1√
1− (αx+1)2

β+1

· a√
β + 1

=
−1√

β
α2 − x2 − 2

αx
.

(D.6)

The minimial radius umin = 1
rmin

can be rewritten accordingly,

β

α2
− u2

min −
2

α
umin = 0

=⇒ umin =
1

a

(√
1 + β − 1

)
.

(D.7)

The θ-b relation can then be found in a straightforward manner, using eq (D.6) with α = 2Eb
kC

and
β = 4E2b2

k2
C

,
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θ = π − 2

∫ ∞
rmin

−1√
1
b2 −

kC
Eb2u− u2

du

= π − 2

arccos

 2Eb2

kC
u√

4E2b2

kC
+ 1

0

1/rmin

= π − 2 arccos

 1√
4E2b2

k2
C

+ 1


= 2 arcsin

 1√
4E2b2

k2
C

+ 1


=⇒ 1

sin2
(
θ
2

) − 1 =
4E2b2

k2
C

cot2

(
θ

2

)
=

4E2b2

k2
C

cot

(
θ

2

)
=

2Eb

kC

(D.8)

Rutherford’s cross section can then be calculated with eq (D.4),

dσ

dΩ
=

b

sin θ

∣∣∣∣∣ −kC
4E sin2

(
θ
2

) ∣∣∣∣∣
=

k2
C cot

(
θ
2

)
8E2 sin(θ) sin2

(
θ
2

)
=

k2
C

16E2 sin4
(
θ
2

)
(D.9)

D.3 Cross Sections of Screened Potentials
Introduction of screening to a potential usually means a steep decline in strength, such that it
becomes negligible after a certain distance. In the following the consequences of this will be illus-
trated with respect to the classical collision cross section.

In order to calculate an analytical result, a first order approximation of Yukawa’s potential will be
used,

φ(r) = kC

(
1

r
− 1

λD

)
Θ(λD − r), (D.10)

where Θ denotes the Heaviside function. Another possibility is to leave the subtraction out and
multiply the heaviside function directly with the free Green function. However, although the po-
tential still converges to the unscreened original for ΛD →∞, the corresponding cross-section does
not converge to Rutherford’s formula, as shown by Semon and Taylor [123]. For this reason the
formulation (D.10) will be used. For simplicity we will also set kC = 1.

Insertion of (D.10) into (D.2) yields two integrals,
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θ − π = −2

∫ λD

rm

bdrr2√
1− 1

E
1
r + 1

E
1
λD
− b2

r2

− 2

∫ ∞
λD

bdrr2√
1− b2

r2

.

Both can be solved by application of the same methods found in eqns (D.5), (D.6) and (D.7). The
result for θ(b) reads as follows,

θ

2
= arcsin

 4E2b2

2λD
+ 1√

4E2b2 + 4Eb2

λD
+ 1

+ arcsin

(
b

λD

)
, (D.11)

where λD is again the Debye length. This expression reduces nicely to (D.8) in the limit λD →∞.
The derivative can be readily evaluated,

dθ

db
= 2

4Eb

λD

√
4Eb2

λD
+4E2b2+1

−
(

2Eb2

2λD
+1
)(

8Eb
λD

+8E2b
)

2
(

4Eb2

λD
+4E2b2+1

)3/2√
1−

(
2Eb2

λD
+1
)2

4Eb2

λD
+4E2b2+1

+
2

λD
√

1− b2

λ2
D

λD→∞−→ 4E

1 + 4E2b2
= 4E sin2 θ

2
.

For the cross section, the following can be obtained,

dσ

dΩ
=

b

sin θ

∣∣∣∣∣∣∣∣∣∣

2

4Eb

λD

√
4Eb2

λD
+4E2b2+1

−
(

2Eb2

2λD
+1
)(

8Eb
λD

+8E2b
)

2
(

4Eb2

λD
+4E2b2+1

)3/2√
1−

(
2Eb2

λD
+1
)2

4Eb2

λD
+4E2b2+1

+
2

λD
√

1− b2

λ2
D


−1∣∣∣∣∣∣∣∣∣∣

. (D.12)

Since the inversion of eq (D.11) is highly non-trivial, (D.12) can no longer be reduced to depend
only on b or only on θ. However, Rutherford’s result (D.9) can still be recovered in the limit of
large Debye lenghts.

From eq (D.12) one observes, that the second term resembles the cross section of a hard-sphere
potential with radius λD, which becomes complex for b > λD. This can be understood through the
observation that impact parameters b > λD cause a divergence in a screened potential, since they
are not influenced and correspond to the same angle of deviation, namely θ = 0. In other words,
there are infinitely many paths to ”miss” the sphere and not scatter at all. In conclusion it makes
no sense to consider impact parameters larger than the screening length. The physical argument
is, it would be unreasonable to consider a collision between particles, that are not influenced by
each others presence in the first place.

