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Abstract

Currently the Finite Element implementation in IPPL only supports the first order Lagrangian
space, which limits its usability to scalar valued functions. In the future we would like to be
able to solve problems from electromagnetism, which requires different finite element spaces. To
this extent we are introducing the Nédélec space into IPPL. While the Lagrangian degrees of
freedom are defined on the vertices, the Nédélec ones are defined on the edges, making a one to
one translation of the current implementation, especially with regards to storing of degrees of
freedom, not possible. To solve this problem we introduce a new FEMVector class used to store
the values at degrees of freedom located at arbitrary positions, with which we then implement
the Nédélec space.

In this report we will talk about why we need the Nédélec space, how we implemented it,
and then finish of by showing the correctness and performance of our implementation.
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Chapter 1

Introduction

IPPL [1] stands for Independent Parallel Particle layer and is a performance portable C++ library
designed for Particle-Mesh methods. One primary part of IPPL is a Particle In Cell (PIC) loop,
in which particles are simulated in a Lagrangian frame, while simultaneously certain properties
are calculated in an Eulerian frame (on the mesh), and then these properties are used to update
the particles. So we have two independent building blocks, one is the simulation of particles,
while the other one is the solving of PDEs in the Eulerian frame. One method that can be
used to solve the PDEs and which already is part of IPPL is the Finite Element Method (FEM).
For a general introduction into FEM please refer to [2] and for an explanation on how FEM is
implemented in IPPL please refer to [3].

Currently the FEM framework in IPPL only supports first order Lagrange basis functions,
which limits the range of solvable PDEs to scalar functions. In the future we would like to be
able to solve problems from electromagnetism, therefore we need to define a new finite element
space which supports such vector fields. A natural choice for the electric field in the case of
electromagnetism are the Nédélec basis functions [4], in order to also have the magnetic one a
different finite element space would have to be used, namely Raviart-Thomas. The Nédélec basis
functions create a H (curl, 2)-conforming finite element space, where the basis functions are vector
fields defined on the edges of the mesh and they exist for 2D and 3D. In the rest of this report
we will look into the implementation of the Nédélec space in IPPL and some numerical results in
order to test the correctness of the implementation and to provide performance characteristics.



Chapter 2

Method

2.1 Theory
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Figure 2.1: The global DOF numbering scheme (blue circles) for the Nédélec space in both 2D
and 3D. For 2D also the element numbering (black number), and its multidimensional index
(black pair) is given, for 3D this was omitted for visual clarity.

Currently IPPL only supports structured, rectilinear grid meshes. Therefore our FEM refer-
ence elements are the unit square in 2D and the unit cube in 3D, for which our Nédélec Degrees
of Freedom (DOFs) reside on the edges. In order to be able to interact with them we assign each
DOF a number, this numbering happens by sorting, low to high, the DOF positions according
to first their z-coordinate (only in 3D), because there are multiple DOFs with same z-coordinate
we have not created a unique ordering, but a block ordering, where we have multiple blocks of
DOFs with same z-coordinate and these blocks are sorted correctly. Then in order to further
sort we now take each of these blocks and sort them according to their y-coordinate (in 2D we
would simply start here and order all DOFs according to their y-coordinate), but this again will
create a block sorting for which we then sort each block according to their z-coordinate. After
we have sorted the final blocks according to  we now should have created an unique ordering
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Figure 2.2: The reference elements for the Nédélec space in both 2D and 3D with the DOF
numbering scheme.

of the DOFs. An example can be seen in Figure 2.1. The elements are numbered in the same
manner, but additionally also have a multidimensional index, which is a coordinate vector p, that
tells the position of an element relative to the mesh itself, so it gives you the offset in elements
of an element relative to the element with smallest position, this can also be seen in Figure 2.1.
During the FEM calculations we are going to work with a reference element, which in our case
is either the unit square or the unit cube. On it we are also going to have to number the local
DOFs, this is given in Figure 2.2. This notion of local numbering does not only apply to the
reference element, but also for the elements inside of the mesh, where the local DOFs are simply
the ones which lie on this element.

