
Invertible neural networks
for retrieving aerosol properties

written by David Degen,

in scientific collaboration with Dr. Romana Boiger, Dr. Martin B. Gysel, Alireza Moallemi,
Dr. Robin L. Modini

supervised by Dr. Andreas Adelmann

June 2021

Abstract

Knowing the microphysical properties of aerosols is important in various areas, from predicting the course
of climate change to monitoring air quality in cities, industrial areas, and medical facilities. Traditionally,
when these properties are probed using light scattering data, they are retrieved either using pre-computed
lookup tables, which is fast but not accurate, or by physically-based iterative algorithms, such as GRASP-
OPEN, which is accurate but not fast. During the last 40 years, machine learning algorithms have been
applied to different variations of this problem, hoping to establish a method that is both accurate and fast.

The following report describes the application of an invertible neural network model to simulate multi-
angle light scattering data, namely the scattering phase function and the polarized phase function, on one
hand, and to solve the inverse problem of retrieving aerosol properties from multi-angle light scattering data
on the other hand. It is found that this method delivers accurate results and might be practical for the
retrieval of microphysical properties of aerosols from light scattering data as well as for the initialization of
physically-based iterative algorithms.
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1 Introduction

Atmospheric aerosols are particles suspended in air of various chemical composition and size, ranging from a few
nanometres up to 100 µm [10]. They can be solid, liquid or a mixture between these states of matter. Depending
on their composition and properties, such as size, shape, surface, etc., they can have different effects on the
Earth’s energy budget: They can scatter incoming solar radiation leading to a decrease in surface temperature
or they can absorb incoming solar radiation, thus, heating the atmosphere which, in turn, again decreases the
surface temperature. Both these processes are referred to as the direct effect of aerosols. Furthermore, aerosols
can influence cloud formation as well as the hydrologic circle and thereby have an indirect effect on the
radiative transfer between Earth and the surrounding. [7]

Aerosols originate from various sources, such as sea spray, plants, mineral dust and volcanoes, but also from
combustion processes, such as forest fires, combustion of fossil fuels etc. [10]. The 1991 eruption of the Philippine
volcano Mount Pinatubo, during which about 17 megatons of SO2 were erupted into the atmosphere [19], is
an impressive example of the impact aerosols can have on the Earth’s climate. Over the course of that year,
the aerosol cloud spread out until it had formed a global layer of sulfuric acid haze in the Earth’s atmosphere.
During subsequent years, global temperatures dropped by about 0.5 °C while ozone depletion substantially
increased [19]. This exemplifies that aerosols can have a huge impact on the earth’s climate and, consequently,
continuous, efficient monitoring and classification of aerosols is essential to quantitatively assess the future of
the Earth’s climate as well as the human impact on climate change. But there are also numerous other areas,
in which analyses of aerosols are desired, from the combat for clean air to reduce the approximate 9 million
premature deaths worldwide that are annually caused by aerosols [15] through to the containment of pandemics.

To infer the microphysical properties of aerosols, different kinds of measurements are performed, such as satellite
remote sensing [11], ground-based remote sensing, and in-situ measurements [7]. Most of these methods make
use of the fact that a lot of information about the aerosols is contained in the angular dependence of the
intensity and polarization of light scattered on the particles. Unfortunately, the retrieved parameters can be
very sensitive to variations in the light scattering data, which renders the inverse problem ill-posed. Traditionally,
the aerosol properties are retrieved from the scattering data either using pre-computed lookup tables, which is
naturally fast but not accurate, or by physically-based iterative algorithms, such as GRASP-OPEN [5], which
is accurate but not fast. Since Pluchino et al. (1980) [18], machine learning algorithms, i.e. algorithms using
a nonlinear approximation of the multivariable function connecting the multi-angle light scattering data to the
microphysical properties of the aerosol particles or vice versa, have been applied to various versions of the
problem [3, 8, 9, 16, 21], with the hope to establish a third option that is both accurate and fast. A thorough
discussion of the work done within the last 40 years would go beyond the scope of this report, therefore I refer the
curious reader to the review paper of Berdnik and Loiko (2016) [4]. We must content ourselves with recognizing
that neural networks are a promising tool for problems where a high speed of data processing is required without
concessions regarding the quality of inference. Given that neural networks are universal approximators [12] that
are amortized, they are particularly well suited: after an upfront computational cost at the simulation and
training stage, the evaluation of new data points is cheap and efficient. It goes without saying that the recent
advances in information technology have vastly extended the number of problems that can be tackled using
artificial neural networks and, as a consequence, have contributed to the considerable momentum the field of
simulation-based inference has gained.

The following report revolves around the application of an invertible neural network model conceived by Ardiz-
zone et al. (2018) [1] to capture the interaction of light with aerosols. More precisely, the invertible neural
network is used to simulate multi-angle light scattering data, concretely the scattering phase function and the
polarized phase function, given a set of microphysical aerosol properties on one hand, and to solve the inverse
problem of retrieving these microphysical properties from the scattering data on the other.

In Sec. 2, a short overview of the relevant microphysical properties of aerosols is given and the quantities
commonly used to describe the scattering of light by aerosols are introduced. Subsequently, in Sec. 3, I give
a brief description of the measurement device, thus, motivating the structure of the simulated data used to
train the model, which is presented thereafter together with the applied preprocessing. Sec. 4 introduces the
architecture of the invertible artificial neural network used to model the relation between the microphysical
properties of aerosols and the light scattering data, followed by an overview of the domain space, i.e. the ranges

2



ETH Zurich & PSI Villigen 2 AEROSOLS

of values of the hyperparameters that we explored using random sampling. The performances of the best models
we found in our investigation are presented in Sec. 5 and discussed in Sec. 6.

2 Aerosols

To understand the quantities that we are trying to relate using the invertible neural network, this section contains
an introduction to some important microphysical properties of aerosols in Sec. 2.1 as well as the theoretical
model commonly used to describe the scattering of light by a group of aerosol particles, given in Sec. 2.2.

2.1 Properties of aerosols
Aerosols, an abbreviation for aero-solutions, are suspensions of fine solid particles or liquid droplets in a gas,
typically air. In order to be suspended for a sensible time, the particles must be small enough, conventionally
between a few nanometres and up to 100 µm. [10]

The size of an aerosol is a very fundamental property. Depending on the measurement technique applied, there
are various ways to define the size of an aerosol, such as the electrical mobility radius, stokes radius or the
optical radius. The optical radius, which we will use in this study and denote by r, is defined as the radius of
a spherical particle delivering the same scattering data in a given optical measurement device detecting particles
by their interaction with light. [10] Note that this generalizes the mathematical concept of a radius in the sense
that it allows the assignment of radii to non-spherical particles, such as ellipsoids.

If measurements of atmospheric aerosol particle populations are taken, there are, unsurprisingly, always particles
of various forms and sizes involved. This differs from the possibilities given in a laboratory, where the particle
population can be controlled to be uniform up to a spread in particle diameter of a few per cent. Such a
population of particles of roughly uniform size is referred to as monodisperse; contrarily, populations consisting
of particles of sizes distributed over a larger range are called polydisperse. Within these two categories, the
particle populations can be described more specifically using a particle size distribution function (PSD).
A simple method to obtain a particle size distribution function consists of taking a histogram of the number of
particles in successive size intervals. With sufficiently fine intervals, the distribution would then become what
is known as a differential size distribution. Another common approach is to use kernel density estimation with
log-normal distribution functions. [10]

In this study, we consider a monodisperse size distribution function, represented by a log-normal distribution.
To described this log-normal particle size distribution function, n(r), the following three parameters are used:
total volume concentration, Vtot, median optical radius, rm, and geometric standard deviation, σ,

n(r) =
Vtot√

2π

1

σ

1

r
exp

[
− (ln r − ln rm)2

2σ2

]
.

