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Abstract

This thesis summarizes the theory and numerical simulation of clas-
sical low-gain and high-gain Free-Electron Laser (FEL) and extends
it into quantum regime. A full Hamiltonian representation of each
regime is given and the system is proved symplectic. A comparison
with Rabi oscillation under dipole approximation is also made for ap-
plying the computation method for Maxwell-Schroedinger systems sug-
gested by [14].
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Chapter 1

Introduction

The Free-Electron Laser (FEL) is an accelerator-based light source which
emits coherent, tunable and high-power single-mode radiation parallel to
the motion of relativistic electron beams through undulator magnets. The
radiation frequency can be tuned continuously since it depends on the elec-
tron energy [33]. The principle of FELs was proposed in 1971 by John Madey
as stimulated emission of radiation [29]. Such radiation was observed by his
group at Stanford University in 1976 [20], and they realized the first FEL
oscillator in 1977 [17]. Individual electrons produce incoherent spontaneous
synchrotron radiation in wiggler fields. In low gain regime, a cavity with
mirrors on both ends is needed to realize coherent laser oscillation and am-
plify the signal. While in high gain regime, the combined undulator and
radiation field can cause microbunching of the electron beam, which gives
rise to coherence [27, 33]. Figure 1.2 shows a sketch of the evolution of mi-
crobunch structure and coherent radiation that is promoted by microbunch-
ing.

Figure 1.1: Schematic design of FEL [5].
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1. Introduction

(a) Evolution of microbunching [5] (b) Incoherent vs.coherent radiation [39]

Figure 1.2: Evolution of microbunching and coherent radiation.

Since then, other FEL facilities have been put into operation, with frequen-
cies ranging from tetrahertz to visible light [36]. But it received less attention
compared to conventional lasers only until recent years, when the potential
to become a powerful X-ray source was revealed. Under the Self-Amplified
Spontaneous Emission (SASE) principles [26, 18], where the amplification
starts from the initial random field of spontaneous radiation instead of ex-
ternal seeding and continues in a long undulator [36], an FEL can generate
multi-Gigawatt (GW) and femtosecond (fs) coherent X-ray pulses [24]. The
development of high-brightness electron beam and precise undulator de-
vices led to the realization of many X-ray FEL facilities around the world
including FLASH at DESY for ultraviolet and soft X-ray with wavelengths
range from 4 to 90 nanometer [1, 34], LCLS at SLAC which is the world’s
first hard X-ray FEL with wavelengths range from 0.1 to 6 nanometer [3, 16]
(it has recently been upgraded to LCLS-II with 1 million pulses generated
per second, a much brighter output and wavelengths down to 0.05 nanome-
ter [2]), and SwissFEL at PSI for hard X-ray with wavelengths range from
0.1 to 7 nanometer [5]. Figure 1.3 shows the layout of FLASH and LCLS-II.

Although SASE produces high-brightness X-rays, the radiation spectrum is
broad and may consist of many random super-radiant spikes [8]. By extend-
ing FEL into quantum regime, the resulting radiation would have narrower
temporal structure and become monochromatic in power spectrum, thus
improves the coherence of classical FEL radiation profoundly [13]. Concep-
tually as the photon recoil momentum goes compatible with or higher than
the electron momentum spread, the number of photons emitted per elec-
tron reduces to one, making the FEL into a quantum system. Although the
QFEL theory has been established for almost 30 years [32], its experimental
realizations are limited by very rigorous conditions [10].

This work focuses on a 1-dimensional FEL description, and stays in the low-
gain and high-gain regime for quantum extension without probing further
into the SASE regime. In this introductory chapter an overview of the de-
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(a) FLASH layout [1]

(b) LCLS-II layout [2]

Figure 1.3: Design of FLASH and LCLS-II.

velopment of FEL is given. Chapter 2 deals with more detailed concepts
including undulator radiation, and also lists definitions and notations that
are used throughout the thesis. The undulator discussed in this work is as-
sumed to be planar. The classical theory of low gain FEL is introduced and
derived in Chapter 3, followed by high-gain regime in Chapter 4. In Chapter
5 the quantum theory is established based on the high-gain set of equations.
For each regime, a full Hamiltonian approach is applied and the symplectic-
ity is indicated. Chapter 6 explores the similarity of quantum FEL with Rabi
oscillation in quantum optics. Simulation is made for the Rabi system with
dipole approximation and the result is similar to quantum FEL.
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Chapter 2

Concepts and Definitions

2.1 FEL as a Laser

Laser, as Light Amplification by Stimulated Emission of Radiation, is con-
structed by three basic components:

1. laser medium amplifying specific wavelength

2. energy pump creating popularity inversion

3. optical resonator

Figure 2.1: Schematic diagram of a typical laser [38].

A free-electron laser stands for the case that the radiating electrons move in
vacuum, while oppositely a bound-electron laser means radiation comes from
electrons bound to atomic or solid state systems. For the latter the laser
medium is the well-defined solid state energy levels which pick out certain
frequency of radiation emission, and the pumping of energy is achieved
through external supply such as electric current or light of higher frequency.
As for an FEL, the relativistic electron beam acts both as the medium and
as the pump. The requirement of specific radiation frequency is exerted by
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2. Concepts and Definitions

resonance condition which would be explained in Chapter 3, and the energy
is transferred from moving electrons in the undulator.

An optical resonator is needed for low-gain FEL operating at infrared and
optical wavelengths, but there are no mirrors applicable for reflection of
wavelengths below 100nm. Therefore the VUV and X-ray region requires a
large light amplification in a single pass through a long undulator, which is
the high-gain FEL regime.

FEL is truly a laser also because of the same relation between the gain and
the number of existing photons. For the transition between two states of an
atom, the transition probability, which can be understood as the laser gain,
is calculated by Fermi’s Golden Rule to be proportional to E2

0, where E0 is
the electric field of the light wave. And E2

0, as the field energy, indicates the
number of photons in the optical cavity. For FEL, the laser gain from cou-
pling between electrons and light wave in the undulator is also proprotional
to E2

0, i.e. to the number of photons in the light wave.

The property that distinguishes a laser is its coherence of emission. Spacial
coherence confines the laser to a tiny spot and keeps it narrow over long
distance, and temporal coherence allows for monochromatic emission [38].
The light from FEL has the same property as it is nearly monochromatic,
very bright and confined.

Another point to notice is that the lasing process has to start with some ini-
tial radiation, either seed radiation or noise, namely spontaneous emission.
In this work we assume a seed radiation as the starting point, but also the
spontaneous undulator radiation in the forward direction can serve as the
seed since it has the same frequency with the FEL radiation required by the
resonance condition [34].

2.2 Electrons moving in undulators

Undulators are periodic arrangements of many short dipole magnets which
alternate polarity one by one. Figure 2.2 shows a schematic view of an
undulator.

The distance between two equal poles is the undulator period lu. The elec-
trons travel on a sine-like trajectory in the undulator field on x � z plane,
while the magnetic field is in y direction. The undulator axis is along the
electron beam direction z.

The electron trajectory equation is solved as in [34].

x(z) =
K

bzgku
sin kuz (2.1)
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2.2. Electrons moving in undulators

Figure 2.2: Schematic picture of a planar undulator and electron mo-
tions [39].

where bz = vz/c, g = 1/
p

1 � b2
z is the Lorentz factor of the electron, and

K is a dimensionless parameter defined as

K =
eB0

mecku
(2.2)

where B0 is the peak magnetic field on the undulator axis. The transverse
velocity is

vx(z) = bxc =
Kc
g

cos kuz. (2.3)

The longitudinal velocity is not constant, but oscillating with time.

vz(t) =
✓

1 � 1 + K2/2
2g2

◆
c � cK2

4g2 cos 2wut (2.4)

where wu = bzcku. The average longitudinal velocity factor bz is

bz = 1 � 1 + K2/2
2g2 =

vz

c
. (2.5)

We integrate the transverse and longitudinal velocities (2.3) and (2.4) solved
above with time, and get the trajectory in both directions with time as the
parameter.

z(t) = vzt �
Z cK2

4g2 cos 2wut0dt0 = vzt � K2

8bzg2ku
sin 2wut (2.6)

x(t) =
K

bzgku
sin wut (2.7)
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2. Concepts and Definitions

2.3 Summary of notations

In the last section we have already introduced the notations related to undu-
lator, namely the undulator period lu (also its corresponding “wave num-
ber” ku), and the undulator parameter K. We further denote ll , kl as the
wavelength and wave number of the light wave that is amplified through
FEL. Typical values are lu = 30mm and ll in the unit of nanometers, there-
fore kl � ku. The classical undulator parameter K is in the magnitude of
1.
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Chapter 3

Classical Low-Gain FEL Theory and
Simulation

A low-gain FEL works with relativistic electron bunches in storage ring or
linear accelerator passing through a short undulator magnet (here planar),
and an optical cavity for the amplification of light. Low-gain means small
gain of laser power per undulator passage of the electron beam.