During the FEM calculations we are often required to retrieve the global shape functions
associated with an element given by its multidimensional index, in other words: figuring out
what the global indices of the local shape functions of an element are. The global DOF indices
for an element with multidimensional index 7 living in a mesh with number of vertices per axis
given by ng, n,, and n, are given in Equation (2.1) for the 2D case and in Equation (2.2) for
3D, where they are ordered according to the local shape functions.
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The last thing left to do is to the state the formulae for the basis functions. Here we follow
standard FEM methodology and do not evaluate the basis functions on the mesh, but define a
reference element on which we evaluate them and then use a transformation in order to transform
them to the actual element in the mesh. We define with S; the i-th local shape function,
i € {0,1,2,3} for 2D and ¢ € {0,1,2,...,11} for 3D, of an element in the mesh, and with B;
the corresponding shape function in the reference element. The formulae for the 5_;» are readily
available, such as in [5], and they are given in Collection 2.1. So we want to evaluate the
function f(-), which depends on the shape function §; transformed by an arbitrary operator L,
i.e., f(Lof;), using the reference element shape functions, such that we get:

F(LoB) =f(Go(Lof)), (2.3)

where G is the operator that we are looking for. In the case of curl-conforming Nédélec space L
will in most cases either be identity or the curl operator, for them we have that the G will look
as follows:

£(B) = f(B)) and (2.4)
F(V x B;) = f(T7T(V x By)), (2.5)

so in the case of identity G is identity and for the curl it is J =7, which is the inverse transpose
Jacobian of the affine transformation between the reference element and the actual element.

2.2 Pipeline

The general pipeline we are using is shown in Figure 2.3. We define a solver, to solve a problem
for @(Z) of the form:

o

(@(Z)) = §(Z) in Q, (2.6)
(%) x =0 on 09, (2.7)

Sy

where F'(-) defines some functional which determines the type of problem we are solving, §(-) is
the right hand side (RHS) function, and 7 is the normal vector of the domain €.

The first step of the pipeline regards the right hand side function g, which will be provided
to us, in some form, by the PIC code; We will later go into more detail on the exact way in
which we represent this RHS. The next step in the pipeline consists of assembling the Galerkin
system Aji = 5, where A is defined by F(-), gby g, and [{ is the solution vector. During the
assembly is where the finite element space comes into play, in our case this is the NedelecSpace
class, as it knows about how the Galerkin discretization looks like and therefore how the matrix
A and the vector b need to be constructed. Note that in our case we are doing this matrix-free,
so instead of fully expressing the entries of the matrix A we construct a functional which returns
the result of the multiplication Av for some arbitrary vector ¥, as such a multiplication is the
only information needed to solve such a system using the Conjugate Gradient (CG) method.
When the information about the linear system is created we pass it to the CG solver, which will
then solve it for us and returns the solution vector ji. Note that the solution vector ji only stores
the basis function coefficients of the Nédélec space and in order to retrieve the solution @(Z) we

Alexander Pietak 4
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Collection 2.1: Formulae for the local shape functions on the reference element of the Nédélec
space in both 2D and 3D.

have to reconstruct it, something which is done by the Nédélec space. After all this is done we
can pass the solution back to PIC and we are done with the FEM-based solve.

One question we have to answer is how we store the vectors b and i. Both of them are
1D vector which store values at the DOF positions and which need to provide functionality
for halo exchanges and domain boundaries. Until now IPPL only supported the first order
Lagrangian space, where the DOF positions coincide with the vertex positions and therefore
an ippl::Field could be used, which is a data structure containing values at the mesh grid-
points, i.e., vertex positions. However, for the Nédélec space the DOFs are edge centered and
therefore cannot be stored inside of an ippl::Field. To this end we implemented a new class
called FEMVector, which represents a 1D vector and provides functionality for halo exchanges
(currently no boundary operations are implemented).

With this general overview provided, we will now discuss in more detail the different parts of
the pipeline.

