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Abstract

This project aims to enhance the Real-Time Time Dependent Hartree Fock (RT-
TDHF) method by incorporating interactions with time-varying magnetic fields.
Building on the work of R. Husistein, this research extends the simulation of the
internal state to include Zeeman and hyperfine interactions, as well as spin-orbit
coupling. To achieve this, a new Roothaan equation is derived to account for the
effects of the updated Hamiltonian, integrating the nuclear spin degree of freedom
into the total wavefunction and rewriting the new Fock operator.
The new implementation is tested through simulations of the Be+ ion, demonstrat-
ing accurate hyperfine splitting and the spectrum behavior of the system under an
external magnetic field, consistent with predictions from Breit-Rabi diagrams.
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Introduction

Quantum computers represent a fundamental change in computing, taking advan-
tage of the principles of quantum mechanics to revolutionize computation. Unlike
classical computers, which use bits as units of information represented as either 0 or
1, quantum computers employ quantum bits or qubits. The main feature of qubits
is their ability to exist in superposition, allowing them to represent both 0 and 1 si-
multaneously. This intrinsic property enables quantum computers to perform vast
numbers of calculations in parallel, unlocking exponential increases in computa-
tional power compared to classical counterparts. Furthermore, quantum computers
exploit the phenomenon of entanglement, for which qubits become correlated in
such a way that the state of one qubit influences the state of another. This allows
quantum computers to solve certain classes of problems with remarkable efficiency.
However, the realization of practical quantum computers remains a challenge, re-
quiring precise control over quantum states and the mitigation of decoherence, the
phenomenon for which quantum systems become susceptible to errors due to in-
teractions with their environment. The quest for quantum supremacy motivates
researchers to find and study innovative architectures that can handle an increasing
number of qubits. While the two prevailing approaches are based on trapped ions
and superconducting circuits, Brown and Roser [1] proposed a novel methodology:
employing storage rings as the underlying framework for quantum computation.
Their innovative idea comes from realizing that storage rings and ion traps work in
similar ways, using electric and magnetic fields to keep particles on specific paths.
Ion traps hold particles still, while particles in storage rings move in circles.
Significant practical challenges stand in the way of making these ideas work in re-
ality. One big challenge is figuring out new ways to cool ions to temperatures much
colder than what is possible to do now. Since it is difficult to try these ideas out
in experiments right away, simulations become crucial, since they might help to
understand the underlying phenomenology.

R. Husistein showed in [2] a methodology to simulate the internal and external state
separately and then a way to combining them to achieve the full system. His im-
plementation uses the the Hagedorn wavefunctions to represent the external state,
and adopts the Real-Time Time Dependent Hartree Fock method (RT-TDHF) to
simulate the internal state also including the spin degree of freedom of the electrons.
The aim of the the following project is to further extend the work done by R. Hu-
sistein in order to adapt the RT-TDHF method to include a time varying electro-
magnetic field, spin-orbit coupling and the hyperfine interaction, crucial to simulate
and study the decoherence time of an ion trapped in a storage ring.
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Chapter 1

Theoretical Concepts

To fully simulate the system composed of an ion moving in a storage ring, it is
possible to break down the problem into two primary components: the external
state and the internal state. This project primarily concentrates on the latter
aspect. However, a concise theoretical overview of both systems will be provided.
A more detailed explanation can be found in [2].

1.1 Internal State

The internal state represents the basic quantum mechanical two-level system es-
sential for defining a qubit accurately. One of the simplest methods to establish
such a system involves considering an ionized atom, composed by the nucleus along
with all core and valence electrons. To simplify this setup, the nucleus is charac-
terized by an effective core potential (ECP), meaning that the nucleus and the core
electrons are effectively treated as a single entity with a modified potential, while
valence electrons are treated explicitly. Finally, the two-level system is given by the
hyperfine splitting, which arises from the coupling between the magnetic moments
associated with the nuclear spin and the electronic spin. In the context of defining
qubits, hyperfine splitting can be exploited to create well-defined energy states that
serve as the basis for qubit operations. By manipulating the splitting through ex-
ternal fields, such as magnetic fields, one can control the transitions between these
energy levels.
Focusing on ions which posses a single valence electron, such as 9Be+, it is possible
to write the Hamiltonian in the following way:

H =
p2

2m
+ VECP +

µB

ℏ
(L+ gSS + gII)B(t) + ηLS +AhfsIJ , (1.1)

in which we recognize four different terms:

1. Coulomb Interaction: the first two terms are the Kinetic one, with m the
mass of the electron, and the Coulomb interaction, represented by the effective
core potential composed of the effective core charge divided by the distance
from the nucleus: VECP = −Zeff

r .

