
Koopmans-compliant calculations on Hooke’s atom

Semester project by Yannick Schubert, supervised by Dr. Edward Linscott and Dr. Andreas Adelmann
(Dated: January 26, 2022)

In this project, we examine the ability of Koopmans-compliant functionals to compute the elec-
tronic structure of Hooke’s atom. We show that for this system they clearly outperform the widely
used PBE functional in resembling the true exchange-correlation potential and in predicting quasi-
particle energies.

I. INTRODUCTION

A. Koopmans Compliant Functionals

The possibility to obtain accurate first-principle pre-
dictions for quasi-particle related properties such as band
gaps and photoemssion spectra is of central interest. En-
hancing the design and characterization of optical and
electronic devices such as solar cells is a possible appli-
cation [1].

The recently developed Koopmans Compliant (KC)
functionals [2–11] are one approach to calculate these
spectral properties numerically. To test the performance
of new developed functionals, it is essential to test them
on systems with analytical solutions and on systems
with accurate numerical and/or experimental reference
solutions. Earlier studies have already shown that KC
functionals work well for real molecules and solids when
compared to the solutions obtained from accurate quan-
tum chemistry methods, and to experimental results [12].
However, they have never been tested on an analytically
solvable system. With an exact solution at hand the
performance of different functionals can be evaluated in
great detail. Hooke’s atom is such a system. It describes
two electrons confined in a harmonic potential.

In the following section a very short introduction
to Kohn-Sham Density Functional Theory (KS-DFT)
[13, 14] summarizes the basics needed to discuss some
of its problems. Afterwards it will be motivated how KC
functionals address these issues.

1. Summary of standard Kohn-Sham-DFT

The overall goal of all functionals discussed in this
study is to computationally model a system of interact-
ing electrons in a given external potential V̂ext. Even
without the spin degrees of freedom, the corresponding
Schrödinger equation is a differential equation in 3N di-
mensional space. Solving this equation directly for prac-
tically every system of interest vastly exceeds today’s
(and tomorrow’s) computational capabilities, so we must
necessarily make some approximations.

There are several different approaches one can take
here. High-level perturbative methods like Green’s-
function-based approaches [15] (e.g. the GW approxima-
tion [16]) and wavefunction-based approaches (e.g. cou-
pled cluster [17] or Quantum Monte Carlo [18]) are ac-

curate but computationally expensive, which limits what
systems we can study with these approaches.
A more approximate and computationally inexpensive

approach is density functional theory (DFT). DFT in-
troduces a framework that allows us to reformulate the
complicated many-body particle problem as a set ofN in-
dependent single-particle problems and therefore tremen-
dously reduces the complexity. Its main ideas are based
on the theorems by Hohenberg and Kohn [13]. They
imply that all properties of the system of interacting
electrons are completely determined by the ground state
density and that the total energy as a functional of the
density alone suffices to calculate the exact ground state
energy and ground state density. From this it can be
inferred that all physical quantities can as well be con-
sidered as functionals of the density instead of as func-
tionals of the many-body wavefunction. However, this is
only a statement about the existence of such functionals
and not about how they can be found.
A central observation of Kohn and Sham [14] provides

remedy. They discovered that finding the ground-state
energy and density of our system of interacting elec-
trons is equivalent to finding the ground-state energy and
density of an auxiliary system of non-interacting elec-
trons. Any state in such a system of non-interacting
electrons can be expressed as a single Slater determinant
over single-particle wavefunctions ϕKS

j , where the index
j summarizes all necessary quantum numbers. For the
system of non-interacting electrons, a set of N single-
particle equations, called Kohn-Sham equations, can be
derived:

KS 1:

[
−1

2
∇2 + veff [ρ](r)

]
ϕKS
j (r) = εKS

j ϕKS
j (r)

KS 2: veff [ρ](r) = vH[ρ](r) + vext(r) + vxc[ρ](r)

vH[ρ](r) =

∫
d3r

ρ(r′)

|r− r′|

ρ(r) =

occ∑
j

|ϕKS
j (r)|2

Here, vH is the Hartree potential, vext is the external
potential and − 1

2∇
2 is the kinetic energy operator. The

exchange-correlation potential vxc is constructed in such
a way that it contains all unknown terms and that its
contribution to the total energy is small compared to the
contributions of the Hartree potential, of the external
potential and of the kinetic energy operator. The εKS

j

are the so-called Kohn-Sham eigenvalues and ρ(r) is the
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electronic ground-state density. By construction of the
Kohn-Sham equation this density is equal to the exact
ground-state density of the interacting system.