Figure 3.1: Low-gain FEL setup with undulator inserted in a storage ring
and an optical resonator [34].

The relative power increase will decrease when the FEL saturation power is
approached [35].

Here we consider the situation of an FEL amplifier, where there is a seed
light wave initiating the whole process. The light is co-propagating with the
electron beam in the undulator and described by a plane wave. Since it is in
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3. Classical Low-Gain FEL Theory and Simulation

the low-gain case, the amplitude E0 of the light wave is roughly constant.

3.1 Resonance Condition

The light wave field is described as

Ex(z, t) = E0 cos(klz � wl t + y0) (3.1)

where y0 is a random initial phase. To get sustained energy transfer from
electron beam to the light wave, the electric vector Ex of the light wave and
transverse velocity vx of the electron must be in the same direction, thus the
phase of the light wave (travel by c along z) should advance by (2n + 1)ll/2
in a half period of electron trajectory, where n is an arbitrary integer. In this
case the system reaches resonance, and the required condition is called the
resonance condition.

cDt = c · lu

2
(

1
vz

� 1
c
) =

(2n + 1)ll
2

. (3.2)

Dt is the travel time difference of the electron and light for the distance of
lu/2. The resonance condition for n = 0 is therefore

ll =
lu

2g2 (1 +
K2

2
). (3.3)

Relativistic electrons moving in circular orbit in bending magnets of acceler-
ators emit spontaneous radiation tangentially, i.e. synchrotron radiation. For
moving electrons in undulator, the generated undulator radiation has both
narrower angular distribution and frequency spectrum than that of bend-
ing magnets. The wavelength ls would be the same as FEL resonant laser
wavelength when the emission angle qe is near zero [34]:

ls =
lu

2g2 (1 +
K2

2
+ g2q2

e )
qe!0��! ll . (3.4)

That is why spontaneous undulator radiation can serve as seed radiation for
low-gain FEL or initiating a SASE FEL, as discussed in 2.1.

There are also odd higher harmonics for higher n of the FEL radiation with
wavelengths equal to ll/(2n + 1). Those are the cases when we consider
the longitudinal oscillation of (2.6) to compute the energy exchange between
electron and light wave. Note that the oscillatory velocity also influences the
coupling between light and particles. Therefore the undulator parameter K
has to be modified into

bK = K


J0(
K2

4 + 2K2 )� J1(
K2

4 + 2K2 )

�
. (3.5)

The effect is contained inside the renewed bK parameter, and from now on
we denote bK as K.
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3.2. FEL Pendulum Equations

3.2 FEL Pendulum Equations

In order for continuous energy transfer from electrons towards the light
wave, we write it explicitly

dWe

dt
= �evxEx

(2.3)(3.1)
====== �e

Kc
g

cos (kuz)E0 cos (klz � wl t + y0)

= � eKcE0

2g
(cosq � cosc) (3.6)

where q = (kl + ku)z � wl t + y0 and c = (kl � ku)z � wl t + y0.

3.2.1 Ponderomotive phase q

The ponderomotive phase is defined as

q(t) ⌘ (kl + ku)z(t)� wl t + y0. (3.7)

We can retrieve resonance condition in section 3.1 by making q(t) constant to
ensure continuous energy transfer, if we ignore the second term in (3.6) for
now. We also neglect the longitudinal oscillation of (2.6).

dq

dt
= (kl + ku)vz � wl

(2.5)
==== (kl + ku)(1 �

1 + K2/2
2g2 )c � klc

= 0. (3.8)

Because kl � ku, we get the same relation between ll and lu as (3.3). Since
in practice lu is fixed and ll is given as the seed laser, it is the energy g that
needs to be tuned to meet the resonance condition. From now on we denote
gr as the Lorentz factor when resonance is realized.

We write the second term in (3.6) as

cos c(t) = cos [q(t)� 2kuz(t)]
= cos (qc � 2kuvzt) (3.9)

since q(t) equals to a constant qc when resonance condition (3.2.1) is fulfilled.
Therefore the energy transfer from electrons to light wave in this oscillating
term would cancel out in average, and we can neglect it [34].
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3. Classical Low-Gain FEL Theory and Simulation

3.2.2 Relative electron energy deviation h

The relative energy deviation is defined as

h ⌘ gmec2 � grmec2

grmec2 =
g � gr

gr
. (3.10)

Since We = gmec2 and we neglect c in (3.6), the dynamics of h is directly
obtained

dh

dt
=

1
grmec2

dWe

dt
= � eE0K

2mecg2
r

cos q (3.11)

where we use the approximation that g ⇡ gr. q changes with time if g
deviates from gr, and its time derivative depends on h.

3.2.3 Complete set of equations

The dynamics of the system evolves as follows:

There is either an initial energy deviation from resonance or an initial phase
shift to generate the energy deviation. Then since g 6= gr, the ponderomo-
tive phase q also changes with t, which further promotes the energy devia-
tion h to change with t and keep motivating the system. The field amplitude
E0 is considered constant during one passage of the undulator for low-gain
case so it is not present in the set of equations.

dq

dt
= 2kuch

dh

dt
= � eE0K

2mecg2
r

cos q

(3.12a)

(3.12b)

This set of equations is called FEL pendulum equations because it has similar
structure with a pendulum. By introducing a shifted phase variable Q =
q + p/2 1 and frequency

W2 =
eE0Kku

meg2
r

(3.13)

we can get an exact mathematical pendulum

d2Q
dt2 + W2 sin Q = 0 (3.14)

from (3.12). This does not work in high-gain case since the field amplitude
is not constant.

1This Q variable is only used for comparison with the pendulum here.
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3.3. Simulation

3.3 Simulation

We integrate (3.12) with scipy odeint method for various initial conditions of
q and h. It is based on LSODA – a Real-valued Variable-coefficient Ordinary
Differential Equation solver with fixed-leading-coefficient implementation.
Details are described in document [4]. Other parameter values are listed
below in Table 3.1.

Parameters Value

Lorentz factor g 1000
Undulator wavelength lu 0.022 m
initial field amplitude E(0) 20 kV/m
Undulator parameter K 1.3

Table 3.1: Parameter values used in numerical simulation for low gain FEL.

3.3.1 Phase space

By plotting the phase space trajectories of constant Hamiltonian in Figure 3.2,
we can see the relation of initial phase and energy with the net energy trans-
fer from electron to light wave.

Figure 3.2: Phase space trajectories of electrons in low-gain FEL. A separatrix
separates the bounded region of oscillation with unbounded region of over-
the-top rotation of a pendulum. q0 is the initial value for q, and h0 is the
initial value for h.
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3. Classical Low-Gain FEL Theory and Simulation

The trajectories are separated by the separatrix into bounded and unbounded
regions. Since cos q describes the energy transfer from electrons to the light
wave, electrons located in the right half of the picture supply energy to the
light wave, while electrons in the left half take energy from the light wave.

3.3.2 Power of light wave

For an electromagnetic wave, the rate of energy that it emits per unit area
(i.e. power) is described by the Poynting vector

S =
1
µ0

E ⇥ B. (3.15)

In the case of a plane wave with amplitude E0, the average power becomes

|S| = 1
2cµ0

E2
0. (3.16)

Thus the emitted energy per unit volume (i.e. field energy density) is

Wf ield =
|S|
c

=
1

2c2µ0
E2

0 =
#0

2
E2

0. (3.17)

The power of the light wave is proportional to E2
0. We have used the ap-

proximation that E0 is constant for the low-gain case, so this method is not
applicable for analyzing the energy increase of the light wave here. We
would simulate the power by growth of the field amplitude in the high-gain
case afterwards.

3.3.3 FEL Gain

We define the FEL gain as the relative energy increase of the light wave
during one passage of the undulator

G =
DWl
Wl

µ � d
dx

✓
sin2 x

x2

◆
. (3.18)

This is the Madey theorem [28] which expresses the relative energy gain of
the light wave for one pass of the undulator. The quantity x is a rescaling of
the energy deviation h

x = 2pNuh (3.19)

where Nu is the number of undulator periods. Figure 3.3 is a typical gain
function G(h) of the low gain FEL. The energy gain of 0.05 is indeed low,
thus mirrors are needed for further amplification.
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3.4. Full Hamiltonian Approach

Figure 3.3: Gain function G(h) of the low gain FEL [34].