2. Zeeman Coupling: the third term is given by the interaction between the
angular degree of freedom with the external magentic field B(t). In particular
there are the angular momentum and the spin of the electron, L and S, and
the nuclear spin I. In this term µB is the Bohr magneton while gS and gI are
the Landé g-factors.
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3. Spin-Orbit Interaction: the fourth term is given by the interaction between

the angular momentum and the spin of the electron. In it appears η = Z4α2

n3 ,
where α is the fine structure constant and n is the principal quantum number.

4. Hyperfine Interaction: the last term is the interaction between the total
angular momentum of the electron J = L+ S with the nuclear spin. Ahfs is
the hyperfine-structure constant which is determined by experiment.

1.1.1 Breit-Rabi Formula

As it will be used as a test to validate the new implementation of RT-TDHF, a
simple explanation of the Breit-Rabi formula is given (for a detailed derivation see
[3]).
Focusing on the Zeeman and hyperfine interaction of the Hamiltonian in Eq.1.1, is
possible to find an approximate solution of the spectrum in two different regime.
In situations where magnetic fields are weak, the Zeeman interaction is treated as
a perturbation to the basis states given by the quantum number F = I + J and
its projections mF . However, when the magnetic field is strong, the Zeeman effect
becomes dominant, and becomes necessary to change the quantum number used
to describe the states to |I,J ,mI ,mJ⟩. Nevertheless, since we are interested in a
wide range of magnetic field strengths, eigenstates that are a superposition of the
|F ,mF ⟩ and |I,J ,mI ,mJ⟩ basis states must be considered. In the particular case
in which the orbital angular momentum is zero, such as in 9Be+, it is possible to
solve the Hamiltonian analytically. The spectrum is then given by the Breit-Rabi
formula:

∆EF=I± 1
2
= − h∆W

2(2I + 1)
+ µBgImFB ± h∆W

2

√
1 +

2mFx

I + 1
2

+ x2 , (1.2)

x ≡ B(µBgJ − µBgI)

h∆W
∆W = A

(
I +

1

2

)
, (1.3)

with

gJ =
J(J + 1) + L(L+ 1)− S(S + 1)

2J(J + 1)
+ gS

J(J + 1)− L(L+ 1) + S(S + 1)

2J(J + 1)
.

(1.4)
Although the energies in Eq.1.2 are indexed by the quantum numbers F and mF , it
is crucial to note that these are not good quantum numbers. This implies that the
relative eigenstates do not possess definite F and mF , but rather are superpositions
of states with definite F and mF .

1.2 External State

The degree of freedom relative to the motion of the ion goes under the name of
external state. In the context of ion traps, the motion is governed in an approxi-
mated way by an harmonic potential. In R. Husistein’s work [2] the external state
was simulated using Hagedorn wave packets in order to adapt the description also
to non-harmonic potentials as well.
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Figure 1.1: Breit-Rabi diagram, showing the splitting in energy as a function of an
external magnetic field.

1.3 Full System

To accurately simulate the entire system, it is necessary to establish a connection
between the internal state and the external state of the ion. Moreover, it’s crucial
to demonstrate that these states are entangled, indicating a coupling between the
internal state and the position of the ion. R. Husistein demonstrated that a reliable
method to verify the accurate implementation, and thus the entanglement between
the two states, is to observe the ”collapse and revival” phenomenon as described by
the James-Cummings model [4].