Even though other types of screening do not directly lead to a hard-sphere potential they will still
display this behaviour. Numerically, there will be a point where the potential can be considered
effectively zero and the divergence will take place. This means the impact parameters must be
chosen carefully, when considering the cross section of a screened potential.
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D.4 Solving Classical Scattering Integrals
The computation of a classical collision cross section involves numerically integrating equation
(D.2), solving equation (D.3) and finite differences to compute (D.4). In the following the numerical
difficulties of these calculations will be presented alongside a high-precision method to overcome
them.

D.4.1 Root Solver
The main difficulty of finding the root of eq (D.3) is the nature of the potential considered. The ef-
fective potential corresponding to a pair distribution function oscillates in the high coupling regime
(e.g. visible in figure 2.9). Due to this oscillating behaviour there can be several roots to eq (D.3)
of which we need to select the largest. Therefore, a method is needed that manages to find all the
roots and select the largest among them. Compared to all the other steps of the calculation - even
the solution of the OZ equation - this step usually requires the most time.

Additionally, the convergence of a root solver depends strongly on the initial conditions. This can
be alleviated by using e.g. the bisection method, that takes two points, for which the function
evaluates to opposite signs. This requires more computation time but has guaranteed convergence.

The perihelion function f is given from eq (D.3) and reads,

f(r) = 1− φ(r)

E
− b2

r2
,

of which the roots correspond to the radius of minimal distance rmin. The calculations in this
thesis were done by traversing f(r) and making a list of points p1, p2, p3, ..., where f(p1), f(p2)
have opposite sign and f(p2), f(p3) have opposite sign. To proceed one can form brackets [p1, p2],
[p2, p3], ... from this list and use standard methods. The procedure is outlined in listing D.1.

Listing D.1: Root Solver
import numpy as np
import scipy.optimize as opt

# x is the discrete radius
# peri is the perihelion

pts = [x[−1]] # farthest point
roots = []

# start from the last element of x, since we search the largest root
for i in np.flip(x)[::m]:

if(np.sign(peri(i)) != np.sign(peri(pts[−1])) and peri(i)!=0.0):
pts.append(i)

# solve for roots with standard bracketed root solver
for i in range(len(pts)−1):

roots.append(opt.root_scalar(peri, bracket=[pts[i],pts[i+1]], method=’brentq’).root)

# desired root is largest element of roots
# max(roots)

D.4.2 Scattering Integral Solver
The scattering integral eq (D.2) has an infinite integration interval. Consequentially, if one simply
uses an integrator on samples over a fixed interval (e.g. Simpson quadrature) a large portion of
the integration is neglected. For the bare Coulomb potential, the θ-b relation is given as eq (D.8),

2Eb = cot
θ

2
.
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In figure D.2 one can see a comparison between the analytical result and the numerical solution
obtained with direct integration. It is clearly visible that towards the end of the interval, the
cut-off induces large deviations.

Figure D.2: Comparison between the function θ(b) from Rutherford’s solution and from sample-
based Simpson integration. The incident energy was assumed to be the thermal energy. The right
axis shows the deviations.

In order to evaluate the integral over the full integration range, it must be transformed to a finite
domain. While there are several possibilities to do so [42, 124], in the following the prescription
by Mendenhall and Weller [125] will be used,

r =
rmin

cos
(
zπ
2

) ,
dr =

πrmin sin
(
πz
2

)
1 + cos(πz)

dz,

where rmin is the radius of minimal distance, given by eq (D.3). The scattering integral (D.2)
transforms as follows,

φ(r) =

∫ 1

0

b

([
4r2

min

π2 sin2
(
πz
2

)] [1− φ(r(z))

E
− b2

cos2
(
zπ
2

)
r2
min

])− 1
2

dz.

This can be further simplified by reusing eq (D.3) in the form 1 = φ(rmin)
E + b2

r2
min

, which gives the
following,
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φ(r) =

∫ 1

0

b

([
4r2

min

π2 sin2
(
πz
2

)] [φ(rmin)

E
− φ(r(z))

E
+

b2

r2
min
− b2

cos2
(
zπ
2

)
r2
min

])− 1
2

dz,

=

∫ 1

0

b

([
4r2

min

π2 sin2
(
πz
2

)
E

]
[φ(rmin)− φ(r(z))] +

4b2

π2

1− cos2
(
πz
2

)
sin2

(
πz
2

) )− 1
2

dz,

=

∫ 1

0

b

([
4r2

min

π2 sin2
(
πz
2

)
E

]
[φ(rmin)− φ(r(z))] +

4b2

π2

)− 1
2

dz.