3.4 Full Hamiltonian Approach

We can derive the low-gain FEL Hamiltonian from its similarity with pendu-
lum as

H(q, h) = kuch2 +
eE0K

2mecg2
r
(1 + sin q). (3.20)

The Hamilton equations are therefore

dq

dt
=

∂H
∂h

= 2kuch (3.21a)

dh

dt
= �∂H

∂q
= � eE0K

2mecg2
r

cos q (3.21b)

which end up the same as (3.12). In matrix notation, the canonical form is

✓ .
q.
h

◆
= M ·

 
∂H
∂q
∂H
∂h

!
(3.22)

where
M =


0 1
�1 0

�
. (3.23)

Since M satisfies the relation

MTWM = W (3.24)

where
W =


0 In

�In 0

�
, n = 1 , (3.25)

M is a symplectic matrix. Thus the phase space volume is preserved and
energy conservation is fulfilled during time evolution of the FEL process [21,
14].
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Chapter 4

Classical High-Gain FEL Theory and
Simulation

Low-gain FEL works as infrared and visible light source. In ultraviolet and
X-ray region, there is no appropriate material for mirrors, thus no optical
resonator can be used to amplify the light wave back and forth. The energy
exchange during a single passage through the undulator is required to be
large. Figure 4.1 gives a top view of the high gain FEL and a schematic of
the electron passage in undulator.

There are two key features that distinguish high-gain FEL from the low-
gain case which relate to each other. The field amplitude is not a constant
any more. It grows during the motion through undulator, and we need to
consider field evolution by Maxwell equation. As for the electron beam, a
microbunch structure emerges with a period of ll along with its passage
through the undulator, and the change of induced current density promotes
the field intensity to grow. The stronger field further enhances microbunch-
ing, and finally leads to exponential growth of the laser power. In each
microbunch, N electrons are concentrated in slices of ll and the bunches
radiate like single macroparticles with high charge Q = �Ne. The process
would in the end reach a state called laser saturation, which indicates that
microbunches are fully developed.

We focus ourselves on the 1-dimensional FEL, which means that the electro-
magnetic field E and charge density r only depends on longitudinal coordi-
nate z and time t. Explicitly,

∂E
∂x

=
∂E
∂y

= 0 and (4.1a)

∂r

∂x
=

∂r

∂y
= 0. (4.1b)
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4. Classical High-Gain FEL Theory and Simulation

(a) Top view of high gain FEL which is a single passage of the electron beam in a
long undulator.

(b) Schematic of the high-gain FEL interaction in an undulator. The coupling of elec-
trons and field creates a force that bunches the electrons at the radiation wavelength
and generate coherent radiation [30].

Figure 4.1: High gain FEL setup and schematic view of the electron motion
in undulator.

However, E(z, t) itself contains contribution from both transversal direction
Ex(z, t) (without loss of generality we choose x direction) and longitudinal
direction Ez(z, t).

We can make the approximation that g ⇡ gr for high-gain FEL, since the
microbunches are close to positions of maximum energy transfer from elec-
trons to light wave where the resonance condition is fulfilled. The explana-
tion can be found in Chapter 5 of [34].

Following the above discussion, the content of high-gain FEL dynamical
equations should therefore include

1. The pendulum equation for phase space variables q and h as the low-
gain case;

2. The Maxwell equation of the electromagnetic field E(z, t);

18



4.1. Current density

3. The expression of electron current density j which promotes evolution
of the field and shows the microbunch structure.

We introduce complex variables for conciseness and mark them with tilde
⇠. Starting from the expression of current density, we write out the field
equation from Maxwell equation, and get the pendulum equation for q and
h by modulating that of the low gain case.

4.1 Current density

4.1.1 Charge density r

The electric charge density is initially uniformly distributed longitudinally.
When passing through the undulator, a periodic density modulation is gen-
erated by interaction of electrons with the light wave. It is therefore inferred
that the charge density modulation has the same periodicity as energy trans-
fer (3.6), i.e. the phase of charge density is the ponderomotive phase q in period
of 2p. Writing it as a complex variable, we have

er(q, z) = r0 + er1(z) exp iq (4.2)

where r0 is a constant for the initial distribution, and er1(z) is the complex
amplitude of density modulation which grows during passage through the
undulator.

4.1.2 Current density jz

We have jz = ervz, by simplifying vz = vz = bzc from (2.5) we get

ejz(q, z) = vzr0 + vzer1(z) exp iq = j0 + ej1(z) exp iq. (4.3)

Due to the principle of Coulomb force, the current density modulation leads
to space charge force which would tend to eliminate the microbunch struc-
ture. Therefore it competes with the effect of laser field which promotes
such structure.

4.2 Field evolution

As discussed above, we need to consider the (complex) field of both the
laser (transversal eEx(z, t)) and the modulation of charge density (longitudi-
nal eEz(z, t)). As long as the charge distribution is homogeneous, the longitu-
dinal electric field eEz(z, t) can be neglected. But when the density modula-
tion of scale ll arises, there will be a periodic eEz by space charge forces.
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4. Classical High-Gain FEL Theory and Simulation

4.2.1 Laser field Ex(z, t)

The Maxwell equation for electromagnetic wave in x direction is

r2 � 1

c2
∂2

∂t2

�
eEx(z, t) = µ0

∂ejx
∂t

+
1
#0

∂er
∂x

. (4.4)

Applying the 1-dimensional condition (4.1) we get


∂2

∂z2 � 1
c2

∂2

∂t2

�
eEx(z, t) = µ0

∂ejx
∂t

. (4.5)

We still assume that the laser field is a plane wave with wavelength ll . The
difference with low-gain FEL is that the amplitude now grows along the
undulator, so we replace the constant E0 with the complex amplitude eEx(z).

eEx(z, t) = eEx(z) exp i(klz � wl t). (4.6)

After applying slowly varying amplitude (SVA) approximation for eEx(z) (i.e.
the change within one undulator period lu is very small), the equation for
amplitude simplifies to

deEx(z)
dz

= � iµ0

2kl
· ∂ejx

∂t
· exp i(klz � wl t). (4.7)

The detailed derivation is presented in Appendix A.

The transverse component of the current density is

ejx = ervx = ejzvx/vz

(2.3)
==== ejz

Kc
grvz

cos (kuz)

⇡ ejz
K
gr

cos (kuz). (4.8)

We have replaced g with gr and also made the approximation vz ⇡ c.

From (4.3) and q = (klz � wl)t + kuz we get the time derivative of ejz

∂ejz
∂t

= ej1(z) · i exp iq · ∂q

∂t
= �iwlej1(z) exp iq. (4.9)

Thus the field equation (4.7) becomes

deEx(z)
dz

= � iµ0K
2klgr

· ∂ejz
∂t

· exp i(klz � wl t) cos (kuz)

= �µ0Kwl
2klgr

· ej1(z) · exp i(klz � wl t) ·
eikuz + e�ikuz

2
· exp iq

= �µ0Kc
4gr

· ej1(z)[1 + exp (i · 2kuz)]. (4.10)
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4.3. FEL pendulum equations

By SVA approximation we drop the fast oscillating term and obtain the field
amplitude dynamics as

deEx(z)
dz

= �µ0Kc
4gr

· ej1(z). (4.11)

4.2.2 Space charge field Ez(z, t)

From Maxwell equation r · eE(z, t) = er/#0 we have

∂eEz(z, t)
∂z

=
er1(z)

#0
exp iq. (4.12)

Here r0 is not present because there is no longitudinal field when density is
homogeneous.