1.4 Extended RT-TDHF

As previously outlined, the objective of this project is to expand upon R. Hu-
sistein’s work on internal states by incorporating the hyperfine interaction and a
time-varying magnetic field. This implies adapting the RT-TDHF method to a
Hamiltonian that includes a time-dependent magnetic field, as described in Eq. 1.1.
The upcoming section will provide a brief overview of the Hartree-Fock method for
a spin-less system (for a more detailed derivation see [5]), followed by the formalism
and derivation required to extend the Roothaan equation Eq.1.13 to a wavefunction
incorporating both electron spin and nuclear spin.

1.5 Hartree-Fock Method

Let us start taking in account the simplest Hamiltonian governing the motion of
electrons in an atom in atomic units, composed of the kinetic term of the electrons,
the interaction between the electrons and the nucleus and the pairwise interactions
between all electrons:

H =
∑
i

(−1

2
∇2

i −
Z

|ri −R|
) +

1

2

∑
i,j

1

|ri − rj |
, (1.5)

in which the sums run over all the electrons, R is the position of the nucleus, and Z
is the total charge of the nucleus. To simplify the notation we can define the single
electron Hamiltonian hi and the two electron operator gi,j as follows :
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hi = −1

2
∇2

i −
Z

|ri −R|
, (1.6)

gi,j =
1

|ri − rj |
. (1.7)

It is possible to express a generic anti-symmetric wavefunction, denoted as Ψ(r1, . . . , rN ),
as a single Slater determinant formed from single-particle orbital wavefunctions
ψk(ri), where k represents some quantum number associated with the particle.
It’s crucial to recognize that while the Hartree-Fock method represents the total
wavefunction as a single Slater determinant, it inherently fails to fully account for
correlation effects arising from the interactions within the multi-electron system.
However, for our specific case of interest, the 9Be+ ion, which contains only one
electron in the valence shell, correlation effects are relatively insignificant and can
be safely disregarded. By neglecting correlation effects, we simplify our computa-
tional approach, making the Hartree-Fock method a suitable and efficient tool for
describing the electronic structure of the 9Be+ ion.
In the Hartree-Fock method, the variational principle plays a central role in deter-
mining the optimal set of orbitals. This principle states that for any trial wavefunc-
tion |ψ⟩, the expectation value of the Hamiltonian is always greater than or equal
to the true ground-state energy of the system:

⟨ψ|H |ψ⟩ ≥ E0 (1.8)

By varying the orbitals within the Slater determinant, the Hartree-Fock method
seeks to minimize the energy expectation value, effectively finding the best approx-
imation to the true ground-state wavefunction within the chosen basis set.

Minimizing Eq.1.8 with the constraint that all the orbitals must be orthonormal
and defining the Coulomb and Exchange operators as:

Jψ(r) =
∑
k

∫
d3r′

|ψk(r
′)|2

|r − r′|
ψ(r) , (1.9)

Kψ(r) =
∑
k

∫
d3r′

ψ∗
k(r

′)ψ(r′)

|r − r′|
ψk(r) , (1.10)

it is possible to derive the following eigenvalue equation for the so called Fock
operator:

F |ψk⟩ := (h+ J −K) |ψk⟩ = ϵk |ψk⟩ . (1.11)

To enable efficient and analytical computation of the necessary integrals in the
Hartree-Fock method, a common strategy involves expanding each orbital using
a finite set of Gaussian-type orbitals (GTOs). By representing the molecular or-
bitals as linear combinations of GTOs, it is possible approximate their shapes and
behaviors with high accuracy while simplifying the integration process:

|ψk⟩ =
∑
µ

Ck,µ |χµ⟩ . (1.12)

Keeping in mind that these new orbitals might be not orthogonal in general, we can
rewrite Eq.1.11 in to the Roothaan equation:

FCk = ϵkSCk , (1.13)

in which we defined the Fock operator in the new basis as: Fµν = ⟨χµ| F |χν⟩, the
overlap matrix as: Sµν = ⟨χµ|χν⟩, and the coefficient vectorCk = (Ck,1, ..., Ck,µ, ...)