Another important property of an aerosol species is the refractive index. The refractive index of an aerosol
indicates its ability to scatter and absorb light. It is commonly expressed in a complex form as mλ = nλ + ikλ,
where the real term, nλ, indicates scattering and the imaginary term, kλ, indicates absorption [20]. Note that
both the real and the imaginary part of the refractive index depend on the wavelength of the interacting light,
which we shall denote as λ.

2.2 The theoretical model of the scattering of light
Electromagnetic radiance can be described by a tuple of values known as the stokes vector

I =
(
I Q U V

)T
with I denoting the total intensity of the beam, Q a measure of polarization along 0° and 90° degree in a plane of
reference perpendicular to the direction of propagation, U a measure of polarization along 45° and 135° degree
in said plane of reference and V a measure of the direction of angular rotation.

In order to describe a scattering event, it is common to relate the stokes vector of the incident light beam
with the stokes vector describing the scattered light per angle using the scattering matrix P (θ, ϕ, λ; p),

3



ETH Zurich & PSI Villigen 3 SYNTHETIC DATA SET AND EXPERIMENTAL OUTLOOK

i.e. Iscat(θ, ϕ, λ; p) = P (θ, ϕ, λ; p)Iin(λ) with ϕ denoting the azimuthal and θ the polar angle for an incident
beam of light at wavelength λ focused along θ = 0 on an ensemble of particles at the origin with microphysical
properties p. Componentwise, this can be written as

Iscat
Qscat
Uscat
Vscat

 = K


P11 P12 P13 P14

P21 P22 P23 P24

P31 P32 P33 P34

P41 P42 P43 P44



Iin
Qin
Uin
Vin


with K a constant depending on the measurement process that is of no concern for our computational in-
vestigation of the problem. For a spherically symmetric particle, the relation simplifies to Iscat(θ, λ; p) =
P (θ, λ; p)Iin(λ), which in particular implies that P12 = P21 [14]. Further, in the case of unpolarized incident
light, Iin =

(
Iin 0 0 0

)T , and given that the PSI polar nephelometer merely measures the intensity, Iscat,
and the degree of linear polarization along 0° and 90° degree in the plane of reference, Qscat, the above system
of equations reduces to {

Iscat = KP11(θ, λ; p)Iin and
Qscat = KP12(θ, λ; p)Iin.

Lastly we need to consider the the polarized phase function (PPF), a common tool in this field used to
describe polarization which is defined as Pppf(θ, λ; p) = −P12

P11
.

Measurement data obtained by the nephelometer at PSI can provide us with both the coefficient relating the
incoming intensity with the intensity of the scattered light per angle, P11(θ, λ; p), which is referred to as the
scattering phase function, as well as with the polarized phase function, Pppf(θ, λ; p), containing the degree
of polarization for the scattered light per angle. Therefore, we obtain

P11(θ, λ; p) =
1

K

Iscat(θ, λ; p)

Iin(θ, λ)
Pppf(θ, λ; p) = −P12

P11
= −Qscat(θ, λ; p)

Iscat(θ, λ; p)
. (1)

3 Synthetic data set and experimental outlook

To motivate the structure of the synthetic data set used to train the invertible model, we will start this section
by considering the capabilities of the polar nephelometer that is currently being calibrated at PSI. Subsequently,
in Sec. 3.2, we will examine properties of the simulated data set, thus, motivating the preprocessing procedure
applied to the data presented in Sec. 3.3.

3.1 PSI polar nephelometer
The PSI polar nephelometer [14] is based on the Polarized Imaging Nephelometer [6], depicted in Figure 1, which
was developed and built at the Laboratory for Aerosols, Clouds and Optics of the University of Maryland, Bal-
timore County. Like its predecessor, the PSI polar nephelometer is designed to measure both quantities given
in Equation 1, the scattering phase functions, P11(θ, λ; p), and polarized phase functions, Pppf(θ, λ; p). Initially,
the instrument will only be able to measure using light at the wavelength of 532 nm. Ultimately, however, it
is meant to perform measurements at three different wavelengths, namely λ ∈ Λ = {450 nm, 532 nm, 630 nm}.
Accordingly, we will consider both cases: the case in which we only use scattering data originating from measure-
ments using light at the wavelength of 532 nm, and the other case, in which we assume to have measurements
of all of the three wavelengths at our disposal.

It is expected that P11 and Pppf can both be measured at an angular resolution of approximately 1°. Due to
limitations in the physical design of the device, measurements can not be performed at extreme forward and
backward angles, beyond the so-called truncation angles. We will consider truncation angles of 5° and 175°.
In addition, due to the need to mitigate stray light effects, measurements also can not be performed over the
range from 85° to 95°.

Concerning the uncertainty in the measurement data, we assume the measurement device to have normally
distributed random measurement errors for simplicity. We take the values from Dolgos and Martins (2014) on
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the precursor instrument to the PSI polar nephelometer as a reference, giving 2.8 % relative error in P11 and
0.046 absolute error in P12 for a significance level of p = 0.95 [6].

Figure 1: Schematic of the imaging arrangement employed in the scattering chamber of the Polarized Imaging
Nephelometer [6].

3.2 Simulated data
The data used to train the invertible neural network was simulated using the Generalized Retrieval of Atmo-
sphere and Surface Properties (GRASP) algorithm [5]. Both the microphysical aerosol properties as well as the
light scattering data are contained in matrices, with each row corresponding to one sample and each column
representing a physical quantity. More specifically, XD contains the microphysical quantities Vtot, rm, σ, nλ,
and kλ, while YD contains the quantities P11(θl, λ;xi) and Pppf(θl, λ;xi); both for θl ∈ [5°, 85°] ∪ [95°, 185°],
l ∈ {1, . . . , L = 160}, λ ∈ Λ ⊆ {450 nm, 532 nm, 630 nm} and xi a configuration in parameter space XD for
each sample i ∈ {1, . . . , N = 100 000}. The unimodal data set contains 100 000 samples. Figure 2 shows the
maximum, the mean and the minimum per angle of the design variables YD.

The aerosol particle properties of interest, their units and the respective intervals from which they were sampled
using Latin Hypercube sampling are given in Table 1. To prevent the sampling of unphysical combinations of
microphysical aerosol properties, as for example n450 = 1.4 and n532 = 1.6 [14], the approximate constraint
was applied that the real parts of the refractive indices are all equal, i.e. n450 = n532 = n630. To elude this
limitation of being unable to retrieve different real refractive indices for different wavelengths, one could use a
prior probability suppressing unphysical parameter combinations when sampling the parameters needed for the
simulation of the training data set. Determining such a prior of course already requires a certain knowledge
about the manifold we are trying to investigate, making this seemingly to some kind of the chicken or the
egg problem. It should, however, be possible to gradually approximate the prior by excluding combinations
that are known to be unphysical and iteratively improving the prior using density estimations of microphysical
aerosol properties obtained via physically-based iterative algorithms, such as GRASP-OPEN, from experimental
scattering data.