These equations have to be solved self-consistently,
since the effective potential veff is a functional of the den-
sity, which in turn is constructed out of the single-particle
wavefunctions {ϕj} that solve the first equation.
If the exchange-correlation potential was known, the

Kohn-Sham equations would be an exact reformulation of
the original many-body problem without any approxima-
tions being made. Unfortunately, it is unknown in nearly
all cases of interest. To nevertheless benefit from the re-
duced complexity of the single-particle framework, the
exchange and the correlation potential can be approxi-
mated in various ways. Two famous classes of approxima-
tions are the so-called local density approximation (LDA)
and generalized gradient approximations (GGA). LDA is
the simplest approximation of the exchange-correlation
potential. Is assumes that it is a functional of the local
density only. The GGA describe the next level of approx-
imation, where we assume that the exchange-correlation
functional is not only a functional of the density but also
of the gradient of the density. Such a functional is called
semi-local. A very common example of the functionals
belonging to the class of GGA functionals is the so-called
PBE functional [19].

2. Problems of Kohn-Sham DFT

A common approach in physics and chemistry to de-
scribe a complicated many-body quantum state is to only
focus on the low-energy excitations and treating them as
weakly interacting quasi-particles. In our case we are
primarily interested in electronic excitations and there-
fore electronic quasi-particles (hereafter just referred to
as quasi-particles). These move in an effective field gen-
erated by all other electrons and the nuclei. The quasi-
particle energy describes the energy that is needed to
remove it from the system. Accordingly, the difference
between two quasi-particle energies is the energy needed
to excite the system from one state to another. There-
fore, if we can accurately predict quasi-particle energies,
we can predict properties such as conductivity and opti-
cal absorption.

One of the fundamental problems with KS-DFT is that
the KS orbital energies {εKS

j } are theoretically unrelated
to those quasi-particle energies. As shown in the previ-
ous subsection, they are only the single-particle energies
of some auxiliary system that happens to have the same
ground state density as the system of interest. Neverthe-
less, in practice the KS eigenenergies often qualitatively
(and sometimes even quantitiatively) compare well to ex-
periment, and it is standard practice to treat KS eigenen-
ergies as quasi-particle energies

But even if the first problem was ignored, errors in-
troduced when approximating the exchange-correlation
potential imply that the Kohn-Sham energies are bad

FIG. 1. E(N) for the exact exchange-correlation functional,
semi-local DFT and Hartree Fock

approximations for quasi-particle energies.
One typical error is the so-called self-interaction er-

ror (SIE). It accounts for the error that exists when the
non-physical self-interaction which is part of the Hartree
potential is not perfectly canceled by the exchange-
correlation potential. For a single Slater determinant,
the exact Hartee potential vH,i felt by the particle i is
given by

vH,i(r) =
∑
j ̸=i

∫
dr′

|ϕj(r
′)|2

|r− r′|

As shown above, in KS-DFT the Hartree potential is

vH(r) =

∫
dr′

ρ(r′)

|r− r′|
=

∑
j

∫
dr′

|ϕKS
j (r′)|2

|r− r′|

where in contrast to vH,i the sum also contains the term
j = i. The KS equations are still exact since the ex-
act exchange-correlation potential perfectly compensates
this difference. But in practice, most approximations of
it do not. This is called the “one-body self interaction er-
ror”. As a consequence the electrons of the KS solution
are over-delocalized. That means that their wavefunc-
tions are artificially spread out, in order to minimize the
Coulomb repulsion they feel from their own density.
It has recently been argued that the concept of the

one-electron self-interaction error can be generalized to
the “many-body self-interaction error”, which manifests
itself as a curvature in the total energy as a function of
the total number of electrons [20] as schematically shown
in fig. 1. However, the exact functional is piecewise linear
with respect to the total number of electrons [21].
Janak showed [22] that if we have the exact exchange-

correlation potential, the Kohn-Sham orbital energy is
given by the derivative of the total energy with respect
to the occupation of the corresponding state:

εKS
j =

dE

dfj

From this it follows that the wrong curvature directly
affects KS eigenvalues which we would like to interpret
as quasi-particle energies.
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FIG. 2. Consequence of the SIE of semi-local DFT for quasi-
particle energies

3. How do KC functionals address the problems of
KS-DFT?

To overcome some of the KS-DFT issues a piecewise
linearity (PWL) constraint to the total energy as a func-
tion of the particle number can be introduced. Thanks
to Janak’s theorem, this is equivalent to saying that the
orbital energy of the highest occupied state should be a
constant as a function of its occupation. We call this
state the HOMO (highest occupied molecular orbital).

Koopmans spectral functionals are a class of corrective
functionals that bridge the gap between KS eigenvalues
and quasi-particle energies and remedy the SIE. In order
to achieve this, these functionals generalize the idea of
PWL in the sense that they enforce a constant orbital
energy for any orbital in the system, rather than only for
the highest-energy state.

Denote with ε̃i the energy of the quasi-particle i. As-
suming PWL and making use of Janak’s theorem ε̃i can
be calculated to be equal to the corresponding Kohn-
Sham orbital energy:

ε̃i ≡ E(N)− Ei(N − 1) =
E(N)− Ei(N − 1)

N − (N − 1)

PWL
=

∂E

∂fi

Janak
= εKS

i (1)

where Ei(N − 1) is the total energy of the system where
we have removed the quasi-particle i from the system.
Therefore, the PWL would cure the first problem, allow-
ing the KS energies to be interpreted as quasi-particle
energies.

Moreover, the generalized PWL condition guarantees
that the orbital energies do not depend on the occupation
of the orbital itself. Therefore the orbital’s energy is free
from the self-interaction error.

4. Linearization in KC functionals

The KC functionals are constructed (following Ref. 9)
as corrective functionals: that is, they start from a DFT
energy functional EDFT (the “base” functional) and add
a correction Πj to each orbital j such that the total en-

ergy EKC is linear with respect to the fractional occupa-
tion fj .
To motivate how this could be achieved, consider

frozen orbitals first, i.e. neglect the response of all elec-
trons as the occupation of one orbital is changed. In
this case a KC correction ΠKC

j for each orbital j should
linearize the total energy:

Ansatz: EKC = EDFT +
∑
j

ΠKC
j

⇒ ηi ≡ const
!
=

∂EKC

∂fi
=

∂EDFT

∂fi
+

∂ΠKC
i

∂fi

⇒ ηi −
∂ΠKC

i

∂fi
=

∂EDFT

∂fi

Janak
= εKS

i = ⟨φi|ĤDFT(fi)|φi⟩

⇒ ΠKC
i = −

fi∫
0

ds⟨φi|ĤDFT(s)|φi⟩+ fiηi

ĤDFT(s) is the KS Hamiltonian of the base functional
calculated with a fractional occupation s in the orbital φi.
The constant ηi can be chosen in different ways, the so-
called KI and KIPZ methods denote two of them. Note
that in contrast to standard KS-DFT energy functionals
the KC energy functional is not only dependent on the
total density but also on the occupations of each orbital
fi. In case of such orbital-density dependent (ODD) cor-
rections we have to minimize the total energy functional
with respect to the entire set of orbitals and not just with
respect to the total density. The set of orbitals that mini-
mize the total energy is called the variational orbitals. In
this orbital dependent DFT (ODDFT) framework these
are in general not the same as the so-called canonical
orbitals, which are the states that diagonalize the Hamil-
tonian.
A conjugate gradient algorithm is employed to varia-

tionally minimize the energy functional with respect to
the variational orbitals.
To account for the relaxation of the other electrons,

orbital-dependent screening parameters αi are intro-
duced. In total, the KC energy functional reads:

EKC[ρ, {fi}, {αi}] = EDFT[ρ] +
∑
j

αjΠ
KC
j [ρ, {fi}] (2)

The screening parameters are defined such that εKC
i =

∆EKC
i holds for relaxed orbitals instead of frozen or-

bitals, where

∆EKC
i =

{
EKC(N)− EKC

i (N − 1) filled orbitals

EKC
i (N + 1)− EKC(N) empty orbitals

This definition of the screening parameters can be em-
ployed to compute them ab inito. The method that is
used in this project is the so-called ∆SCF approach. It
is an iterative procedure relying on a series of Koopmans
and DFT calculations.
This method takes its name from the well established

∆SCF scheme [23] for standard KS-DFT functionals,
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where total energy differences are used to get more accu-
rate estimations of quasi-particle energies. For example
we can conduct two DFT calculations, one with N elec-
trons and one with N − 1 electrons. The difference in
total energy gives an estimate for the HOMO energy:

εDFT,∆SCF
HOMO = EDFT(N)− EDFT(N − 1) (3)

While the HOMO energies obtained from a single LDA or
GGA calculation are very prone to the SIE, this method
only relies on total energies calculated at integer occu-
pations. Since total energies are ground state properties
they can be accurately predicted by DFT according to
the theorems of Hohenberg and Kohn. Therefore, the
∆SCF method yields much more accurate HOMO ener-
gies than single LDA or GGA calculations.

By construction of the screening parameters, the
HOMO energy of the KI method will converge to the
HOMO energy of the underlying “base” functional if in
both cases the ∆SCF method is used. The reason for this
is that for integer occupations the total KI energy (and
therefore also its ground state density) is equal to the
total energy obtained with the underlying DFT method.
This is not the case for the KIPZ method, which also
modifies the density.

B. Hooke’s Atom

Now that we have introduced the functionals which we
want to study, we can introduce the system that we will
use to asses their performances. It is called Hooke’s atom
and it is describing a system where two electrons are ex-
posed to an external harmonic potential. The Hamilto-
nian describing this system is given by:

H = −1

2

(
∇2

1 +∇2
2

)
+

1

2
k
(
r21 + r22

)
+

1

r12

For k = 1
4 the Schrödinger equation can be solved an-

alytically [24] and the exact ground state wavefunction
can be expressed as:

Ψ(r1, r2) = N0 ×
(
1 +

1

2
|r1 − r2|

)
e−

1
4 (r

2
1+r22)

It has an energy of

E = 2 Hartree (4)

N0 denotes the normalization constant.
The ground state density is given by:

ρ(r) = 2

∫
dr2 |Ψ(r, r2)|2

= 2N2
0 e

−1/2r2
{(π

2

)1/2
[
7

4
+

1

4
r2

+

(
r +

1

r

)
erf

(
2−1/2r

)]
+ e−1/2r2

}
(5)

We can also extract various quantities as predicted by
the exact DFT functional. For example, the density given
by the exact DFT functional will match exactly the an-
alytical solution. Furthermore, we can obtain analyti-
cal solutions for the exchange-correlation potential and
the KS energy eigenvalues (see appendix A 1 for details).
Moreover it can be shown how to express the KC cor-
rection to the exchange-correlation potential and to the
HOMO energy as a functional of quantities obtained by
the “base” functional (see appendix A 2 for details).