T .
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1.6 Electron Spin

Since we want to extend the Hamiltonian to take into account also an external
magnetic field, we need to modify the method developed so far to introduce the
spin of the electron. In order to do so, we can simply rewrite the single particle
functions as a superposition of spin-up and spin-down states:

ψk(r) :=

(
ϕ+k (r)
ϕ−k (r)

)
=
∑
µ

C+
µkχµ(r) |+⟩+

∑
µ

C−
µkχµ(r) |−⟩ , (1.14)

in which we defined the spin-up orbital ϕ+k (r) and the spin-down orbital ϕ−k (r) as
a superposition of GTOs.
Thus, we can rewrite Eq. 1.13 in matrix form:(

F++ F+−

F−+ F−−

)(
C+

k

C−
k

)
= ϵk

(
SC+

k

SC−
k

)
. (1.15)

Next, we just need to understand the shape of each block of the Fock operator:

Fαβ
µν = ⟨χµ, α| F |χν , β⟩ = ⟨χµ, α|h+ J −K |χν , β⟩ , (1.16)

in which we used the notation ⟨r|χµ, α⟩ = χµ(r) |α⟩, with α and β equal to + or -.

We will look at the precise shape of h when we will extend the one electron Hamil-
tonian, and for now we can simply write: ⟨χµ, α|h |χν , β⟩ = hαβµν . Our immediate
focus is on defining the explicit expressions for the Coulomb and exchange operators:

• Coulomb Operator: Since the Coulomb operator is spin independent, is
diagonal in the GTOs basis. Nevetheless, each spin block of the coulomb
operator contributes to the final result (see [6]):

⟨µ, α| J |ν, β⟩ =δαβ
∑
k

∫
d3r1d

3r2
χ∗
µ(r1)χν(r1)

|r1 − r2|
(|ϕ+k (r2)|

2 + |ϕ−k (r2)|
2) =

:= δαβ(J
++
µν + J−−

µν ) .

(1.17)

By defining the density operator as:

Pαβ
µν =

∑
k

Cα
µkC

β∗
νk , (1.18)

it is possible to rewrite each term of the Coulomb operator in the following
way:

Jαα
µν =

∑
σρ

Pαα
σρ ⟨χµ, χρ| g |χν , χσ⟩ . (1.19)

• Exchange Operator: Even if also the exchange operator is not spin de-
pendent, this won’t be diagonal. This is due to the fact that it changes the
quantum numbers (such as spin) of the function over which it is applied with
the one it integrates, as is possible to verify in Eq.1.10. Also in this case we
can rewrite the operator as a function of the density operator:

Kαβ
µν = ⟨µ, α| J |ν, β⟩ =

∑
σρ

Pαα
σρ ⟨χµ, χρ| g |χσ, χν⟩ . (1.20)

In the end we can write a generic block of the Fock matrix defined in Eq.1.15 as:

Fαβ = hαβ + δαβ(J++ + J−−)−Kαβ . (1.21)
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1.7 Nuclear Spin

The next step which is needed to be taken is to introduce another degree of freedom
to the wavefunction: the spin of the nucleus. This will be crucial in order to
introduce the hyper-fine interaction in our model for the atom. Following a similar
approach as with electron spin, firstly it is needed to increase the dimensionality of
the wavefunction. Assuming that the nucleus has spin equal to I, it is possible to
represent the wavefunction as a superposition over each spin projections:

ψk(x)⊗ |I⟩ =
∑
µ

I∑
i=−I

(C+,i
µk |µ,+, i⟩+ C−,i

µk |µ,−, i⟩) , (1.22)

in which we added the nuclear spin degree of freedom mI with |i⟩ and used the
notation |χµ⟩ = |µ⟩ for simplicity.
Again, the dimension of the Fock matrix in Eq.1.15 has to further extended to
2(2I + 1)× 2(2I + 1):

F̂I,I F̂I,I−1 . . . F̂I,−I

F̂I−1,I
. . .

...
...

. . .

F̂−I,I . . . F̂−I,−I




ĈI
k

ĈI−1
k
...

Ĉ−I
k

 = ϵk


SĈI

k

SĈI−1
k
...