Table 1: Microphysical particle properties, their units and the respective intervals from which they ware
sampled using Latin Hypercube sampling. Explicitly, these are the total volume concentration, Vtot, the
median optical radius, rm, the geometric standard deviation, σ, and the real and imaginary part of the
refractive index, nλ and kλ respectively.

Variable Unit Interval

Vtot (µm3cm−3) [1, 5000]
rm µm [0.1, 2.5]
σ µm [1.4, 1.45]
nλ [1.33, 1.6]
kλ [0, 0.2]
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Figure 2: Maximum, mean, and minimum per angle of P11, log(P11) and Pppf for λ = 532 nm. The filled area
round the respective means represents the standard deviation per angle.

3.3 Preprocessing the data
As is usual in machine learning, we split the respective data set into a training data set and a test set with the
common ratio of 80/20. During training, the model only sees the training data, which is in turn split into a
training and a validation set at each epoch. Evaluating the model that scores best during training on the test
set after training, gives the possibility to probe how the model performs on data that it has not seen yet, thus,
delivering a measure of how well the model is expected to generalize.

To investigate the gain in information achievable by using the scattering data {log(P11)(θ, λ; p), Pppf(θ, λ; p)}λ∈Λ
of different wavelengths simultaneously, we considered the Pearson product-momentum correlation depicted in
Figure 3. Unsurprisingly, it turns out that the correlation between pairs of wavelengths close to each other, i.e.
{450 nm, 532 nm} and {532 nm, 630 nm}, is stronger than the correlation between {450 nm, 630 nm}. Consid-
ering this strong degree of correlation between the latter two wavelengths, it becomes apparent that the choice
about the number of wavelengths used per measurement constitutes a trade-off between precision and efficiency.
For a fast retrieval of microphysical aerosol properties from samples, it might be experimentally preferable to
perform measurements using as few wavelengths as possible, i.e. only {532 nm} or {450 nm, 630 nm}, since this
would reduce the amount of measurement data that has to be taken. For simulating the scattering data given
some microphysical aerosol properties on the other hand, it is presumably preferable to be cable of simulating
P11, Pppf for as many wavelengths as possible. The impossibility of satisfying both of these potential interests
simultaneously with one network, is a fundamental limitation of this approach and for that matter probably
most approaches deploying invertible neural networks to solve this inverse problem.

The strong correlations between pairs of wavelengths that are closer to each other might, however, be of
theoretical interest, for they suggest that the dependence of the scattering and the polarized phase function
on the wavelength could potentially be learnt conveniently by training a model that takes the wavelength of
the incident light beam as an additional input and output parameter. This would allow not only to retrieve
particle properties using an incident light beam of arbitrary wavelength within the given learnt range but also
allow to simulate the scattering data as a continuous function of the wavelength. Realizing this would allow
cheap explorations of the manifold {P11, Pppf} enabling further theoretical studies, I conclude that this task
goes beyond the scope of this project, but might be an interesting topic for future research.
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Figure 3: Pearson product-moment correlation coefficient of log(P11) and Pppf per angle of measurement. In the
first two figures, the correlation coefficient between different wavelengths is plotted against the angle of measure-
ment, once for log(P11), once for Pppf . In the third figure, the correlation coefficient between log(P11) and Pppf

is plotted against the angle of measurement within different wavelengths. The first two figures show that there is
a strong correlation between pairs of wavelength that are neighbouring, namely between {450 nm, 532 nm} and
{532 nm, 630 nm}. The third figure shows that for larger wavelengths log(P11) and log(Pppf) are less correlated.

Figure 4 shows different transformations of the data that we considered. Ultimately, we found our best model
by applying the logarithm to P11 and then re-scaling the features StandardScaler({log(P11), Pppf}) [17] to a
mean of 0 and a standard deviation of 1 for each angle. The application of the logarithm to P11 was motivated
by the fact that the variance of log(P11) is higher than the variance of P11 which can be seen by comparing the
first column of panels in Figure 4 with the second, as well as by comparing the first panel of Figure 2 with the
second.
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Figure 4: The effects of preprocessing on P11 and Pppf for a series of particles for an incident light beam of
wavelength 532 nm. The left column contains P11 processed by different scalers, the second column log(P11)
processed by different scalers and the third column Pppf transformed by different scalers. It becomes apparent
that the application of the logarithm on P11 helps to better differentiate the curves for all scalers but the
QuantileTransformer. The latter seems to spread the curves most uniformly over the interval [0, 1].

8



ETH Zurich & PSI Villigen 4 THE STATISTICAL MODEL

4 The statistical model

This section starts with a description of the invertible neural network deployed to relate the microphysical
properties of the aerosol particles with the light scattering data. Subsequently, in Sec. 4.2, I give details on the
implementation as well as an overview of the hyperparameter space we probed to find the models presented in
Sec. 5.

As introduced in Section 3.1, we will continue to denote the list of all sampled microphyiscal aerosol properties
by XD; while we denote the list of all simulated light scattering data by YD. Explicitly,

XD =
{
{V, rm, σ, nλ, kλ}λ∈Λ(pi)

}
1≤i≤N YD =

{
{P11(θl, pi, λ), Pppf(θl, pi, λ)}λ∈Λ,1≤l≤L

}
1≤i≤N

,

Further, we will denote the smallest connected manifold with closure that contains the ranges of microphysical
parameters from which we sampled XD with X and the smallest connected manifold with closure that contains
the ranges of the simulated values of YD with Y . We will also call the mapping f : X → Y the forward
process, and the retrieval from aerosol properties given the light scattering data the corresponding inverse
process.

In general, the inverse process is intractable and not well-defined, for the function describing the forward process
must not be injective. Consequently, the inverse process should stochastically select a X ∈ f−1(Y ) according
to the distribution of the complete posterior p(X|Y ). To compensate for this loss of information inherent to the
forward process’, additional latent output variables z are introduced to capture the information about x ∈ X
that is not contained in the corresponding light scattering data yx ∈ Y . During the inverse process, these latent
variables are sampled from a standard multivariate normal distribution, i.e. z ∼ N (0, iddz ), with dz denoting
the dimension of the latent space Z, which is another hyperparameter. In short, the invertible neural network
learns to associate hidden parameter values x with distinct pairs of measurements and latent variables [y, z].
Ignoring the additional padding of both X and Y with zeros to further increase the internal flexibility of the
model and to guarantee that input and output dimensions are the same, we thus have

f̂D : X ⊂ R3+2|Λ| → Y ×Z ⊂ R2L|Λ| × Rdz ; ĝD : Y ×Z ⊂ R2L|Λ| × Rdz →X ⊂ R3+2|Λ|;

x 7→ [y, z] [y, z] 7→ x

such that ĝ ◦ f̂ = id.

4.1 The invertible neural network model
The following characterization and discussion of invertible neural networks, INNs for short, is closely following
the paper of Ardizzone et al. (2018), which the eager reader is encouraged to read in order to get a full treatment
of the subject. This being said, the class of invertible neural networks is characterized by three properties:

• The mapping from the input domain to the output domain is bijective so that an inverse exists.