II. COMPUTATIONAL METHODS

We simulated Hooke’s atom within Quantum Espresso
[25, 26] (QE). The harmonic potential was achieved by
constructing a ”hookium” pseudopotential with the cor-
rect r2 behaviour at small distances (see appendix B 1
for details). We used an energy cutoff of 50 Ry, a cell
size of 12.5 Å, and a cutoff of the potential of 5.0 Å. We
chose those parameters as the result of a convergence
analysis (see appendix B 2 for details). We performed
the calculations with the LDA, PBE, PZ, KI, and KIPZ
functionals. For the KI and KIPZ calculations we used
PBE as a “base” functional. The PZ (“Perdew-Zunger
Self-Interaction-Corrected”) functional is the PBE func-
tional with the vHxc-potential removed orbital-by-orbital
[27].

III. RESULTS

In the following we will present the densities,
the exchange-correlation potentials and the exchange-
correlation energies obtained for the different function-
als.
The converged densities as well as the exact density as

given by eq. (5) are depicted in fig. 3. The KI density is
exactly equal to the PBE density. This is also expected as
discussed in section IA 4. By contrast, the KIPZ calcu-
lation does modify the density. While for small distances
the LDA and PBE densities are too small compared to
the exact density, the PZ and the KIPZ densities are
too large. On the one hand, the LDA and PBE orbitals
are over-delocalized due to the SIE. On the other hand,
KIPZ and PZ are both methods that explicitly target to
correct the one-body SIE but seem to overshoot for this
two-electron system.
Figure 4 shows the approximation of the exchange-

correlation potential of the different functionals in com-
parison to the exact exchange-correlation functional as
derived in eq. (A2). The ODD correction for the KI,
KIPZ and PZ case correspond to the formulas given in
eq. (A7), eq. (A8) and eq. (A9) respectively. As expected,
the vKI potential correction implies just a constant shift
to PBE exchange-correlation potential. Therefore it fails
in the same way as PBE to reproduce the asymptotic
Coulombic decay of the exact potential. The KIPZ po-



5

FIG. 3. Electron Density of the different approximations com-
pared to the exact electron density. The electron density is
in all cases normalized such that integrating 4πr2ρ(r) from
zero to infinity gives two. All quantities are plotted along a
one-dimensional line starting from the origin of the potential.

FIG. 4. For the DFT functionals we plot the xc potential. For
the ODDFT functionals we plot the xc potential of the base
functional, plus the orbital-specific correction. All quantities
are plotted along a one-dimensional line starting from the
origin of the potential.

tential corrects this, and gives a much closer agreement
for large distances. The PZ methods gives a similar re-
sult which can be motivated from the discussion in ap-
pendix A 2.

In fig. 5 the functionals are applied to the respective
KS orbitals which can be calculated from the density

FIG. 5. We apply the potential plotted in fig. 5 to the single-
electron wavefunction. All quantities are plotted along a one-
dimensional line starting from the origin of the potential.

TABLE I. The total energies and HOMO energies obtained
with different functionals in Hartree. In parentheses the dif-
ference to the exact HOMO energy is given in per cent.

Functional Total Energy HOMO Energy
Exact 2.0000 1.2500
LDA 2.0257 1.4446 (+15.57%)
PBE 2.0090 1.4391 (+15.13%)
∆SCF 1.2564 (+ 0.51%)
PZ 2.0059 1.2563 (+ 0.50%)
KI 2.0090 1.2564 (+ 0.52%)
KIPZ 2.0061 1.2560 (+ 0.48%)

as ϕ(r) = [ 12ρ(r)]
1/2 as motivated in eq. (A1). This is

a key physical quantity since during the minimization
procedure of the total energy we only ever consider the
potential multiplied with the wavefunction and never just
the potential.

The results for the total energies are shown in table I.
Since this is a ground state property, all functionals ob-
tain total energies that are very close to the one given in
eq. (4). The results also reflect the fact that the Koop-
mans functionals are not primarily made to get better
approximations of the total energy but to predict orbital
energies more accurately.