SĈ−I
k ,

 (1.23)

in which:

Ĉi
k =

(
C+,i

k

C−,i
k

)
, F̂i,j =

(
F̂++
i,j F̂+−

i,j

F̂−+
i,j F̂−−

i,j

)
. (1.24)

The results derived for the electron spin in the previous section can be used to write
each block of the Fock matrix. In order to do so the definition of the density matrix
must be changed in the following way:

(Pαβ
i,j )µν =

∑
k

Cαi
µk(C

βj
νk)

∗ . (1.25)

As before, the Coulomb operator is not spin dependent also in the case of the nuclear
spin, and therefore it is sufficient to simply redefine each element of it:

(Jαα
ii )µν =

∑
σρ

(Pαα
i,i )µν ⟨χµ, χρ| g |χν , χσ⟩ . (1.26)

As before the exchange operator is not diagonal and but each element can be simply
written as follow:

(Kαβ
ij )µν =

∑
σρ

(Pαβ
i,j )µν ⟨χµ, χρ| g |χσ, χν⟩ . (1.27)

In the end a generic element of the Fock matrix can be written as:

Fαβ
ij = hαβij + δijδ

αβ
+I∑

l=−I

(J++
ll + J−−

ll )−Kαβ
ij . (1.28)

1.8 Generalize the Hamiltonian

With the Coulomb and exchange operators now adapted to include both nuclear
and electronic spin, our remaining task is to extend the Hamiltonian to incorporate
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interaction with a time-varying external field. These additional terms will manifest
in the one-electron term h of the Fock matrix. Consequently, we can express the
interaction for a single electron as:

h =
p2

2m
− Z

|r −R|
+
µB

ℏ
(L+ gSS + gII)B(t) + ηLS +AhfsIJ . (1.29)

Before analysing each term, we recall the following identities for the electron spin:

Sx |±⟩ = ℏ
2
|∓⟩ , Sy |±⟩ = ±ℏ

2
i |∓⟩ , Sz |±⟩ = ±ℏ

2
|±⟩ , (1.30)

and for the nuclear spin:

⟨i| Ix |j⟩ =
ℏ
2

(
δij+1

√
I(I + 1)− j(j + 1) + δij−1

√
I(I + 1)− j(j − 1)

)
,

⟨i| Iy |j⟩ =
iℏ
2

(
− δij+1

√
I(I + 1)− j(j + 1) + δij−1

√
I(I + 1)− j(j − 1)

)
,

⟨i| Iz |j⟩ = δijℏj .

(1.31)

Now we can start rewriting each term of (hαβij )µν :

1. The first two terms are diagonal in the spin-block representation:

⟨µ, α, i|h0 |ν, β, j⟩ = ⟨µ, α, i| p
2

2m
− Z

|r −R|
|ν, β, j⟩ = δαβδij ⟨µ|h0 |ν⟩ ,

(1.32)
therefore each block can be written as:

ĥii0 = ⟨µ|h0 |ν⟩ ⊗ 12×2 . (1.33)

2. Also the coupling between the angular momentum and the external field is
diagonal:

⟨µ, α, i|hBL |ν, β, j⟩ = ⟨µ, α, i| µB

ℏ
LB(t) |ν, β, j⟩ = δαβδij ⟨µ|hBL |ν⟩ ,

(1.34)
which leads to:

ĥiiBL =
µB

ℏ
B(t) ⟨µ|L |ν⟩ ⊗ 12×2 . (1.35)

3. The Zeeman term can be written in a block-diagonal form by using Eq.1.30:

⟨µ, α, i|hBS |ν, β, j⟩ = ⟨µ, α, i| µBgS
ℏ

SB(t) |ν, β, j⟩ = δij
µBgS
ℏ

B(t)Sµν ⟨α|S |β⟩

⇒ ĥiiBS =
µBgS
2

(
Bz(t)S (Bx(t)− iBy(t))S

(Bx(t) + iBy(t))S −Bz(t)S

)
.