• Both the forward and the inverse mapping are cheap, i.e. efficiently computable.

• The Jacobian of both mappings is tractable, allowing for the explicit computation of posterior probabilities.

The advantage of networks that are invertible by construction is the fact that training them on the forward
process f̂D : X → Y × Z delivers the inverse ĝD : Y × Z → X for free simply by running them backwards;
since both the forward process and the inverse process are performed by the same network with the same
weights. Given that fully connected feedforward networks are not invertible, Ardizzone et al. (2018) suggested
building blocks consisting of an Affine Coupling Block (ACB) followed by a permutation layer. As both ACBs
and permutations are invertible, so is their composition, which we will refer to as a block, as well as any
concatenations of such blocks, which in turn make up the model, as illustrated in Figure 5.

In the forward process of an ACB, the block’s input vector u is split into two halves, u1 and u2, which are
then both transformed by an affine function with coefficients exp(si) and ti for i ∈ {1, 2}, using element-wise
multiplication, �, and addition, +,

v1 = u1 � exp (s2 (u2)) + t2 (u2) , v2 = u2 � exp (s1 (v1)) + t1 (v1)

9
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For the corresponding inverse process, the output is split into two halves v = [v1,v2] , and the inverse of the
above relations is after simple algebraic transformations found to be

u2 = (v2 − t1 (v1))� exp (−s1 (v1)) , u1 = (v1 − t2 (u2))� exp (−s2 (u2))

The coefficient functions si, ti can be any function, as for example a fully dense neural network, and must not be
invertible. The permutation layers are needed in order to shuffle the elements of the subsequent layer’s input in
a randomized but stationary way, leading to a different split of variables u = [u1, u2] for every block enhancing
the interaction among the variables and, thus, the expressiveness of the model.

To facilitate the learning of complex models for small dimensional parameter spaces X, Ardizzone et al. (2018)
[1] suggests to pad both the in- and output of the network with an equal number of zeros and, thus, enable the
network’s interior layers to embed the data into a representation space of higher dimension.

Invertible Neural NetworkInput

DVAR x ∈
R3+2|Λ|

Padding
xpad ∈ Rdp

Output

QOI
y ∈ R2L|Λ|

Latent
z ∈ Rdz

Padding
ypad ∈ Rdq

Block 1 . . . Block i− 1

Block i

Block i+ 1 . . . Block k

:=

Block

Affine
Coupling
Block

Permutation
Layer

Figure 5: Schematic of the architecture of the invertible neural network. Each block consists of an affine coupling
block followed by a permutation layer.

The loss function used to train the network is the composition of numerous loss functions:

Linv = wxLx + wyLy + wzLz + wrLr + wpLp.

The first loss, Lx, ensures that the sampled design variable distribution p̂X(X) matches the one of the data set,
pX(X). Ly guarantees that the relation between the microphysical particle properties and the light scattering
data is captured by the model. Ardizzone et al. (2018) suggest using the mean squared error, which we did,
i.e. Ly = E[(y − f̂D(xy))2]. Lz makes sure that the model samples latent vectors z from the desired normal
distribution p(z). Additionally, the function guarantees that the latent variables are sampled independently of
the desired quantities of interest y, i.e. p(z|y) = p(z), thus, preventing the redundant encoding of information.
Lz is implemented by Maximum Mean Discrepancy, a kernel-based framework for comparing distributions only
accessible through samples. Lr ensures the robustness of the model with respect to small perturbations in
the measurement data, which we modeled using Gaussian noise ε ∼ N (0, σr)

N . The loss is thus given by
Lr = E[(g(f̂y(x) + ε)− x)2]. Lastly Lp makes sure that the amplitude of the noise fed into the model through
the padding dimensions is low, i.e. Lp =

∑
n∈pad ‖xn‖

2
+ ‖y‖2, to assure that no information is encoded there.

10



ETH Zurich & PSI Villigen 5 RESULTS

4.2 Implementation and hyperparameters
We were able to adapt a Python implementation of the invertible neural network of Bellotti (2020) [2], who
used it to solve an inverse problem involving the Argonne Wakefield Accelerator.

To find good hyperparameters, we used random search together with the Asynchronous Successive Halving
Algorithm (ASHA) developed by [13]. ASHA is a scheduler that allows for a broad, parallel exploration of the
hyperparameter space by early stopping models scoring worse than a certain fraction, in our case one fourth, of
all the models that have been trained to the respective epoch of comparison. We compared the quality of the
models with respect to mean absolute error of the forward process.

The ranges of the hyperparameter space that we investigated using random search is given in Table 2. As
activation function for each neuron we used ReLUs. For optimization, we used Adam with default parameters,
a constant learning rate of 5× 10−5 and a batch size of 8.

Table 2: The part of the hyperparameter space that we investigated using random search.

Wavelengths Depth Width Blocks wx wy wz wr wp σr

Λ = {532} [2, 4] [40, 90] [3, 4] [100, 200] 350 [180, 350] [220, 350] [0, 20] [0.05, 0.3]
Λ = {450, 630} [2, 4] [80, 130] [3, 4] [100, 200] 350 [180, 350] [220, 350] [0, 20] [0.05, 0.3]
Λ = {450, 532, 630} [2, 4] [140, 200] [3, 4] [100, 200] 350 [180, 300] [220, 320] [0, 20] [0.05, 0.3]

5 Results

As motivated in Sec. 3, we performed three hyperparameter scans on three different subsets of the simulated
data corresponding to three different sets of wavelengths. The first model was only trained on data originating
from one wavelength, namely 532 nm. Its performance is described in Sec. 5.1. The second model was trained
on data originating from two wavelengths, namely 450 nm and 630 nm. Its performance is discussed in Sec. 5.2.
The third model was trained on data originating from all of these three wavelengths. Details on its performance
are given in Sec. 5.3.

Each of these subsections describing a model is divided in four parts: one describing the training history of
the model, one committed to the performance of the forward process on the test set, one committed to the
performance of the inverse process on the test set, and, lastly one containing a qualitative description of the
predictions made by the best model.

To evaluate the performance of the models, we use the coefficient of determination, defined as 1 minus the
residual sum of squares divided by the total sum of squares

R2 = 1−
∑M
i=1 (zi − ẑi)2∑M
i=1 (zi − z̄)2

for a given data set {(zi, ẑi)}1≤i≤M with ẑi denoting the prediction of the respective quantity from the test data
set, zi, and z̄ = 1

M

∑M
i=1 zi the mean of the respective quantity from the test data set of size M = 20 000.

To compare the models having trained on data from different sets of wavelengths among each other, we use
the adjusted coefficient of determination, defined as R2

adj = 1 − (1−R2)(M−1)
M−k−1 with k denoting the number of

explanatory variables in the model and M again the size of the test data set. We further use the absolute error,
∆absẑi = |zi − ẑi|, and the relative error in per cent, ∆relẑi = |zi−ẑi|

zi
· 100, as well as percentile scores of these

values.
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5.1 Model trained on one wavelength
The following section discusses models trained on the subset of the data corresponding to the wavelength
Λ = {532 nm}.