Finally, we consider the HOMO energies that we ob-
tain with the different functionals and compare them to
the exact solution given in eq. (A3). The results are
shown in table I. The HOMO energy of the PBE cal-
culation is approximately 0.189 Hartree higher than the
exact HOMO energy. A much closer result with PBE is
achieved using the ∆SCF method. It yields a result that
is just 0.0064 Hartree higher than the exact value. As
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FIG. 6. We multiply the potential plotted in fig. 5 with
4πr2nHOMO(r). All quantities are plotted along a one-
dimensional line starting from the origin of the potential.

elaborated in section IA 4 this gives the same result as
the KI method. The KIPZ and the PZ methods give an
additional slight improvement compared to the KI result.

To get the contribution of the exchange correlation po-
tential to the HOMO energy we have to multiply the po-
tential shown in fig. 4 with the orbtial density and 4πr2

and integrate it over all radial distances. To visualize
this integrand, the total exchange-correlation potential
(including ODD corrections for the ODDFT methods)
multiplied with 4πr2nHOMO is shown in fig. 6. As we can
conclude from this figure neither very small distances nor
very large distances contribute much to the integral.

IV. CONCLUSION

Koopmans functionals do an excellent job of reproduc-
ing the total energy, the HOMO energy, and the exact
KS potential for Hooke’s atom.

The PBE and LDA orbitals are over-delocalized due
to self-interaction error. This is reflected by a too
small density at small distances. KIPZ seems to over-
decompensate this effect, since the electrons are too lo-
calized.

As for most real materials a single PBE calculation also
fails for this simple system to produce an accurate result
for the HOMO energy. The ∆SCF method does a much
better job since it only relies on total energy calculations.

Compared to the KI potential the main improvement
when using the KIPZ method in approximating the exact
exchange-correlation potential is achieved for large dis-
tances. Since the electron density vanishes for large dis-
tances, the effect on the HOMO energy is small. There-

fore the KIPZ method only yields a small improvement
in approximating the HOMO energy compared to the KI
result in the case of Hooke’s atom. As motivated in ap-
pendix A2, in our simple system the PZ correction yields
similar results as the KIPZ correction.
As a final note we would like to mention that this

study has some limitations mainly due to the simplicity
of Hooke’s atom. For example, it does not allow inves-
tigating the implications of having two sets of orbitals,
canonical and variational. The reason for that is that for
such a one-orbtial system the Hamiltonian is not a ma-
trix but a number and therefore the canonical orbitals
are identical to the variational orbitals.
As an outlook we would like to include an empty state

in the calculation which would enable us to compute
the LUMO energy (lowest unoccupied molecular orbital).
This quantity would allow us to predict the minimal ex-
citation energy, which is given by the difference between
the LUMO and the HOMO energy. For this calculation
we would expect that the KI and KIPZ methods per-
form better than the PZ method, since the PZ method
exclusively adds a correction to filled states.

Appendix A: Eigenvalues and Exchange-Correlation
Functionals for Hooke’s Atom

1. Kohn-Sham Functionals

In the following it will be shown how exact expressions
for the exchange and correlation potentials and for the
HOMO energy can be obtained for Hooke’s atom [28].
For two electrons of opposite spin, the two KS single-

orbital wave functions ϕKS
i ≡ ϕKS and energies εKS

i ≡
εKS are identical. As described in section IA 1 the exact
ground state electron density of the system is the same
as the density of the non-interacting Kohn-Sham system.
From this, the exact KS orbital wave functions ϕKS can
be calculated:

ρ(r) = 2
∣∣ϕKS(r)

∣∣2 ⇒ ϕKS(r) =

[
1

2
ρ(r)

]1/2
(A1)

This can be employed to invert the Kohn-Sham equations
and to obtain an expression for the exchange-correlation
potential:

vxc[ρ](r) = εKS − vext(r)− vH[ρ](r)− vKE[ρ] (A2)

where the last term comes from the kinetic energy

vKE[ρ] = −1

2

∇2ϕ

ϕ
=

1

4

(
∇2ρ

ρ

)
− 1

8

(
∇ρ

ρ

)2

The external potential vext in this case is given by
vext(r) = 1

2kr
2 and vH is the Hartree potential vH =∫

d3r ρ(r′)
|r−r′| as before. The orbital energy εKS can be cal-

culated as follows:

εKS ≡ εKS
HOMO = E(N)− E(N − 1)
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E(2) = 2 Hartree is the ground state energy of Hooke’s
atom and E(1) = 3

2k
1/2 = 3

4 Hartree is the energy of a
single electron in a three dimensional harmonic potential.
This implies

εKS =
5

4
Hartree (A3)

Therefore all terms on the right of eq. (A2) are known
exactly and vxc can be inferred.
For two electrons of opposite spin, the exchange po-

tential is just half of minus the Hartree potential

vx[ρ](r) = −1

2
vH[ρ](r) (A4)

The exact correlation potential is then given by

vc[ρ](r) = vxc[ρ](r)− vx[ρ](r) (A5)

2. Orbital Density Dependent corrections

The KC corrections as well as the PZ correction intro-
duce orbital density dependent (ODD) corrections to the
total energy. That means that the energy is no longer
only a functional of the total density but also of the or-
bital density ρi = fini(r), where ni(r) = |ϕi(r)|2 is the
occupation-independent density and fi is the occupation
of the orbtial i.

From these corrections to the total energy, an ODD
correction to the exchange-correlation potential can be
defined by taking the functional derivative with respect
to the density. In the case of the KC-potential it is given
by:

v̂i
KC =

δ

δρi

∑
j

ΠKC
j (A6)

The general form of this potential for the KI and the
KIPZ cases is presented in [5]. In our two electron system
there is only one orbital and therefore the spin quantum
number σ is sufficient to describe the state i. Since each
spin-channel σ is fully occupied, i.e. nσ = ρσ = 1

2ρ, the
general expression can be simplified to

v̂KI
σ (r)|fσ=1 = −EHxc

[
1

2
ρ

]
+ EHxc [ρ]

− 1

2

∫
dr′vHxc [ρ] (r

′)ρ(r′) (A7)

v̂KIPZ
σ (r)|fσ=1 = v̂KI

σ (r)|fσ=1

− EHxc

[
1

2
ρ

]
− vHxc

[
1

2
ρ

]
(r)

+
1

2

∫
dr′vHxc[ρ](r

′)ρ(r′)

=

(
Exc [ρ]− 2Exc

[
1

2
ρ

])
− vHxc

[
1

2
ρ

]
(r)

(A8)

The subscript Hxc indicates that we take the sum of
Hartree, exchange and correlation contributions. Note
that the KI potential does not depend on r in our case.
Moreover, the potential will be the same for both elec-
trons. Therefore, we can also drop the spin index σ. To
include screening we multiply each expression above with
the screening parameter αi of the corresponding orbital
i.
The PZ correction removes the vHxc-potential from

each orbital, i.e. the PZ orbital dependent correction
is in general given by

v̂PZ
i (r) = −vHxc[ρi](r)

This expression can again be simplified in the case of
Hooke’s atom:

v̂PZ
σ (r)|fσ=1 = −vHxc

[
1

2
ρ

]
(r) (A9)

Janak’s theorem eq. (1) can be used to derive how the
ODD potentials affect the HOMO energy in the simple
case of Hooke’s atom:

εKC
HOMO[ρ] = εDFT

HOMO[ρ]

+ αHOMO

∫
drvKC(r)nHOMO(r) (A10)

εPZ
HOMO[ρ] = εDFT

HOMO[ρ]

+

∫
drvPZ(r)nHOMO(r) (A11)

If we neglected orbital relaxation, i.e. set the screen-
ing parameters to 1, in our case the PZ and the KIPZ
potential would be identical except for a constant shift.
Therefore they would yield the same density and hence
the same total energy. Since the electrons in Hooke’s
atom screen only very little, both corrections yield simi-
lar densities, potentials and energies.