(1.36)

4. In the same way we can rewrite the spin orbit coupling, which is also block
diagonal:

ĥiiLS =
η

2

(
Lz Lx − iLy

Lx + iLy −Lz

)
. (1.37)

5. The interaction between the nuclear spin and the external field produces di-
agonal blocks in all the Fock matrix:

⟨µ, α, i|hBI |ν, β, j⟩ = ⟨µ, α, i| µBgI
ℏ

IB(t) |ν, β, j⟩ = δαβ
µBgI
ℏ

SµνB(t) ⟨i| I |j⟩ ,

(1.38)
from which we have:

ĥijBI =
µBgI
ℏ

B(t)(S ⟨i| I |j⟩)⊗ 12×2 . (1.39)
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6. The last term, the interaction between the total electronic momentum and the
nuclear spin, can be split in two terms. The first produces diagonal blocks:

⟨µ, α, i|hIL |ν, β, j⟩ = ⟨µ, α, i|AhfsIL |ν, β, j⟩ , (1.40)

from which we have:

ĥijIL = Ahfs(⟨i| I |j⟩ ⟨µ|L |ν⟩)⊗ 12×2 . (1.41)

On the other hand the last one is not diagonal, nor block diagonal:

⟨µ, α, i|hIS |ν, β, j⟩ = ⟨µ, α, i|AhfsIS |ν, β, j⟩ , (1.42)

which we can rewrite as:

ĥijIS =
Ahfs

2

(
δijℏjS (⟨i| Ix |j⟩ − i ⟨i| Iy |j⟩)S

(⟨i| Ix |j⟩+ i ⟨i| Iy |j⟩)S −δijℏjS

)
. (1.43)

Ultimately, we may incorporate into the Hamiltonian, as expressed in Eq.1.29, the
interaction between the ion and an external time-varying electric field. Notably, this
interaction excludes the two degrees of freedom related to the nuclear and electronic
spin, resulting in the generation of only diagonal terms in the block representation.
Subsequently, employing the dipole approximation allows us to represent the new
interaction in the Fock matrix as follows:

ĥiid = E(t) · ⟨µ| r |ν⟩ ⊗ 12×2 . (1.44)

With all the expressions for the individual blocks of the Hamiltonian at hand, one
can easily construct the full one electron part of the Fock operator, and evaluate
the energy of the system with (see [7]):

E =
1

2
Tr[P (h+ F )] , (1.45)

in which h represents the full one electron part of the Fock operator.

1.9 Time Evolution

Having at hand the density and the full Fock operator as expressed in Eq.1.28, a
suitable time integration scheme has to be chosen in order to numerically solve the
Liouville-von Neumann equation, as explained in [8]:

dP (t)

dt
= [F (t), P (t)] . (1.46)

One needs to recall that the above equation is valid only if the matrix are written
in an orthogonal basis. Therefore, the first step that has to be taken is to use the
Lowdin orthogonalization method, as explained in [9]:

P = S′1/2P ′(S′1/2)T , F = (S′−1/2)TF ′S′−1/2 . (1.47)

As time integration scheme we will adopt the same method used by R. Husistein in
[2], the explicit second-order (trapezoidal) Magnus propagator:

UFE(tk) = exp(−i∆tF (P (tk), tk)),

PFE(tk+1) = UFE(tk)P (tk)U
†
FE(tk),

Fm(tk, tk+1) =
1

2
(F (P (tk), tk) + F (PFE(tk+1), tk+1)),

UEM2(tk) = exp(−i∆tFm(tk, tk+1)),

P (tk+1) = UEM2(tk)P (tk)U
†
EM2(tk).



Chapter 2

Results

The extended implementation of RT-TDHF algorithm was tested in order to vali-
date its accuracy and reliability. The tests were conducted focusing on simulating
the behavior of the 9Be+ ion. To effectively model the electronic structure of this
ion, BFD-PP pseudopotential [10] was employed as the chosen effective core poten-
tial. The selection of the BFD-PP aimed at achieving a closer approximation of the
ion’s behavior within the computational framework.
The computational simulation of the 9Be+ ion also employed the cc-pVDZ basis
set. The cc-pVDZ (Correlation-consistent Polarized Valence Double Zeta) basis set
[11] is widely recognized for its accuracy in describing molecular electronic structure
while offering computational efficiency.
Given the choice of the ECP and of the basis set it was possible to use the pySCF
package [12] to efficiently compute the required integrals for the method (angular
momentum, overlap, nuclear potential, kinetic, dipole, Coulomb and exchange in-
tegrals). In addition to this, the basic Hartee-Fock method already implemented in
pySCF, for the simple Hamiltonian given in eq.1.5, was used to achieve a first guess
of the density matrix.
In conclusion, the coefficients used in the Hamiltonian in Eq.1.29 are reported in
Tab.2.1.