The best of the 64 models trained within the scope of this hyperparameter scan was chosen according to the
highest coefficient of determination, R2, scored on the validation data set for the inverse process at the last
epoch of training. Figure 6 shows the R2 value of the validation data plotted against the R2 value of the training
data for each model at the end of training. This representation suggests that the forward process is slightly
overfitting, while the inverse processes would be expected to generalize perfectly. It should further be noted
that this hyperparameter scan delivered numerous models that would potentially be more accurate surrogates
for the forward process than the one chosen following our simple selection criterion.
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Figure 6: Results of the hyperparameter scan. The coefficient of determination, R2, of the validation data is
plotted against the R2 value of the training data.

Table 3: Hyperparameters of the selected model.

Blocks Depth Width Nominal dimension wp wr wx wy wz σr

4 3 87 328 9 331 160 350 346 0.095

The hyperparameters of the selected model are given in Table 3. At the last epoch of training, the coefficients of
determination of the forward process of this model scored R2

train = 0.982 on the training data and R2
val = 0.979

on the validation data. The coefficients of determination of the inverse process scored R2
train = 0.990 on the

training data and R2
val = 0.989 on the validation. On one core of an Intel Xeon Gold 6152 processor, the

average prediction time of the forward process of the selected model is 0.264 ms; the average prediction time of
the inverse process 15.0 ms.
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5.1.1 Training history

Figure 7 depicts the history of the coefficient of determination, R2, of the forward and the inverse process. The
maximum of R2 over the 80 training epochs of the forward process is reached around epoch 27, the overall trend
is ambiguous. Contrarily, the R2 value of the inverse process is on the rise up until the last epoch. Figure 8
shows the evolution of the mean absolute error of both the forward and the inverse processes over 80 training
epochs.
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Figure 7: History of the coefficient of determination, R2, of the forward and the inverse process.
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Figure 8: Evolution of the mean absolute error of both the forward and the inverse process over 80 training
epochs.
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5.1.2 Generalization of the forward process

The most compact assessment of the quality of the forward process is given in Table 4, which contains the
maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the relative errors
of the logarithm of the scattering phase function, ∆rel log(P11(θ)) and of the absolute errors of the polarized
phase function, ∆absPppf(θ). A less compact but more nuanced representation of the accuracy is then given in
Figure 9, which shows the 50th, 75th, 90th, 95th and 99th percentiles of ∆rel log(P11(θ)) and ∆absPppf(θ) as
a function of the scattering angle. Note that besides broader trends in the errors across the angles, there are
individual angles that significantly differ in accuracy from their respective neighbourhoods.

Figure 10 depicts the coefficient of determination, R2, once for the logarithm of the scattering phase function,
log(P11), and once for the polarized phase function, Pppf , plotted against the scattering angles. Here can be
observed that the angles with the lowest R2 are close to 5◦ in the case of log(P11) and close to 175◦ in the case
of Pppf . Besides these broader trends across the angles, there are individual angles that significantly differ in
accuracy from their respective neighbourhoods. The overall variation in R2 is, however, merely of the order of
10−3.

Table 4: The maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the relative
errors of the logarithm of the scattering phase function, ∆rel log(P11(θ)), on one hand and of the absolute errors
of the polarized phase function, ∆absPppf(θ), on the other. Both are rounded to three decimal places.

maxθ∈Θ of percentiles ∆rel log(P11(θ)) [%] ∆absPppf(θ)

50% 0.145 0.005
75% 0.252 0.009
90% 0.380 0.013
95% 0.485 0.016
99% 1.108 0.035
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Figure 9: 50th, 75th, 90th, 95th and 99th percentiles of the relative error of the predicted logarithm of the
scattering phase function, log(P11), and of the absolute error of the predicted polarized phase function, Pppf ,
as a function of the scattering angle.
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Figure 10: Coefficient of determination, R2, once for log(P11) and once for Pppf plotted against the scattering
angles.

5.1.3 Generalization of the inverse process

To quantify the inaccuracy of the inverse process, Table 5 contains the 50th, 75th, 90th, 95th and 99th percentiles
of the absolute errors of the retrieved microphysical aerosol particle properties. Given that some of these
features vary over several orders of magnitude, it is difficult to compare the precision between features in this
representation without consulting Table 1 listing the ranges of each of these features. For this reason there
is an alternative representation given in Figure 11, where the 50th, 75th, 90th, 95th and 99th percentiles of
the absolute errors of the retrieved microphysical aerosol particle properties are normalized by the respective
range from which the parameters were sampled, i.e. ∆absŷi/(maxỹ∈YD

ỹi −minỹ∈YD
ỹi) . According to this

representation, the errors of the standard deviation σ of the log-normal function are significantly larger than for
the other features. Also the R2

adj value of σ is smaller than the R2
adj values of the other microphysical particle

properties given in Table 6.
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Table 5: 50th, 75th, 90th, 95th and 99th percentiles of the absolute errors of the retrieved microphysical aerosol
particle properties rounded to three decimal places.

Percentiles of ∆abs n532 k532 Vtot rm σ

50% 0.001 0.001 18.507 0.005 0.002
75% 0.002 0.001 34.576 0.009 0.003
90% 0.003 0.002 56.821 0.014 0.005
95% 0.003 0.002 74.291 0.018 0.006
99% 0.006 0.005 125.722 0.030 0.011

n532 k532 Vtot rm σ

99%

95%

90%

75%

50%

2.259 % 2.631 % 2.469 % 1.264 % 22.602 %

1.185 % 1.063 % 1.489 % 0.758 % 13.001 %

0.926 % 0.759 % 1.142 % 0.600 % 9.401 %

0.593 % 0.455 % 0.691 % 0.392 % 5.400 %

0.333 % 0.253 % 0.368 % 0.221 % 3.000 %

Figure 11: The absolute error of the retrieved microphysical aerosol particle properties, normalized by the
respective range from which the parameters were sampled, i.e. ∆absŷi/(maxỹ∈YD

ỹi −minỹ∈YD
ỹi) .

Table 6: R2
adj of the retrieved microphysical aerosol particle properties rounded to two decimal places.

n532 k532 Vtot rm σ

1.00 1.00 1.00 1.00 0.95

Figure 12 displays the microphysical aerosol properties retrieved from scattering data plotted against their
true counterparts from the test data set. In this representation, samples come to lie on the black line on the
diagonal if the predicted data is equal to the true value, i.e. their ratio unity. The dispersion is the highest for
the standard deviation σ of the unimodal log-normal size distribution function and the lowest for the median
optical radius rm.
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Figure 12: Microphysical aerosol properties retrieved from scattering data plotted against their true counterparts
from the test data set. Samples come to lie on the black line on the diagonal if the predicted data is equal to
the true value, i.e. their ratio unity.

5.1.4 Qualitative comparison of predictions with test data

Lastly we are going to qualitatively consider the predictions made by our best model. Figure 13 shows five
predictions of the forward process and their true counterparts from the test set. Although the predicted curves
follow the general trends of the true curves from the test data, they contain high frequency variations that are
absent in all of the depicted curves from the test set.