We assume the form of solution to be

eEz(z, t) = eEz(z) exp iq (4.13)

and the z derivative is therefore

∂eEz(z, t)
∂z

= i(kl + ku)eEz(z) exp iq +
deEz(z)

dz
exp iq. (4.14)

The SVA approximation means the amplitude eEz(z) varies slowly in scale of
lu. Using ku ⌧ kl we have

�����
deEz(z)

dz

����� lu ⌧
��� eEz(z)

���
�����
deEz(z)

dz

�����⌧ ku

��� eEz(z)
���⌧ (kl + ku)

��� eEz(z)
��� . (4.15)

Therefore we can drop the second term in (4.14). Compared with (4.12) we
get

i(kl + ku)eEz(z) exp iq =
∂eEz(z, t)

∂z
=
er1(z)

#0
exp iq

eEz(z) = �i
er1(z)

#0(kl + ku)
⇡ � i

#0klc
· ej1(z) = � i

#0wl
· ej1(z). (4.16)

4.3 FEL pendulum equations

We first look at the equation for ponderomotive phase q. From the low gain
equation (3.12) we replace t derivative to z derivative by z(t) = bzct and
bz ⇡ 1

dq

dz
= 2kuh. (4.17)

21



4. Classical High-Gain FEL Theory and Simulation

Then we look at the equation for energy deviation h. This time we need to
replace also the laser field amplitude from previous constant E0 to eEx(z).

low gain:
dh

dz
= � eK

2mec2g2
r

E0 cos q = � eK
2mec2g2

r
<(E0 exp iq).

high gain:


dh

dz

�

l
= � eK

2mec2g2
r
<[eEx(z) exp iq]. (4.18)

Note that this is only the part due to the transversal laser field eEx. Since the
longitudinal space charge field contributes to the electron energy change, we
express the energy change rate as

dW
dt

=
d(mec2g)

dt
= vzFz = vz ·<[�eeEz(z, t)] = �evz<[�eeEz(z) exp iq].

(4.19)
Thus the equation for h due to eEz is


dh

dz

�

sc
= � e

mec2gr
<[eEz(z) exp iq]. (4.20)

Therefore
dh

dz
= � e

mec2gr
<
" 

KeEx

2gr
+ eEz

!
exp iq

#
. (4.21)

Both eEx and eEz depend on the modulation amplitude ej1(z) of the e� current
density. Next we compute the current modulation amplitude ej1(z) for a
given e� phase space arrangement.

We divide the long e� bunch into many (infinite in 1-dimensional FEL as
we neglect the beginning and end of the electron bunch) slices of ll . From
ku ⌧ kl we know that each slice is of length 2p for ponderomotive phase.

In the slice 0  q < 2p there are N electrons with phases qn(n = 1 . . . N).
Their distribution function if treated discretely is

S(q) =
N

Â
n=1

d(q � qn) (4.22)

with q, qn 2 [0, 2p].

We use the periodic model for phase space distribution of the electrons with a
period of 2p. The above distribution is repeated periodically for all |q| < •.
Then S(q) can be expanded into Fourier series

S(q) =
c0

2
+<

"
•

Â
k=1
eck exp (ikq)

#
. (4.23)
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4.4. Complete set of equations

The complex Fourier coefficients eck are

eck =
1
p

Z 2p

0
S(q) exp (�ikq)dq. (4.24)

We need to relate the zeroth and first Fourier coefficients with the current
density j0 and ej1(z). For zeroth order, we have

c0 =
1
p

Z  N

Â
n=1

d(q � qn)

!
dq =

N
p

. (4.25)

The transversal bunch area is Ab = pr2
b where rb is the bunch radius. Then

the DC current density is

j0 = �enec = � Nec
Abll

= �2pec
Abll

· c0

2
(4.26)

where ne is the electron number density.

The first order Fourier coefficient is

ec1 =
1
p

Z  N

Â
n=1

d(q � qn)

!
exp (�iq)dq =

1
p

N

Â
n=1

exp (�iqn). (4.27)

By analogy with the relation between j0 and c0
2 we get

ej1 = �2pec
Abll

· ec1 =
2j0
N

N

Â
n=1

exp (�iqn) (4.28)

where j0 is the DC current density, and N is the number of electrons in one
ll slice.

4.4 Complete set of equations

Now we can summarize the equations above and write the complete set of
dynamical equations for 1-dimensional high gain FEL. Note that the pendu-
lum equations are for each electron in one ll slice, and we apply the periodic
model to consider only the slice 0  q < 2p.

dqn

dz
= 2kuhn, n = 1 . . . N

dhn

dz
= � e

mec2gr
<
" 

KeEx

2gr
� i

#0wl
· ej1

!
eiqn

#

ej1 =
2j0
N

N

Â
n=1

exp (�iqn)

deEx

dz
= �µ0cK

4gr
· ej1

(4.29a)

(4.29b)

(4.29c)

(4.29d)
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4. Classical High-Gain FEL Theory and Simulation

This set of equations only works for uniform or periodic initial particle dis-
tributions (e.g. an FEL amplifier seeded by monochromatic light), but not
suitable for SASE FEL since the initial distribution is random. This many-
body problem can be solved numerically and we show the simulation result
in the next section.

4.5 Dimensionless Form

We express the set of dynamical equations by dimensionless form to simplify
the system and emphasize the relations of magnitudes. First we introduce a
parameter rFEL which is still unspecified now by defining the scaled coordi-
nates as

bz ⌘ 2kurFEL · z (4.30a)

bhn ⌘ hn

rFEL
. (4.30b)

We define the dimensionless complex field amplitude as

ea ⌘ 1
2
· 1

2kur2
FEL

· eK
2mec2g2

r
eEx. (4.31)

A factor of 2 is divided in order to expand the operation of <[c] into [c/2 +
c.c.].

The field equation (4.29d) thus becomes

dea
dbz

= � 1
2kur2

FEL
· eK

2mec2g2
r
· µ0cKj0

4gr
· 1

2kurFEL
· 1

N

N

Â
n=1

exp (�iqn). (4.32)

By setting the coefficient before 1
N Â exp (�iqn) to 1, with j0 = �ecne we get

the FEL parameter (Pierce parameter) rFEL to be

rFEL =


e2K2ne

32g3
r me#0c2k2

u

�1/3

. (4.33)

Finally we write the dimensionless form of high gain equations. We ignore
the longitudinal field contribution from space charge effect, i.e. the second
term in (4.29b) since its amplitude is much smaller than the first term.

Here we define a newly scaled field amplitude ba as

ba ⌘
p

Nea (4.34)
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4.5. Dimensionless Form

for better writing out high gain Hamiltonian and expanding to quantum
regime afterwards. The set of equations becomes

dqn

dbz = bhn, n = 1 . . . N

dbhn

dbz = �
r

1
N
(baeiqn + c.c.)

dba
dbz =

r
1
N

N

Â
n=1

exp (�iqn)

(4.35a)

(4.35b)

(4.35c)

Now we examine the FEL parameter rFEL. If the dimensionless field ampli-
tude |ea| ! 1, the field amplitude at saturation has a scaling of

|eEx| ! 2 · 2kur2
FEL ·

2mec2g2
r

eK
. (4.36)

From the expression of field energy density (3.17), we get

Wf ield =
#0

2
|eEx|2 ⇠ #0

2
· 4 ·


2kur2

FEL ·
2mec2g2

r
eK

�2

= 2#0rFEL · r3
FEL ·


2ku ·

2mec2g2
r

eK

�2

= rFEL ·


#0e2K2ne

16g3
r me#0c2k2

u

�
· 16k2

um2
e c4g4

r
e2K2

= rFEL · (negrmec2). (4.37)

Since negrmec2 is the electron kinetic energy density, we can see that rFEL
describes the ratio between generated field energy and electron beam kinetic
energy [25].

rFEL =
Wf ield

Welectron
(4.38)
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4. Classical High-Gain FEL Theory and Simulation

4.6 Simulation

First we need to define several parameters for simplification.

power gain length Lg0 =
1

4p
p

3
· lu

rFEL
(4.39)

Number of electrons in one slice N
bunch radius rb

electron number density ne =
N

pr2
bll

(4.40)

space charge parameter kp =

s
2kuµ0nee2c

grmewl
(4.41)

We use the parameter values from FLASH [1, 34] to solve the set of equa-
tions (4.29). The detailed information is given in Table 4.1.

Parameters Value

Lorentz factor g 1000
Number of electrons in one slice N 10000
rms bunch radius rb 0.07 mm
power gain length Lg0 0.5 m
space charge parameter kp 0.24 m�1

FEL parameter rFEL 0.003
initial field amplitude E(0) 5 MV/m
mean of initial energy spread hh(0)i 0
standard deviation of initial energy spread sh 0.1rFEL

Table 4.1: Typical FLASH parameter values used in numerical simulation.

The initial condition is set as follows:

1. qn is uniformly distributed in the interval 0  q < 2p. Here we sim-
ulate 4 slices, thus 40000 particles have their phases uniformly dis-
tributed in �4p  q < 4p.

2. hn follows a gaussian distribution with mean h0 and standard devia-
tion sh . h0 = 0 means that the mean energy of electron beam is equal
to the resonance energy.