Constant Value

µb [J/T] 9.27400968 · 10−24

gS 2.0023193043622
gI gS · 2.134779853 · 10−4

Ahfs [MHz] −625.008837048

Table 2.1: Physical Constants for 9Be+ ion.

2.1 Hyperfine Splitting

By computing the average energy of the states |F,mF ⟩, where F = I +J = I +S,
under zero external field conditions, we derived the hyperfine caused by AhfsI · J .
As our method operates with a density matrix formulated in the |mI ,mS⟩ basis,
it necessitated an initial transformation of the |F,mF ⟩ states into this appropriate
basis. This transformation was accomplished using Clebsch-Gordan coefficients.
The energies obtained with the simulation are compared to their theoretical value
given by Eq.1.2, and are reported in Tab.2.2. The energies obtained with the

11
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simulation are in agreement with their theoretical values, showing the correct im-
plementation of the hyperfine term in the new Hamiltonian.

State Energy [GHz] Theo. Energy [GHz] Relative Error

|2, 2⟩ −4.6875663 · 10−1 −4.6875656 · 10−1 1.467·10−7

|2, 1⟩ −4.6875663 · 10−1 −4.6875656 · 10−1 1.405·10−7

|2, 0⟩ −4.6875663 · 10−1 −4.6875656 · 10−1 1.483·10−7

|2,−1⟩ −4.6875663 · 10−1 −4.6875656 · 10−1 1.421·10−7

|2,−2⟩ −4.6875663 · 10−1 −4.6875656 · 10−1 1.467·10−7

|1, 1⟩ 7.8126105 · 10−1 7.8126093 · 10−1 1.458·10−7

|1, 0⟩ 7.8126104 · 10−1 7.8126093 · 10−1 1.421·10−7

|1,−1⟩ 7.8126105 · 10−1 7.8126093 · 10−1 1.449·10−7

Table 2.2: Energy obtained with the simulation and with the exact formula Eq.1.2.

The Relative error is evaluated as |E−Etheo|
|Etheo.| .

2.2 Breit-Rabi Diagram

In our exploration of the magnetic field-dependent part of the Hamiltonian, we
aimed to replicate the Breit-Rabi diagram. As delineated in the theoretical sec-
tion, gradually transitioning from weak to strong magnetic field causes shifts in
the eigenstates of the Hamiltonian. Consequently, to accurately achieve the mean
energy for the diagram, we needed to adapt the set of simulated states and, cor-
respondingly, the density matrices for each magnetic field strength. Achieving this
necessitated the exact diagonalization of the Hamiltonian, comprising both the hy-
perfine term and the magnetic interaction, expressed in the basis |mI ,mS⟩. Thus, in
each iteration, we employed the exact eigenvectors of the Hamiltonian to construct
the required density matrices. The energies were computed across a spectrum of
100 magnetic field strengths ranging from 0 to 300 Gauss. The results are shown in
Fig.2.1. Also in this case the results confirm the validity of the new implementation.

Figure 2.1: Comparison between the exact Breit-Rabi diagram obtained with Eq.1.2
and the simulation.

2.3 Time Comparison

Ultimately, two time evolution simulations were conducted: one for the hydrogen
atom and the other for the 9Be+ ion, over a period of T = 10 a.u. with varying time
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steps dt. An external magnetic field along the z-axis of Bz = 100Gauss was applied
during all the time evolution. Each simulation has been repeated 10 times.
The simulations utilized both the newest implementation, which accounts for nu-
clear spin and the new terms in the Hamiltonian, and the previous internal state
implementation as shown in [2].
These tests were performed to compare the runtime differences between the two
algorithms.

Figure 2.2: Runtime comparison between the previous implementation [2] (without
nuclear spin, Zeeman and hyperfine interaction) and the new one. The simulations
were conducted over a period of T = 20 a.u., with an external magnetic field directed
along the z-axis of Bz = 100 Gauss.

Figure 2.3: Ratio between the runtime of the new implementation and the previous
one [2].