It is noteworthy that the term ∼ 1
sin2(z)

does not diverge, because z → 0 corresponds to r → rmin.
This can be confirmed by de L’Hôpital’s rule,

d
dz [φ(rmin)− φ(r(z))]

d
dz sin2

(
πz
2

) =

dφ
dr

∣∣∣
rmin

rmin

2 cos3
(
πz
2

) z→0−→ const

By the same reasoning the overall divergence (formerly r → rmin) is removed as well, as long as

dφ

dr

∣∣∣∣
rmin

< 2
b2E

r3
min

cos3
(πz

2

)
,

which is given as the potential is repulsive and the RHS strictly positive.

For the treatment of effective potentials there are two things to keep in mind. Firstly, since the
largest root of the perihelion is chosen for rmin, the oscillations occurring in an effective potential
make no difference in the above condition on the derivative. Secondly, this transformation still
evaluates the radius in the full intervall [rmin,∞), which means it must be possible to evaluate the
effective potential at these points. The techniques for finding a suitable continuation are shown in
section 2.3.

With this transformation and a continuous potential function, we can integrate e.g. with a Gauss-
Legendre quadrature. In figure D.3 it is shown that the integration routine reproduces Rutherford’s
result with high accuracy.

D.4.3 Computing the Cross Section
The final step is to take finite differences to obtain the cross section from eq (D.4), which does not
pose further problems, except that it becomes inaccurate when too few points are computed. For
completeness sake figure D.4 illustrates the good accordance between the analytical result and the
numerical values.

D.4.4 Choice of Incident Impact Parameter
From eqns (D.11), (D.12) we know that screened potentials are divergent in classical theory, if the
impact parameter is chosen larger than the screening length. In order to avoid distortion of the
results one needs to assess the screening length of the potential considered and choose the impact
parameters smaller. The methods to find the screening length for an effective potential is outlined
in section 2.3.
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Figure D.3: Comparison between the function θ(b) from Rutherford’s solution and from Gauss-
Legendre integration.

Figure D.4: Comparison between Rutherford’s cross section and the numerical result.
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Appendix E

Mirror Charge Configurations

It was shown before that for a planar cathode the correction function assumes the form of eqns
(6.23), (6.24). This concept can be generalized to a family of symmetry maps Sj , where Sj(x)
is the j-th mirror charge to the original charge located at x. The correction to the free Green’s
function assumes the following form,

GC(x,y) =
∑
j

G(x, Sj(y)),

where the summation goes over the family of maps or over mirror charges respectively. For the
plane at z = 0, this must reduce to the known form (6.24),

Sj(x, y, z) = S0(x, y, z) = (x, y,−z).

In order to convince ourselves of the validity of this approach and to get an idea of the properties
of this map S, we can insert into Poisson’s equation. Within the spatial volume V, one can obtain
the following,

∆φ
!
= ρ

∆([G−GC ]⊗ ρ)(x) = ∆(G⊗ ρ)−∆(GC ⊗ ρ)

= (∆G)⊗ ρ− (∆GC)⊗ ρ

=

∫
d3 y ∆G(x− y)ρ(y)−

∑
j

∫
d3y∆G(x, Sj(y))ρ(y)

=

∫
d3 y δ(x− y)ρ(y)−

∑
j

∫
d3 yδ(x− Sj(y))ρ(y)

= ρ(x) +
∑
j

ρ(S−1
j (x))

= ρ(x),

where δ denotes the delta-distribution. Note that x lies in V and S−1
j (x) correspondingly outside

of it. For Poisson’s equation to be fulfilled, S may not map to positions that lie within V and it
must approach 1 at the boundary.

This places a severe restriction on the cathode geometries that can be treated this way. Figure E.1
depicts an example of a boundary that is protruding. It is clearly visible, that not only are mirror
charges required in the solution domain but the mirror charges that counter the original charge,
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must be compensated as well. Since θ is not a multiple of π many mirror charges (potentially
infinitely many) are needed.

φ = 0 θ

−

+

+

−

−

Figure E.1: Part of a mirror charge configuration, needed to balance the blue point charge.

If the indentation is perfectly spherical as depicted in figure E.2, one can find a mirror charge
outside the charge domain, via spherical inversion [126]. Let’s say the sphere of radius R is centred
around rs and the original charge is placed at r0. The mirror charge is then placed at,

S(r0) =
R2

|r0 − rs|2
(r0 − rs),

with the charge,

S(q) =
R2

|r0 − rs|2
q.

Nevertheless, infinitely many mirror charges are needed, once the rest of the surface z = 0 is re-
quired to be grounded. Additionally, while it is possible to find a finite amount of mirror charges
for two intersecting spheres [126], as soon as two disconnected spheres are present, again the num-
ber of required images diverges. The more general case of elliptic surfaces can be obtained via
conformal mapping from a spherical surface [108, 127, 128] and - again - requires outside charges.

In general one can say, that there are very few geometries, that can be solved using mirror charge
configurations.
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φ = 0

−

+−

+ −

Figure E.2: The blue point charge cannot be countered by one single image if the potential must
also vanish for z = 0.
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