Figure 14 displays Five predictions of the log-normal size distribution delivered by the inverse process and their
true counterparts from the test set. The prediction of the median optical radius rm, the standard deviation
σ and the total volume concentration Vtot seem to fit for all the depicted cases but for the the curve with the
highest overall concentration, for which our prediction seems still slightly off with respect to σ and Vtot.
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Figure 13: Qualitative comparison between curves that we predicted from sets of microphysical aerosol param-
eters from the test set and the respective curves simulated by GRASP-OPEN.
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Figure 14: Qualitative comparison between the log-normal size distributions retrieved using our network when
applied to five samples of light scattering data of the test set to the true log-normal size distributions that were
used to simulate the respective samples of light scattering data.
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5.2 Model trained on two wavelengths
The following section discusses models trained on the subset of the data corresponding to the wavelengths
Λ = {450 nm, 630 nm}.

The best of the 30 models trained within the scope of this hyperparameter scan was chosen according to the
highest coefficient of determination, R2, scored on the validation data set for the inverse process at the last
epoch of training. Figure 15 shows the R2 value of the validation data plotted against the R2 value of the
training data for each model at the end of training. This representation suggests that the forward process
is slightly overfitting, while the inverse processes would be expected to generalize perfectly. It should further
be noted that this hyperparameter scan delivered numerous models that would potentially be more accurate
surrogates for the forward process than the one chosen following our simple selection criterion.
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Figure 15: Results of the hyperparameter scan. The coefficient of determination, R2, of the validation data is
plotted against the R2 value of the training data.

Table 7: Hyperparameters of the selected model.

Blocks Depth Width Nominal dimension wp wr wx wy wz σr

4 2 118 646 2 316 147 350 228 0.122

The hyperparameters of the selected model are given in Table 7. At the last epoch of training, the coefficients of
determination of the forward process of this model scored R2

train = 0.971 on the training data and R2
val = 0.966

on the validation data. The coefficients of determination of the inverse process scored R2
train = 0.996 on the

training data and R2
val = 0.996 on the validation. On one core of an Intel Xeon Gold 6152 processor, the

average prediction time of the forward process of the selected model is 0.478 ms; the average prediction time of
the inverse process 23.7 ms.

5.2.1 Training history

Figure 16 depicts the history of the coefficient of determination, R2, of the forward and the inverse process. The
maximum of R2 over the 80 training epochs of the forward process is reached around epoch 37, the overall trend
is ambiguous. Contrarily, the R2 value of the inverse process is on the rise up until the last epoch. Figure 17
shows the evolution of the mean absolute error of both the forward and the inverse processes over 80 training
epochs.
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Figure 16: History of the coefficient of determination, R2, of the forward and the inverse process.
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Figure 17: Evolution of the mean absolute error of both the forward and the inverse process over 80 training
epochs.

5.2.2 Generalization of the forward process

The most compact assessment of the quality of the forward process is given in Table 8, which contains the
maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the relative errors of
the logarithm of the scattering phase function, ∆rel log(P11(θ)), and of the absolute errors of the polarized phase
function, ∆absPppf(θ). A less compact but more nuanced representation of the accuracy is given in Figure 18,
which shows the 50th, 75th, 90th, 95th and 99th percentiles of ∆rel log(P11(θ)) and ∆absPppf(θ) as a function
of the scattering angle. Note that besides broader trends in the errors across the angles, there are individual
angles that significantly differ in accuracy from their respective neighbourhoods. Overall, the predictions of
Pppf seem to be more accurate at the wavelength of λ = 630 compared to the wavelength of λ = 450, mainly
due to the region of increased error between about 40° and 85° of Pppf in the case of λ = 450.

Figure 19 depicts the coefficient of determination, R2, once for the logarithm of the scattering phase function,
log(P11), and once for the polarized phase function, Pppf , plotted against the scattering angles. Here can be
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observed that the angles with the lowest R2 are close to 5◦ in the case of log(P11) and close to 175◦ in the case
of Pppf . Note again that besides these broader trends across the angles, there are individual angles, in particular
for P11, that significantly differ in accuracy from their respective neighbourhoods. The overall trends in accuracy
are similar between the two wavelengths, with the exception of a small dip of R2 of Pppf of λ = 630 nm compared
to λ = 450 nm around the scattering angle of 142°. The overall variation in R2 is, however, merely of the order
10−3.

Table 8: The maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the relative
errors of the logarithm of the scattering phase function, ∆rel log(P11(θ)), on one hand and of the absolute errors
of the polarized phase function, ∆absPppf(θ), on the other. Both are rounded to three decimal places.

maxθ∈Θ ∆rel log(P11(θ)) [%] ∆absPppf(θ)

50% 0.203 0.007
75% 0.350 0.013
90% 0.524 0.021
95% 0.665 0.028
99% 1.156 0.047
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Figure 18: 50th, 75th, 90th, 95th and 99th percentiles of the relative error of the predicted logarithm of the
scattering phase function, log(P11), and of the absolute error of the predicted polarized phase function, Pppf ,
as a function of the scattering angle.
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Figure 19: Coefficient of determination, R2, once for log(P11) and once for Pppf plotted against the scattering
angles.

5.2.3 Generalization of the inverse process

To quantify the inaccuracy of the inverse process, Table 9 contains the 50th, 75th, 90th, 95th and 99th percentiles
of the absolute errors of the retrieved microphysical aerosol particle properties. As before, an alternative
representation is given in Figure 20, where the 50th, 75th, 90th, 95th and 99th percentiles of the absolute errors
of the retrieved microphysical aerosol particle properties are normalized by the respective range from which
the parameters were sampled. According to this representation, the errors of the standard deviation σ of the
log-normal function are significantly larger than for the other features. Also the R2

adj value of σ is smaller than
the R2

adj values of the other microphysical particle properties given in Table 10.
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Table 9: 50th, 75th, 90th, 95th and 99th percentiles of the absolute errors of the retrieved microphysical aerosol
particle properties rounded to three decimal places.

Percentiles of ∆abs n450 n630 k450 k630 V R σ

50% 0.001 0.001 0.001 0.000 15.841 0.006 0.001
75% 0.002 0.001 0.001 0.001 28.453 0.011 0.002
90% 0.002 0.002 0.002 0.001 44.397 0.016 0.003
95% 0.003 0.003 0.002 0.002 56.587 0.020 0.004
99% 0.005 0.004 0.003 0.005 90.102 0.032 0.008

n450 n630 k450 k630 Vtot rm σ

99%

95%

90%

75%

50%

1.741 % 1.630 % 1.651 % 2.505 % 1.803 % 1.362 % 15.601 %

1.111 % 1.000 % 1.051 % 0.971 % 1.132 % 0.851 % 8.801 %

0.852 % 0.778 % 0.851 % 0.664 % 0.888 % 0.694 % 6.801 %

0.556 % 0.519 % 0.550 % 0.409 % 0.569 % 0.477 % 4.400 %

0.333 % 0.296 % 0.300 % 0.204 % 0.317 % 0.272 % 2.600 %

Figure 20: The absolute error of the retrieved microphysical aerosol particle properties, normalized by the
respective range from which the parameters were sampled, i.e. ∆absŷi/(maxỹ∈YD

ỹi −minỹ∈YD
ỹi) .