As illustrated in Fig.2.2 and 2.3, the new implementation requires more time. This
increased computational demand is due to the incorporation of the new spin de-
gree of freedom, which necessitates the use of larger matrices in the simulation.
Consequently, as the nuclear spin increases, so does the computational cost.
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Conclusions

In this work, the Real-Time Time-Dependent Hartree-Fock (RT-TDHF) algorithm
was extended to include the effects of nuclear spin. In order to do so, the hyperfine
interactions and the Zeeman coupling between the spin degree of freedom and a
time varying magnetic field were taken into account. The simulations were focused
on the 9Be+ ion, utilizing the Berkeley-Cranium-Bonner-Feinberg Pseudopotential
(BFD-PP) and the cc-pVDZ basis set to achieve a approximation of the ground
state energy of the system.
The required equations for the new algorithm were derived starting from the Hartree-
Fock method, modifying the exchange and Coulomb integrals and the core one elec-
tron Hamiltonian of the system.

The accuracy of the implementation was then validated by computing the hyper-
fine splitting and comparing the simulated energy levels to theoretical values. The
results, reported in Tab.2.2 , demonstrated an excellent agreement between the sim-
ulation and theoretical predictions, confirming the correct inclusion of the hyperfine
term in the Hamiltonian.
Additionally, the behavior of the ion under varying magnetic field strengths was
investigated by replicating the Breit-Rabi diagram. The results, shown in Fig.2.1 ,
further confirmed the validity of the new implementation, accurately capturing the
shifts in eigenvalues due to magnetic interactions.
A time comparison between the new implementation and the previous version de-
veloped in [2], which did not account for nuclear spin and hyperfine interactions,
revealed an expected increase in computational demand. This increase, shown in
Fig.2.2 and Fig.2.3, is attributed to the inclusion of the new nuclear spin degree of
freedom, necessitating the use of larger matrices in the simulation.
In conclusion, the extended RT-TDHF algorithm proves to be a robust and accurate
method for simulating systems having hyperfine interactions and in the presence of
a time varying electromagnetic field.

In order to simulate the full system composed of the internal and external states,
further work needs to be done. First of all, the new implementation should be com-
bined with the external state simulation shown in [2], and the collapse and revival
phenomena should be observed to ensure the entanglement between the two states.
As an alternative, the RT-TDHF method could be further extended to the real-time
time-dependent nuclear-electronic orbital Hartree-Fock (RT-NEO-TDHF) method
[13]. This approach would allow for the simultaneous simulation of both internal
and external states without relying on the Born-Oppenheimer approximation. Con-
sequently, after proper implementation, it would eliminate the need to combine the
two states and check for the proper entanglement.
Additionally, the algorithm should be further extended to take in account more
than one ion, in order to fully simulate a storage ring. For the internal state, the
extended RT-TDHF method can be employed with minor modifications to account
for the increased number of ions. However, it is important to note that this method

15
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introduces an inherent error because the HF method, due to its single determinant
approximation, does not account for correlation effects.
Ultimately, accounting for the presence of multiple ions and properly addressing
the entanglement between the internal and external states should be sufficient to
simulate the entire storage ring and study its decoherence time.



Appendix

A.1 Source Code

The complete code developed during this project is available at https://gitlab.
ethz.ch/heinekas/quantumbeam/-/tree/solinas_m_semester_thesis/husistein_

r_master_project/internal_state_energy/rt-tdhf?ref_type=heads. The im-
plementation of the extended RT-TDHF can be found in ”rttdhf simulation copy.py”
and all the tests done in the jupyter notebook ”Test.ipynb”. In particular:

• Tab.2.2 can be reproduced with ”Test.ipynb” in the section ”Rabi Formula/Hyperfine
Energy”.

• Fig.2.1 can be reproduced with ”Test.ipynb” in the section ”Rabi Formula/Simulation
changing eigenvectors”.

• Fig.2.2 and Fig.2.3 can be reproduced with ”Test.ipynb” in the section ”Time
Comparison”.

• A simple example that shows how to properly call the class and perform a
time propagation can be found in ”Test.ipynb” under the section ”General
Test for the class”.
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