For integration we use the scipy dop853 method – an explicit Runge-Kutta
method of order 8(5,3) with parameter nsteps = 109, which is the maxi-
mum number of (internally defined) steps allowed during one call to the
solver. This value is chosen to be large enough. The Dormand – Prince
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4.6. Simulation

method [19] of order 8 (DOPRI8) minimizes the error of the eighth-order so-
lution, and DOP853 is the new version of DOPRI8 with a ”stretched” error
estimator [23]. This method is currently recognized as one of the most effi-
cient sequential integrators for first-order ODE nonstiff problems [15]. The
code is described in [23].

4.6.1 Power of light wave

Figure 4.2 shows the simulation result of power gain P(z)/P0 along z/Lg0
axis, also comparing to the exponential growth function exp (z � z0)/Lg0.
This reference function is shifted right to let it start rising from z0 = 2Lg0,
allowing for the lethargy region of FEL.

Figure 4.2: Power gain of the laser field over longitudinal coordinate z scaled
by gain length Lg0. The straight line shows function exp (z � z0)/Lg0 which
starts the rise from z0 = 2Lg0. The saturation is reached around z = 16Lg0.

4.6.2 Phase space

Figure 4.3 and Figure 4.4 shows the phase space distribution (upper) and
normalized electron number density (lower) at different z values. The 4 col-
ors represent 4 ll slices of the electrons. The electron density is normalized
with initial uniform value, and a line at position 1 is plotted to show the
amplitude growth.

Along the longitudinal direction z the FEL process continues. Figure 4.3
shows the starting of the amplification and microbunching, and Figure 4.4
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4. Classical High-Gain FEL Theory and Simulation

shows establishment of the FEL saturation and microbunch structure.

From (3.6) we know that energy transfer from electrons to field is propor-
tional to cos q. An FEL bucket is a 2p interval centered at phase qb(z) which
satisfies cos qb(z) = 0. Initially, the bucket centers are

qb(0) = �p

2
+ 2np (4.42)

therefore the left half of the bucket [qb � p, qb] satisfies cos q < 0, where
energy is withdrawn from field back to electrons; the right half is the op-
posite. The bucket center phase qb(z) shifts with z and is calculated ac-
cording to reference [34]. We mark the region where field loses energy (i.e.
[qb(z)� p, qb(z)]) with grey color.

The phase space distribution distorts larger for longer FEL process, while
peaks emerge in electron density. From Figure 4.3 and Figure 4.4 we observe
the following:

1. The ponderomotive phase q for electrons inside an 2p bunch would
spread outside and has wider distribution for deeper saturation.

2. The amplitude of energy spread remains small before z = 12Lg0, then
increases rapidly from z = 12Lg0 to z = 16Lg0 for the establishment
of saturation, and becomes steady again afterwards. Smaller spread
means the system is closer to resonance, i.e. closer to maximum energy
transfer from electrons to the laser field. Thus smaller spread is for the
growth regime, and larger spread is for the saturation regime. This
agrees with the field power gain plot (Figure 4.2).

3. The modulation of electron density becomes more and more apparent
when z increases towards the saturation regime and narrow peaks are
formed. This indicates a fully developed microbunch structure. Inside
the saturation regime, the peaks would collapse into substructures.

4. For z  16Lg0 before saturation, the peaks of electron density are lo-
cated in white region where energy is transferred towards laser field.
In saturation regime, we see from Figure 4.2 that z = 16Lg0 and
z = 23Lg0 correspond to field power rise, and in Figure 4.4 there are
more electrons in white region. At z = 20Lg0 the field power falls
and there are more electrons in grey region. The value z = 27Lg0 is
an extreme of field power with gradient ⇠ 0, and it is indeed in Fig-
ure 4.4 that the electron density in white and grey regions are almost
the same.
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4.7. Full Hamiltonian Approach

(a) z = 2Lg0 (b) z = 7Lg0

(c) z = 12Lg0 (d) z = 14Lg0

Figure 4.3: Phase space and electron number density simulation result be-
fore FEL saturation. The upper subplots show the (qn, hn) phase space dis-
tribution for all 40000 electrons at given z values. The lower subplots show
normalized electron number density over ponderomotive phase q.

4.7 Full Hamiltonian Approach

From the dimensionless set of equations (4.35), the high-gain FEL Hamilto-
nian is

H(qn, bhn,ba,ba⇤) =
N

Â
n=1

bh2
n

2
� i
r

1
N
(baeiqn � ba⇤e�iqn). (4.43)

Previously we assume the initial electron beam energy has the mean of the
resonance energy, i.e. hg(0)i = gr, hbh(0)i = 0. We know that the resonance
condition ensures maximum energy transfer from electrons to light wave,
thus there would be a term of field energy loss in the Hamiltonian when
deviated from resonance. From now on we denote the ratio of deviation by
d, i.e.

d = hh(0)i. (4.44)
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4. Classical High-Gain FEL Theory and Simulation

(a) z = 16Lg0 (b) z = 20Lg0

(c) z = 23Lg0 (d) z = 27Lg0

Figure 4.4: Phase space and electron number density simulation result after
FEL saturation. The upper subplots show the (qn, hn) phase space distri-
bution for all 40000 electrons at given z values. The lower subplots show
normalized electron number density over ponderomotive phase q.

This term originally comes from an additional periodic z dependence of the
field amplitude ba(z). It is shown in [9, 12] that

ba(z) µ exp (iku ·
hg(0)i2 � g2

r
hg(0)i2 · z) ⇡ exp (i · 2kudz) = exp

✓
id

rFEL
bz
◆

. (4.45)

The Hamiltonian becomes

H(qn, bhn,ba,ba⇤) =
N

Â
n=1

bh2
n

2
� i
r

1
N
(baeiqn � ba⇤e�iqn)� d

rFEL
|ba|2. (4.46)
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4.7. Full Hamiltonian Approach

The corresponding Hamilton equations are

dqn

dz
=

∂H
∂bhn

= bhn, n = 1 . . . N (4.47a)

dbhn

dz
= � ∂H

∂qn
= �

r
1
N
(baeiqn + ba⇤e�iqn) (4.47b)

dba
dz

= �i
∂H
∂ba⇤ =

r
1
N

N

Â
n=1

exp (�iqn) + i
d

rFEL
ba (4.47c)

which is same as (4.35) except for the new term of field amplitude. If we
express ba as

ba ⌘ q0 + i bh0 (4.48)

then (4.47c) can merge into the other two [12], and (4.47) becomes

dqn

dz
=

∂H
∂bhn

, n = 0 . . . N (4.49a)

dbhn

dz
= � ∂H

∂qn
. (4.49b)

By defining

bq = (q0, q1, · · · qN) (4.50a)
bp = (bh0, bh1, · · · bhN) (4.50b)

we can get the canonical form of Hamilton equations

dbq
dz̄

=
∂H
∂bp

(4.51a)

dbp
dz̄

= �∂H
∂bq

. (4.51b)

In matrix notation (here ẋ ⌘ dx
dz̄ ), it becomes

0

BBBBBBBBB@

.
q0
....

qN.
bh0
....
bhN

1

CCCCCCCCCA

= M ·

0

BBBBBBBBB@

∂H
∂q0
...

∂H
∂qN
∂H
∂bh0
...

∂H
∂bhN

1

CCCCCCCCCA

(4.52)

where
M =


0 IN+1

�IN+1 0

�
. (4.53)

M is a symplectic matrix, thus high-gain FEL also preserves phase space
volume and has energy conservation.
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Chapter 5

Quantum FEL Theory and Simulation

As stated in Chapter 1, the idea of quantum FEL is proposed because it can
improve the coherence of SASE-FEL based X-ray sources [13], therefore it
would be more complete and of better practical use if we introduce classi-
cal SASE and extend it into quantum SASE. But our focus of this work is
the symplecticity of the dynamical system and a corresponding computa-
tion method, rather than the detailed physics of FEL. And the difference of
quantum SASE from quantum high-gain regime is the introduction of prop-
agation effect by multiple-scaling technique, in accordance with the classical
case [31]. We omit both the classical SASE formulation and its quantum
extension for future study.