Table 10: R2
adj of the retrieved microphysical aerosol particle properties rounded to two decimal places.

n450 n630 k450 k630 V R σ

1.00 1.00 1.00 1.00 1.00 1.00 0.97

Figure 12 displays the microphysical aerosol properties retrieved from scattering data plotted against their
true counterparts from the test data set. In this representation, samples come to lie on the black line on the
diagonal if the predicted data is equal to the true value, i.e. their ratio unity. The dispersion is the highest for
the standard deviation σ of the unimodal log-normal size distribution function and the lowest for the median
optical radius rm.
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Figure 21: Microphysical aerosol properties retrieved from scattering data plotted against their true counterparts
from the test data set. Samples come to lie on the black line on the diagonal if the predicted data is equal to
the true value, i.e. their ratio unity.
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5.2.4 Qualitative comparison of predictions with test data

Lastly we are going to qualitatively consider the predictions made by our best model. Figure 22 shows five
predictions of the forward process and their true counterparts from the test set. Although the predicted curves
follow the general trends of the true curves from the test data, they contain high frequency variations that are
absent in all of the depicted curves from the test set.

Figure 23 displays Five predictions of the log-normal size distribution delivered by the inverse process and their
true counterparts from the test set. As in Figure 14, the prediction of the median optical radius rm, the standard
deviation σ and the total volume concentration Vtot seem to fit for all the depicted cases but for the the curve
with the highest overall concentration, for which our prediction still seems slightly off with respect to rm, σ and
Vtot, albeit less than the model trained on data from one wavelength only in σ and Vtot.
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Figure 22: Qualitative comparison between curves that we predicted from sets of microphysical aerosol param-
eters from the test set and the respective curves simulated by GRASP-OPEN.
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Figure 23: Qualitative comparison between the log-normal size distributions retrieved using our network when
applied to five samples of light scattering data of the test set to the true log-normal size distributions that were
used to simulate the respective samples of light scattering data.
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5.3 Model trained on three wavelengths
The following section discusses models trained on data of all three wavelengths Λ = {450 nm, 532 nm, 630 nm}.

The best of the 14 models trained within the scope of this hyperparameter scan was chosen according to the
highest coefficient of determination, R2, scored on the validation data set for the inverse process at the last epoch
of training. Figure 24 shows the R2 value of the validation data plotted against the R2 value of the training
data for each model at the end of training. This representation suggests that the forward process is slightly
overfitting, while the inverse processes would be expected to generalize perfectly. It should further be noted
that this hyperparameter scan delivered about 4 models that would potentially be more accurate surrogates for
the forward process than the one chosen following our simple selection criterion.

0.85 0.90 0.95 1.00
R 2 training 

0.85

0.90

0.95

1.00

R
2
 v

al
id

at
io

n

Forward process

Selected model

0.85 0.90 0.95 1.00
R 2 training 

0.85

0.90

0.95

1.00

R
2
 v

al
id

at
io

n

Inverse process

Selected model

Figure 24: Results of the hyperparameter scan. The coefficient of determination, R2, of the validation data is
plotted against the R2 value of the training data for each model at the end of training.

Table 11: Hyperparameters of the selected model.

Blocks Depth Width Nominal dimension wp wr wx wy wz σr

4 2 93 964 18 323 142 350 339 0.171

The hyperparameters of the selected model are given in Table 11. At the last epoch of training, the coefficients of
determination of the forward process of this model scored R2

train = 0.977 on the training data and R2
val = 0.968

on the validation data. The coefficients of determination of the inverse process scored R2
train = 0.997 on the

training data and R2
val = 0.997 on the validation. The average prediction time of the forward process of the

selected model is 0.624 ms. The average prediction time of the inverse process 30.7 ms.
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5.3.1 Training history

Figure 25 depicts the history of the coefficient of determination, R2, of the forward and the inverse process. The
maximum of R2 over the 70 training epochs of the forward process is reached around epoch 55, the overall trend
is ambiguous. Contrarily, the R2 value of the inverse process is on the rise up until the last epoch. Figure 26
shows the evolution of the mean absolute error of both the forward and the inverse processes over 70 training
epochs.
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Figure 25: History of the coefficient of determination, R2, of the forward and the inverse process.
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Figure 26: Evolution of the mean absolute error of both the forward and the inverse process over 80 training
epochs.
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5.3.2 Generalization of the forward process

The most compact assessment of the quality of the forward process is given in Table 12, which contains the
maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the relative errors
of the logarithm of the scattering phase function, ∆rel log(P11(θ)), and of the absolute errors of the polarized
phase function, ∆absPppf(θ). A less compact but more nuanced representation of the accuracy is then given
in Figure 27, which shows the 50th, 75th, 90th, 95th and 99th percentiles of ∆rel log(P11(θ)) and ∆absPppf(θ)
as a function of the scattering angle. Note that besides broader trends in the errors across the angles, there
are individual angles that significantly differ in accuracy from their respective neighbourhoods. Overall, the
predictions of Pppf seem to be more accurate at the wavelengths of λ = 532 and λ = 630 compared to the
wavelength of λ = 450, again, mainly due to the region of increased error between about 40° and 85° of Pppf in
the case of λ = 450.

Figure 28 depicts the coefficient of determination, R2, once for the logarithm of the scattering phase function,
log(P11), and once for the polarized phase function, Pppf , plotted against the scattering angles. Here can be
observed that the angles with the lowest R2 are close to 5◦ in the case of log(P11) and close to 175◦ in the case
of Pppf . Further, we can observe that the R2 values of Pppf for λ = 450 lower than the R2 values of Pppf for both
λ = 532 and λ = 630 between the angles of 95° to 175°. Note again that besides these broader trends across the
angles, there are individual angles that significantly differ in accuracy from their respective neighbourhoods.
The overall variation in R2 is, however, merely of the order of 10−3.

Table 12: The maximum over all scattering angles of the 50th, 75th, 90th, 95th and 99th percentiles of the
relative errors of the logarithm of the scattering phase function, ∆rel log(P11(θ)), on one hand and of the absolute
errors of the polarized phase function, ∆absPppf(θ), on the other. Both are rounded to three decimal places.

maxθ∈Θ percentiles ∆rel log(P11(θ)) [%] ∆absPppf(θ)

50% 0.274 0.012
75% 0.482 0.022
90% 0.778 0.031
95% 1.078 0.038
99% 2.007 0.055
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Figure 27: 50th, 75th, 90th, 95th and 99th percentiles of the relative error of the predicted logarithm of the
scattering phase function, log(P11), and of the absolute error of the predicted polarized phase function, Pppf ,
as a function of the scattering angle.
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Figure 28: Coefficient of determination, R2, once for log(P11) and once for Pppf plotted against the scattering
angles.

5.3.3 Generalization of the inverse process

To quantify the inaccuracy of the inverse process, Table 13 contains the 50th, 75th, 90th, 95th and 99th
percentiles of the absolute errors of the retrieved microphysical aerosol particle properties. As before, an
alternative representation is given in Figure 29, where the 50th, 75th, 90th, 95th and 99th percentiles of the
absolute errors of the retrieved microphysical aerosol particle properties are normalized by the respective range
from which the parameters were sampled. According to this representation, the errors of the standard deviation
σ of the log-normal function are significantly larger than for the other features. Also the R2

adj value of σ is
smaller than the R2

adj values of the other microphysical particle properties given in Table 14.
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Table 13: 50th, 75th, 90th, 95th and 99th percentiles of the absolute errors of the retrieved microphysical aerosol
particle properties rounded to three decimal places.