Appendix B: Compuational Methods

1. The Pseudopotential

In order to simulate Hooke’s atom with DFT, we
need to somehow create a background harmonic poten-
tial within the framework of QE. When simulating real
molecules or solids, the background potential is the po-
tential due to the nucleii and the core electrons, typically
represented by an effective potential called a “pseudopo-
tential”. Pseudopotentials allow us to focus on the va-
lence electrons for the actual computation and therefore
reducing the complexity of the problem. The idea behind
this is that the core electrons are very inert to the local
environment.
However, we can’t simply create a harmonic pseudopo-

tential and deploy it in QE. This is because for asymp-
totic distances from the nucleus QE expects the pseu-
dopotential to behave like the Coulomb potential of a
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FIG. 7. Input potential with a cutoff of the potential of 3.5 Å
(shown in blue). For large distances the potential behaves
like the Coulombic potential of a Helium nucleus (shown in
yellow).

point charge. That means, asymptotically it should be
equal to −Zval/r, where Zval is the number of valence
electrons and r is the distance from the nucleus.

The input potential that we created to solve Hooke’s
atom is a shifted harmonic potential for small distances
and the expected Coulombic potential for large distances.
We implemented an exponential decay between those two
regimes to make the potential continuously differentiable.
The position of the transition between the two regimes
can be characterized by a parameter that we call rc. Fig-
ure 7 shows the potential generated for rc being equal to
3.5 Å.

2. Convergence Analysis

It is very important that the cutoff of the potential
does not influence any physical quantities obtained by
the simulation. Otherwise it would no longer be possible
to compare the results to the exact solution, since the
situation could no longer be described by two electrons
in a harmonic potential. To ensure this, rc has to be set
to large enough radial distances.

Apart from a large enough rc, it is essential, that the
results are also converged with respect to the size of the
simulated unit cell (”cellsize”) and with respect to the
kinetic energy cutoff (”ecutwfc”). To ensure this, we
performed a convergence analysis with respect to these
three parameters. More specifically, we computed the
exchange-correlation energy with the PBE functional for

FIG. 8. Absolute deviation from the most converged result of
the exchange-correlation energy obtained with PBE for dif-
ferent combinations of the parameters pot cut, cellsize and
ecutwfc. The latter two are summarized by the blue area.

the following ranges of the three parameters:

rc ∈ {2.5 Å, 3.0 Å, 3.5 Å, 4.0 Å, 4.5 Å, 5.0 Å}
cellsize ∈ {10.0 Å, 11.25 Å, 12.5 Å, 13.75 Å, 15.0 Å}
ecutwfc ∈ {50 Ry, 60 Ry, 70 Ry, 80 Ry, 90 Ry, 100 Ry}

We compare each result to the result that we obtain with
rc = 5.0 Å, cellsize = 15.0 Å and ecutwfc = 100 Ry.
We assume this calculation to yield the most converged
result.
It turned out that the position of the cutoff of the po-

tential had the biggest impact on the deviation from the
most converged result. In the chosen range of parameters
it was impossible to identify any trend with respect to the
kinetic energy cut-off and the size of the unit cell. As can
be seen clearly in fig. 8 the result is well converged for a
cutoff of the potential at 3.5 Å. Therefore we took this
value as the cutoff of the potential for all calculations. As
kinetic energy cutoff we used the smallest tested value of
50 Ry since higher values did not yield better results in
the convergence analysis. And for the cell size we selected
12.5 Å to ensure that the exponential decay between the
two regimes has converged to the Helium-like behavior
well before the cell boundary to prevent any kind of un-
wanted discontinuities.

Appendix C: Exchange and Correlation Energies for
LDA and PBE

For the PBE and the LDA functional it is possible to
extract the exchange and the correlation potential indi-
vidually. These potentals can be compared to the exact
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FIG. 9. Exchange potential of the LDA and PBE approxi-
mation computed with QE compared to the exact exchange
potential. All quantities are plotted along a one-dimensional
line starting from the origin of the potential.

FIG. 10. Correlation potential of the LDA and PBE approx-
imation computed with QE compared to the exact exchange
potential. All quantities are plotted along a one-dimensional
line starting from the origin of the potential.

expressions eq. (A4) and eq. (A5) as shown in fig. 9 and
fig. 10. These plots reproduce exactly the results pre-
sented in [29].
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