From previous discussion in Section 4.5, we know that the FEL parameter
rFEL describes energy generation efficiency of FEL. To expand the system
into quantum regime, we need to consider the quantum nature and define
the Quantum FEL parameter r. The process that electrons transfer energy
to laser field is now interpreted as electrons with momentum p emitting
photons with momentum h̄kl , as is shown in Figure 5.1. Only when the
momentum spread Dp of the electron beam becomes compatible with and
even smaller than the photon momentum h̄kl can we resolve the momentum

(a) Electron of momentum p (b) Emit a photon of h̄kl and electron mo-
mentum recoil

Figure 5.1: Sketch of photon emission and momentum recoil [22].
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5. Quantum FEL Theory and Simulation

(a) Large electron momentum spread (b) Small electron momentum spread

Figure 5.2: Electron momentum distribution compared with photon momen-
tum h̄kl [22].

recoil and treat the light wave as discrete photons, i.e. move into the quan-
tum regime, as is shown in Figure 5.2. Therefore we need to consider the
following ratio

r ⌘ Dgmec
h̄kl

. (5.1)

Since the whole system conserves total energy, the generated field energy
Wf ield comes from electron beam energy loss DWelectron. From (4.38) we get

rFEL =
DWelectron
Welectron

=
Dg

g
= r · h̄kl

mecg
(5.2)

q ⌘ mecg

h̄kl
⇡ mecgr

h̄kl
(5.3)

r = qrFEL. (5.4)

From (5.1) we see that r is electron momentum recoil divided by photon
momentum, thus it can be interpreted as number of photons that electron emits.
Here comes the discrete nature of the quantum regime. The simulation of
large r values goes back to the previous classical result, while the case of
very small r behaves like a 2-level system [7].

5.1 From classical to quantum regime

5.1.1 Quantum Hamiltonian

For quantization we need to change the classical variables into operators.
The energy deviation hn = (gn � gr)/gr describes dynamics of phase qn. We
multiply hn by the factor q from (5.3) to look at the momentum as discrete
number of photons [7].

q · hn =
mecgr

h̄kl
· gn � gr

gr
=

mec(gn � gr)
h̄kl

=
Electron energy deviation

Photon momentum
(5.5)

q · hn = q · rFEL · bhn ! pn (5.6)
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5.1. From classical to quantum regime

The parameter d which describes the initial mean energy deviation in (4.44)
also needs to be rescaled by factor q, since it is the same as hn in essence.

q · d ! d (5.7)

The ponderomotive phase qn is kept as phase operator and behaves like “dis-
tance” or “position”. The dimensionless bz from (4.30a) is treated as “time”,
i.e.

qn ! qn (5.8)
bz ! t. (5.9)

Now we would like to find the relation between classical field amplitude ba
and quantized field operators a, a†. For a single mode electromagnetic field
with frequency wl , the quantum Hamiltonian is

Hq = h̄wl(a†a +
1
2
) ! h̄wl a†a = c · mecgr

q
a†a. (5.10)

Since we are interested in their scaling relation, we omit the vacuum energy.
From the classical field energy density (3.17), the field energy is therefore

Hc = Wf ield · V
(4.37)
==== rFEL · neV · c · mecgr · |ea|2

(4.34)
==== NrFELc · mecgr ·

1
N
|ba|2

= rFELc · mecgr|ba|2. (5.11)

Making Hc ⇠ Hq we get

rFELc · mecgr|ba|2 ⇠ c · mecgr

q
a†a

|ba|2 ⇠ 1
qrFEL

a†a =
1
r

a†a. (5.12)

Thus we assign
p

r · ba ! a (5.13)
p

r · ba⇤ ! a†. (5.14)

Now we take the high gain Hamiltonian (4.46) and apply the above changes.

H(qn, pn, a, a†) =
N

Â
n=1

p2
n

2q2r2
FEL

� i

s
1

Nr
(aeiqn � a†e�iqn)� qd

qrFELr
a†a

=
1
r

N

Â
n=1

"
p2

n
2r

� i
r

r

N
(aeiqn � a†e�iqn)� d

r
a†a

#
(5.15)
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Since r is a given constant from the design of FEL, we rescale the Hamilto-
nian with r and get

H =
N

Â
n=1

p2
n

2r
� i
r

r

N
(aeiqn � a†e�iqn)� d

r
a†a (5.16)

which is the same as in [32].

5.1.2 Single quantum field

According to Preparata [32], we consider the electron momentum state |ki
at first.

pn|ki = k|ki (5.17)

hq|ki = eikq

p
2p

, k 2 Z (5.18)

We define the electron number operator nk corresponding to state |ki. The
creation and annihilation operators for electron number are

nk = a†
k ak (5.19)

[ak, a†
h] = dkh. (5.20)

Then we use the above operators to rewrite the Hamiltonian (5.16). The sum-
mation over electrons before becomes summation over momentum states,
considering different numbers of electrons in such states.

H = Â
k

"
k2nk
2r

� i
r

r

N
(a · a†

k ak�1 � a† · aka†
k�1)

#
� d

r
a†a (5.21)

Now we define a single complex scalar field Y(t, q) to describe the whole
system

Y(t, q) ⌘ Â
k

ak
eikq

p
2p

(5.22)

[Y(t, q), Y†(t, q0)] =
1

2p Â
k,h
[ak, a†

h]e
ikq�ihq0 = d(q � q0). (5.23)

Thus the operators become

�i
∂

∂q
Y = kY (5.24)

eiqY†Y = Â
k

a†
k ak�1 (5.25)

e�iqY†Y = Â
k

aka†
k�1 , (5.26)
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5.1. From classical to quantum regime

and the Hamiltonian (5.21) becomes

H =
Z 2p

0
dq

"
� 1

2r
Y†(t, q)

∂2

∂q2 Y(t, q)� i
r

r

N
(aeiq � a†e�iq)Y†Y

#
� d

r
a†a.

(5.27)

5.1.3 QFEL equations

By writing the Lagrangian from Hamiltonian (5.27) and applying the varia-
tion principle d

R
L = 0, we get the QFEL dynamical equations. The detailed

derivation is in Appendix B.

∂Y
∂t

=
i

2r

∂2Y
∂q2 �

r
r

N
(aeiq � a†e�iq)Y (5.28a)

da
dt

=

r
r

N

Z
|Y|2e�iqdq +

id
r

a (5.28b)

Y is defined as a field, but it behaves like a wave function and has a dynam-
ics similar to Schrodinger equation (B.4a). Since

Z
|Y|2dq =

Z
Y†Ydq

=
1

2p Â
k,h

Z
a†

hakei(k�h)qdq

= Â
k

a†
k ak

= N (5.29)

we rescale Y to be
y ⌘ Yp

N
(5.30)

and its amplitude square behaves like probability density, i.e.
Z

|y|2dq = 1. (5.31)

Thus we treat y as wave function and solve for its evolution. We also rescale
a to be

A ⌘ ap
Nr

(5.32)

and the QFEL equations become

∂y

∂t
=

i
2r

∂2y

∂q2 � r(Aeiq � A†e�iq)y

dA
dt

=
Z

|y|2e�iqdq +
id
r

A

(5.33a)

(5.33b)
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5. Quantum FEL Theory and Simulation

5.2 Simulation

To solve the QFEL equations, we apply the momentum eigenstate expansion
technique [7, 11]. We expand the system state |yi with momentum eigen-
states |ki, and wave function y(t, q) is correspondingly expanded in Fourier
series.

|yi = Â
k

ck(t)|ki (5.34)

y(t, q) = Â
k

ck(t)hq|ki = Â
k

ck(t)
eikq

p
2p

(5.35)

Inserting (5.35) back to (5.33) we get

dck
dt

= � ik2

2r
ck � r(Ack�1 � A†ck+1)

dA
dt

=
•

Â
k=�•

ckc⇤k�1 +
id
r

A, k 2 Z

(5.36a)

(5.36b)

These are our working equations [11] and we solve for the evolution of ck
and A. Since k = �•, · · · , •, we cannot consider all possible values of k
and need to assign a cut-off momentum range. By setting r = 10 as the
classical limit, we need a momentum range |k| larger enough than 10, but
still reasonable considering computation cost. Therefore in simulation we
assign k = �20,�19, · · · , 20 and make it periodic, namely setting c�21 = c20,
c21 = c�20.

Initially there is only the zeroth order Fourier coefficient, i.e. cn(0) = dn0.
Thus

y(0, q) =
1p
2p

· 1 + Â
k 6=0

0 · eikq =
1p
2p

(5.37)

which means uniform distribution. All given parameters are listed in Ta-
ble 5.1. For integration we use the python dop853 method.