Percentiles of ∆abs n450 n532 n630 k450 k532 k630 Vtot rm σ

50% 0.001 0.001 0.001 0.001 0.001 0.000 20.526 0.005 0.001
75% 0.002 0.001 0.002 0.001 0.001 0.001 35.453 0.008 0.002
90% 0.002 0.002 0.002 0.002 0.002 0.001 53.037 0.012 0.003
95% 0.003 0.003 0.003 0.002 0.002 0.002 65.358 0.015 0.004
99% 0.004 0.004 0.004 0.004 0.003 0.004 95.219 0.022 0.007

n450 n532 n630 k450 k532 k630 Vtot rm σ

99%

95%

90%

75%

50%

1.630 % 1.556 % 1.667 % 1.751 % 1.619 % 1.789 % 1.905 % 0.941 % 13.401 %

1.037 % 1.037 % 1.074 % 1.001 % 1.063 % 0.818 % 1.308 % 0.647 % 8.201 %

0.815 % 0.815 % 0.852 % 0.750 % 0.911 % 0.613 % 1.061 % 0.519 % 6.401 %

0.556 % 0.519 % 0.556 % 0.500 % 0.658 % 0.409 % 0.709 % 0.349 % 4.400 %

0.296 % 0.296 % 0.333 % 0.250 % 0.405 % 0.204 % 0.411 % 0.200 % 2.600 %

Figure 29: The absolute error of the retrieved microphysical aerosol particle properties, normalized by the
respective range from which the parameters were sampled, i.e. ∆absŷi/(maxỹ∈YD

ỹi −minỹ∈YD
ỹi) .

Table 14: R2
adj of the retrieved microphysical aerosol particle properties rounded to two decimal places.

n450 n532 n630 k450 k532 k630 Vtot rm σ

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98

Figure 30 displays the microphysical aerosol properties retrieved from scattering data plotted against their true
counterparts from the test data set. In this representation, samples come to lie on the black line on the diagonal
if the predicted data is equal to the true value, i.e. their ratio unity. As in Figure 12 and 21, The dispersion is
the highest for the standard deviation σ of the unimodal log-normal size distribution function and the lowest
for the median optical radius rm.
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Figure 30: Microphysical aerosol properties retrieved from scattering data plotted against their true counterparts
from the test data set. Samples come to lie on the black line on the diagonal if the predicted data is equal to
the true value, i.e. their ratio unity.
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5.3.4 Qualitative comparison of predictions with test data

Lastly we are going to qualitatively consider the predictions made by our best model. Figure 32 shows five
predictions of the forward process and their true counterparts from the test set. Although the predicted curves
follow the general trends of the true curves from the test data, they contain high frequency variations that are
absent in all of the depicted curves from the test set. Figure 31 displays Five predictions of the log-normal
size distribution delivered by the inverse process and their true counterparts from the test set. Contrary to
Figure 14 and Figure 23, the prediction of the median optical radius rm, the standard deviation σ and the total
volume concentration Vtot seem to fit for all the depicted cases.
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Figure 31: Qualitative comparison between the log-normal size distributions retrieved using our network when
applied to five samples of light scattering data of the test set to the true log-normal size distributions that were
used to simulate the respective samples of light scattering data.
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Figure 32: Qualitative comparison between curves that we predicted from sets of microphysical aerosol param-
eters from the test set and the respective curves simulated by GRASP-OPEN.
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6 Discussion and outlook

The fluctuations in the R2 value observable in Figure 7, 16 and 25 suggest that future work is needed to
determine the criteria according to which one chooses the epoch at which the invertible neural network is
considered best. It could also occur that the forward process commonly starts overfitting while the inverse
process is still underfitting. Unfortunately, it was not possible for me to adequately investigate this aspect
within the scope of this report due to time constraints.

In the prediction of P11 in particular, we sometimes encounter individual angles that significantly differ in
accuracy to their respective surroundings, as can be observed in the figures depicting the relative quantile error
of log(P11) and the absolute quantile error of Pppf but also those depicting the R2 value per scattering angle for
the forward process, i.e. Figure 9, 18, 27 and Figure 10, 19, 28 respectively. If we compare these figures among
each other, we note that a subset of these angles vary, suggesting the possibility that these type of errors could
be reduced by the use of an ensemble method, e.g. a weighted average per angle of the predictions of several
different models.

Another approach to increase robustness and accuracy of both the forward and the inverse process might be to
integrate the fact that most both P11 and Pppf seem to be very smooth, as can be seen when comparing our
predictions to the test data in Figure 13, 22 and 32. Contrary to the test data, our predictions contain high
variations at different sections. This is in itself unsurprising, for our invertible neural network simply regards
them as separate data points with no constraints on the differences in values between neighbouring input values.
However, this could be changed by deploying a pre and post processing involving spline interpolation, convolution
based, or Fast Fourier transform based approach to filter out high frequency oscillations, be they artificial or
measurement noise, which might help increasing the overall accuracy. I also was unable to investigate this due
to time constraints, but the idea seems natural and promising.

Considering the results in Figure 13, 22 and 32, one might also contemplate the possibility of estimating the
missing values of P11 and Pppf between 85° to 95° degree as well as beyond the truncation angles at 5° and 175°,
given the rest of the curve. Contrary to the parts of the curves between the angles of 85° to 95°, for which a
linear extension of the curves might already do a good job at approximating the missing values, it seems that
one would need a more intricate approach for completing the curves beyond the truncation angles of 5° and
175°, where higher order derivatives of the curves are likely not negligible. Being able to accurately complete
P11 and Pppf for these angles is desirable, for it might path the way to simpler measurement devices and more
efficient measurement procedures. Bearing in mind the need for continuous and efficient monitoring of aerosols
in various areas, these prospects are very tempting. If one were interested in completing curves of variable input
length, then the logical form of this task would become equivalent to the one posed for time series forecasting in
statistical inference. Solving the task might constitute an interesting application of recurrent neural networks
which are often used in the latter area of research.

For the inverse process, the standard deviation, σ, of the size distribution function has the biggest prediction
error across all models, as can be seen in Figure 11, 20 and 29. Comparing these plots among each other,
we can further note that the accuracy of retrieval is always higher for the model using more scattering data,
i.e. scattering data originating from more wavelengths. Also as expected, the difference in accuracy is smaller
between the models using Λ = {450 nm, 532 nm, 630 nm} and Λ = {450 nm, 630 nm} respectively than between
the latter and Λ = {532 nm}.

As already hinted at in Sec. 3, it can not be expected that the models trained on our current data set perform
well on real data, unless for cases in which the assumption holds that n450 ≈ n532 ≈ n630 and the measured
aerosols are within the range of our simulated training set. Nonetheless, the quality of our predictions and
retrievals suggest that given more realistic training data, this approach seems practical, fulfilling the promise of
constituting a fast and accurate surrogate alternative for GRASP-OPEN.

Our work shows that invertible neural networks are a promising tool for both simulating the scattering phase
function P11 and the polarized phase function Pppf as well as retrieving microphysical aerosol properties from
such light scattering data. After the initial training phase, their evaluation is cheap, fast and accurate, a
combination that was currently not reachable using classical computer algorithms.
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If the accuracy of the invertible model were insufficient for a given task, it might still be possible to use it to
initialise more precise but also more expensive physically-based iterative algorithms, such as GRASP-OPEN,
and thus diminish the time it takes to reach a given accuracy.
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