Parameters Value

initial field amplitude A(0) 10�4

Lorentz factor g 1000
QFEL parameter r 0.2,1,10
mean of initial energy spread d 1
standard deviation of initial energy spread sh 0.1rFEL

Table 5.1: Given QFEL parameter values used in numerical simulation [7].
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5.2. Simulation

Figure 5.3, 5.4 and 5.5 show simulation result of the QFEL equations (5.35)
for r = 10, 1 and 0.2 [7]. The three choices of r values corresponds to
classical regime, critical point and quantum regime, and the results show
apparent differences. We have the following observations:

1. Field intensity:

a) The (dimensionless) field intensity |A|2 increases from classical to
quantum regime (r = 10 : max(|A|2) ⇠ 1.4, r = 1 : max(|A|2) ⇠
2.5, r = 0.2 : max(|A|2) ⇠ 10), and the time interval between
emitted pulses also increases. Deep inside quantum regime, a
stronger and narrower laser would be obtained.

b) Figure 5.3 (c) is obtained by using the high gain equations (4.29)
with E0 = 10�4 and the scaling of (4.30a) and (4.31). The con-
sistency with (a) shows that the QFEL model reduces to classical
when r � 1.

2. Occupation probability:

a) The distribution over momentum states is narrower towards quan-
tum regime. From r = 1 the 2-level nature starts to emerge, and
it becomes almost a complete 2-level system at r = 0.2. Thus we
can get a cleaner spectrum of the output laser from QFEL.

b) The maximum occupation probability occurs at n = �10 for the
classical case r = 10, and at n = �1 for the critical case r = 1.
These agree with the definition of r to be the number of photons
emitted. For r = 0.2 it is still at n = �1, which shows the discrete
nature of QFEL.

3. Population inversion: The population inversion |c�1|2 � |c0|2 should
agree with the field intensity plot if it is a 2-level system. The 2-level
nature is thus clearly shown in quantum regime r  1.

4. Probability density: we look at the distribution of |y|2 over phase q at a
time near maximum field amplification when microbunches are nicely
formed. The periodic structure is finer for deeper quantum regime.
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5. Quantum FEL Theory and Simulation

(a) Field intensity |A|2 (b) Occupation prob. |cn|2

(c) High gain field intensity |ea|2 (d) Probability density |y|2

Figure 5.3: QFEL (and High gain) simulation result for r = 10. (a) Field
intensity over dimensionless time t. (b) Momentum state occupation prob-
ability Pn = |cn|2. (c) High gain dimensionless field intensity |ea|2 over di-
mensionless time t ⌘ bz. The parameters are rescaled to match the QFEL
setup. (d) Probability density |y|2 over phase q. (b) and (d) are plotted for t
at maximum field intensity position, which is marked by red line in (a). The
agreement of (a) and (c) proves that r = 10 is in classical regime.
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5.2. Simulation

(a) Field intensity |A|2 (b) Occupation probability |cn|2

(c) Population inversion |c�1|2 � |c0|2 (d) Probability density |y|2

Figure 5.4: QFEL simulation result for r = 1. (a) Field intensity over dimen-
sionless time t. (b) Momentum state occupation probability Pn = |cn|2. (c)
Two state population inversion P�1 � P0 = |c�1|2 � |c0|2 over t. (d) Probabil-
ity density |y|2 over phase q. (b) and (d) are plotted for t at maximum field
intensity position, which is marked by red line in (a) and (c).
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5. Quantum FEL Theory and Simulation

(a) Field intensity |A|2 (b) Occupation probability |cn|2

(c) Population inversion |c�1|2 � |c0|2 (d) Probability density |y|2

Figure 5.5: QFEL simulation result for r = 0.2. (a) Field intensity over
dimensionless time t. (b) Momentum state occupation probability Pn =
|cn|2. (c) Two state population inversion P�1 � P0 = |c�1|2 � |c0|2 over t.
(d) Probability density |y|2 over phase q. The red part of (b) and (d) are
plotted for t at maximum field intensity position maxtime, which is marked
by red line in (a) and (c); the black part of (b) and (d) are plotted for t near
maximum field intensity position maxtime+4, which is marked by black line
in (a) and (c).
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Chapter 6

Similarity between Rabi Oscillation
and QFEL

From the simulation result before we see that QFEL behaves like a 2-level
quantum system deep in the quantum regime (r ⌧ 1). When we look at
atomic-field interation, if we have a strong laser field of frequency near res-
onance with the atomic energy level difference, a large population transfer
to the near-resonant state would occur, and only two dominant states will
be retained [6]. Therefore we would like to examine the similarity between
Rabi oscillation with the previous QFEL model.

Figure 6.1 describes the basic setup of Rabi oscillation. The two momentum
states are denoted as |gi (ground state) and |ei (excited state) with energy
difference h̄w0, and w0 = we �wg is the atom transition frequency. The atom
interacts with a single mode field of frequency wl with D ⌘ wl � w0 ⌧ w0.

Figure 6.1: Rabi oscillation setup.

A symplectic computation method is given in paper [14] for the semi-classical
description of Rabi oscillation, where quantum states interact with classical
fields. However, they formulate the system in general Maxwell–Schroedinger
equations without specifying the form and condition of the electromagnetic
field, and in their simulation they have used a constant field amplitude E0.
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6. Similarity between Rabi Oscillation and QFEL

Our goal is to use their method for QFEL simulation. We first find similarity
between QFEL Hamiltonian and Rabi Hamiltonian in dipole approximation,
where we have a dipole operator bd = q · r interacting with the single mode
light wave E(t) as the field. With such connection between QFEL and the
Rabi dipole model, promising methods for solving and analysing Rabi os-
cillation could be applied to our QFEL model. We then tried to change the
general approach of Chen et.al. [14] into the special case of dipole approxi-
mation, and let the field amplitude evolve together with the quantum states,
not just as a constant. Once proved valid, we can substitute parameters of
the “Rabi oscillation in dipole approximation” system by QFEL parameters
and check the result.

6.1 Rabi oscillation in Dipole approximation

The total Hamiltonian of Rabi oscillation using dipole approximation for the
interaction [6] is

H(A, Y , y, y⇤) = Hem(A, Y) + Hq(y, y⇤) (6.1)

Hem(A, Y) =
Z

W

✓
1

2#0
|Y(t)|2 + 1

2µ0
|r⇥ A(t)|2

◆
dr

=
Z

W

1
2#0

|Y(t)|2dr (6.2)

Hq(y, y⇤) =
Z

W
y⇤
 
bp2

2m
� bd · E(t)

!
ydr

=
Z

W
y⇤
 
bp2

2m
+ qr · Y(t)

#0

!
ydr (6.3)

where we have written it in similar way as [14]. We have discarded the r⇥
A(t) term because we assume the field E(t) to have no spatial dependence
and A(t) = �

R
E(t)dt. Y is defined as

Y ⌘ �#0E (6.4)

We now look into the dipole operator bd ⌘ q · r [37]. Since the operator r has
odd parity, and the states |gi and |ei have even and odd parities, we would
get zero for the diagonal matrix elements of operator r.

hg|r|gi = he|r|ei = 0 (6.5)

Then we can expand r by applying the identity |gihg|+ |eihe| on it

r = hg|r|ei|gihe|+ he|r|gi|eihg| = hg|r|eis + he|r|gis† ⌘ r� + r+ (6.6)
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6.2. QFEL Substitution

The operators s and s† are the atomic transition operators

s = |gihe| (6.7)

s† = |eihg| (6.8)

Since |ei ⇠ e�iwet and |gi ⇠ e�iwgt, we know that

r� ⇠ s ⇠ e�iw0t (6.9)

r+ ⇠ s† ⇠ eiw0t (6.10)

We can also decompose the field into positive and negative rotating parts as

E(t) =
E(t)

2
(eiwl t + e�iwl t) ⌘ E + E⇤ (6.11)

where

E ⇠ eiwl t (6.12)

E⇤ ⇠ e�iwl t (6.13)

Because |wl � w0| ⌧ wl + w0, we neglect the fast oscillating term [37] and
get

Hinteraction = �qr · E = �q(r�E + r+E⇤)

= �q(hg|r|eisE + he|r|gis†E⇤) (6.14)

6.2 QFEL Substitution

To solve the above dynamics, we consider the system state |Yrabii which is
composed of the atom part and field part.

|Yrabii = |yrabii ⌦ |y f ieldi = (cg(t)|gi+ ce(t)|ei)⌦ |ni f ield (6.15)

Ignoring the field part for now, we can see the effect of s and s†. s turns
the excited state into ground state, i.e. lowers the momentum states by 1. s†

turns |gi into |ei lifts the states by 1.

s|yrabii = ce(t)|gi = Â
k

ck(t)|k � 1i, k = g, e (6.16)

s†|yrabii = cg(t)|ei = Â
k

ck(t)|k + 1i (6.17)

Now we look at the QFEL Hamiltonian (5.27) with the rescaling (5.30) and (5.32).

H =
Z 2p

0
dq


� 1

2r
y†(t, q)

∂2

∂q2 y(t, q)� ir(Aeiq � A†e�iq)y†y

�
� d

r
A† A

(6.18)
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6. Similarity between Rabi Oscillation and QFEL

We can define e�iq and eiq as the corresponding s and s† in QFEL case.

e�iq · y(t, q) = Â
k

ck(t)
ei(k�1)q
p

2p

e�iq |yi = Â
k

ck(t)|k � 1i

s ⌘ e�iq (6.19)

eiq · y(t, q) = Â
k

ck(t)
ei(k+1)q
p

2p

eiq |yi = Â
k

ck(t)|k + 1i

s† ⌘ eiq (6.20)

From the QFEL simulation we know that the system can be well desribed
by 2 states in deep quantum regime. We define the following

|gi = 1p
2p

, |ei = 1p
2p

e�iq (6.21)

hg|r|ei = i, he|r|gi = �i (6.22)

bp = i(eiq ∂

∂q
+ e�iq ∂

∂q
) (6.23)

m = 2r, q = 2r (6.24)

E =
A
2

, E⇤ =
A†

2
(6.25)

#0 =
�8d

r
(6.26)

and the QFEL Hamiltonian becomes

H =
Z 2p

0
dqy†


bp2

2m
� q(hg|r|eiEs + he|r|giE⇤s†)

�
y +

#0

2
|E|2 (6.27)

which is the same form as Rabi (6.1).

6.3 Simulation

According to [14], we modify the general Maxwell–Schroedinger approach
to the special case of dipole approximation. We use the reduced eigenmode
expansion for state y(r, t)

y(r, t) = a(t)e�iwgtyg(r) + b(t)e�iwetye(r) (6.28)
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6.3. Simulation

yg(r) and ye(r) are the standard solution of the quantum harmonic oscilla-
tor.

yg,e(r) =
r

1
2nn!

⇣mw0

ph̄

⌘1/4
exp

✓
�mw0r2

2h̄

◆
Hn

✓r
mw0

h̄
r
◆

, n = 0, 1 (6.29)

Hn(x) = (�1)nex2 dn

dxn e�x2
(6.30)

Our working set of differential equations are

∂A
∂t

=
Y
#0

(6.31a)

∂Y
∂t

= J (6.31b)

ih̄
da
dt

=
q
#0

Yhyg|r|yeib(t)e�iw0t (6.31c)

ih̄
db
dt

=
q
#0

Yhye|r|ygia(t)eiw0t (6.31d)

hJi = �q2

m
A(|a(t)|2 + |b(t)|2)

+
q
m
[a(t)⇤b(t)e�iw0thyg|bp|yei+ a(t)b(t)⇤eiw0thye|bp|ygi] (6.31e)

We use the same FDTD discretization method as in [14]. Figure 6.2 shows
the result for power amplification, field intensity and population inversion.
The initial condition is a(0) = 0, b(0) = 1, i.e. totally in high energy state.

The most distinct feature is that now we obtain a field E ⇠ E(t) cos wt whose
amplitude also changes with time. The profile of Figure 6.2 (a) describes the
field amplitude, which changes simultaneously with the state population
inversion (b). The population |a|2 � |b|2 is the number of lower energy minus
the number of higher energy, similar to |c�1|2 � |c0|2 for QFEL. (a) and (b) are
analogous to the QFEL simulation results Figure 5.5 (a) and (b), and show
that the field is amplified when system is moving towards lower energy
state.

Figure 6.2 (b) and (d) are to verify that this is the result of a single mode field,
with A = E/(iw). The amplification is clearly seen, and Aw has indeed the
same amplitude with E, also with some phase shift.
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6. Similarity between Rabi Oscillation and QFEL

(a) Power P(t)/P(0) (b) Field |E(t)| and |A(t)|

(c) Population inversion |a|2 � |b|2 (d) Field |E(t)| and |A(t)|w

Figure 6.2: Simulation result for Rabi oscillation with dipole approximation.
(a) Power Gain P(t)/P(0) over time. (b) Field and vector field amplitude
|E(t)| and |A(t)| over time. (c) Two state population inversion Pg � Pe =
|a|2 � |b|2 over time. (d) |E(t)| and |A(t)| · w to check the amplitude.
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Chapter 7

Conclusion and Discussion

In this work, we go through the establishment of the FEL theory from clas-
sical low gain, classical high gain to quantum regime, formulate full Hamil-
tonian approach for each regime and get simulation results that agree with
the theories. We then go on to explore the similarity between quantum FEL
and Rabi oscillation since both of them describes the interaction of a 2-state
system with a single mode electromagnetic field. By simulating the Rabi
system using dipole approximation with the field amplitude not fixed, our
Rabi model turns into an amplification apparatus similar with QFEL.

More details of the Rabi system producing field amplification still need to
be examined. Theories and simulations of Rabi oscillation under dipole ap-
proximation need to be reviewed for verification of our result in Chapter
6. We adopted the symplectic method from Chen et.al. [14] for the case of
dipole approximation. If the result shown in Figure 6.2 agrees with previ-
ous simulations or experiments, the symplectic method is proved valid for
dipole approximation. We would then redefine the parameters as in (6.21)
to transform from Rabi-dipole into QFEL, and apply the symplectic method
on QFEL model. The expected result should agree with the case of very
small r, such as in Figure 5.5. Another assumption is that this symplectic
method should only be valid for deep quantum FEL case, and it would not
generate the similar result as high gain for large r. This is because Rabi
oscillation, where the symplectic method is originated from, is a two state
system.

Further research involving experiments is also possible. For verification of
our high gain simulation, we could promote the system into SASE FEL by
varying parameter values and initial condition of high gain case, and com-
pare with current operational data from SwissFEL or other facilities. Al-
though the experimental realization of QFEL has strict limitations, there are
potential projects in small scale, and our QFEL simulation would become
supportive once involved in such experimental projects.
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Appendix A

Slowly Varying Amplitude for High
Gain Field Equation

We insert the assumed form of solution (4.6) into the wave equation (4.5)
"

2ikl
deEx(z)

dz
+

d2 eEx(z)
dz2

#
exp i(klz � wl t) = µ0

∂ejx
∂t

(A.1)

The slowly varying amplitude (SVA) approximation assumes eEx(z) changing
small in one undulator period lu. Then since ll ⌧ lu we know that

�����
deEx(z)

dz

����� ll ⌧
��� eEx(z)

��� (A.2)

We cannot omit the first derivative, otherwise the dynamics cannot be solved.
From the above relation we can further examine the second derivative and
neglect it.

�����
d2 eEx(z)

dz2

����� ll ⌧
�����
deEx(z)

dz

�����
�����
d2 eEx(z)

dz2

�����⌧ kl

�����
deEx(z)

dz

����� (A.3)

Therefore the field equation (A.1) becomes

deEx(z)
dz

= � iµ0

2kl
· ∂ejx

∂t
· exp i(klz � wl t) (A.4)

which is the same as (4.7).

51





Appendix B

Lagrangian and QFEL dynamical
equations

The relation of Hamiltonian and Lagrangian is known as

H = �L +
s

Â
j=1

∂L
∂q̇j

q̇j (B.1)

where qj s are generalized coordinates. From the Hamiltonian (5.27) we get
the corresponding Lagrangian

L =
Z

dq[Y†(t, q)i
∂

∂t
Y(t, q) +

1
2r

Y†(t, q)
∂2

∂q2 Y(t, q)

+ i
r

r

N
(aeiq � a†e�iq)Y†Y] + a†i

da
dt

+
d

r
a†a. (B.2)

Then we apply the variation principle. To obtain equations of Y and a, we
choose Y† and a† as independent variables. Small shifts dY† and da† lead to
the variation dL.

dL =
Z

dq

"
i
∂Y
∂t

+
1

2r

∂2Y
∂q2 + i

r
r

N
(aeiq � a†e�iq)Y

#
dY†

+

"
i
da
dt

+
d

r
a �

Z
dq · i

r
r

N
e�iqY†Y

#
da† (B.3)

By dL = 0 we get

∂Y
∂t

=
i

2r

∂2Y
∂q2 �

r
r

N
(aeiq � a†e�iq)Y (B.4a)

da
dt

=

r
r

N

Z
|Y|2e�iqdq +

id
r

a (B.4b)

which is the same as (5.28) [32].
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