2.3 FEMVector

In its very core the FEMVector, Figure 2.4, is a wrapper around a 1D Kokkos::View which
stores data of a templated type. So the FEMVector has a member called data which is a 1D
Kokkos: : View and then some methods to interact with it, like retrieving its size, an entry, or even
itself. While this is neither revolutionary, nor particularly useful, its actual usefulness comes from
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Figure 2.3: General pipeline diagram, for the solving of a problem using the Nédélec space.
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ippl::FEMVector::BoundaryInfo

+ neighbors
+ sendldxs
+ recvldxs

ippl::detail::Expression

ippl::FEM Vector
- data: Kokkos::View

+ fillHalo()
+ accumulateHalo()
+ setHalo()

+ deepCopy()
+ skeletonCopy()

Figure 2.4: UML Class diagram for the FEMVector.

its ability to perform halo operations (used during parallelization with MPI). Additionally it also
allows for the future implementation of new features, like the handling of domain boundaries.

In order to allow for the halo exchange the FEMVector exposes a set of functions to manipu-
late the halo, namely fillHalo(), accumulateHalo(), and setHalo(), where the first two are

Alexander Pietak 6
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equivalent to their ippl: :Field counter parts and the third one is used to set the value of the
halo to what is passed as an argument. The way in which the halo is internally handled is by
having three lists, the first one, called neighbors, simply stores the MPI ranks of all the other
ranks from which information needs to be send or received. The other two lists, called sendIdxs
and recvIdxs, are lists of lists which store for each rank in neighbors a list of indices of the un-
derlying Kokkos: :View, which are part of their halo and we therefore have to send (sendIdxs),
or which are part of our halo and we therefore have to receive values into (recvIdxs). All these
lists are passed to the FEMVector at construction time. As we are simply working with indices
we are able to create an exchange mechanism that is completely independent of the underlying
geometry of the problem and by already passing the lists in the constructor we can also have that
the FEMVector is completely unaware of the geometry it is used upon, which adds flexibility.

These three lists are implemented using a std::vector<size_t> for neighbors and a
std: :vector<Kokkos: :View<size_t*>> for both sendIdxs and recvIdxs. They are not di-
rectly stored inside of the FEMVector class, but inside of a helper struct, called BoundaryInfo,
to which the FEMVector owns a pointer. The reason for having this separation between the
FEMVector with its boundary exchange logic and the BoundaryInfo with the data needed to
perform the exchange is to have a smaller footprint of the FEMVector, allowing for cheaper copy-
ing to device, and for the easy creation of FEMVectors which do not have any halo information; of
course this means that when the entire FEMVector is copied to device any information about the
boundary is lost. On the other hand we still have that the exchange of data needs to happen via
the device, as the entries of the FEMVector are stored there, this is the reason why the sendIdxs
and recvIdxs store Kokkos: :Views, which then are passed (in the form of Kokkos: :Views) by
the CPU to the GPU during the exchange. The actual exchange logic then becomes rather
trivial, and consists of looping over the entries in neighbors and for each of them copy data,
on the device, according to either sendIdxs or recvIdxs to a buffer which then is sent over the
network. For receiving we again loop over the neighbors, receive into the buffer and then copy
into the FEMVector data according to either sendIdxs or recvIdxs. The logic used to handle
the buffer is equivalent to the one utilized by the ippl: :HaloCells class, which can be found in
[6], and will therefore not be discussed in detail.

The last important thing that the FEMVector provides are methods for copying, namely a
function called deepCopy () and one called skeletonCopy (). The function deepCopy () creates
a new FEMVector which is identical to the current one and stores the same values. The function
skeletonCopy () on the other hand will not copy over the values, it creates a new FEMVector
of same size and boundary info, but it takes a template parameter which sets the value-type of
the entries of the new object, allowing for the creation of a FEMVector with same structure, but
which stores different types of values. This becomes especially useful when dealing with both
FEMVectors that need to store vectors and FEMVectors that need to store scalars.

From all this we can see that the FEMVector is a general object, which is independent from
any sort of mesh, DOFs, MPI layout, or even FEM itself. Meaning, that it can be utilized in a
lot of different situations, from higher order Lagrange, to new finite element spaces, or something
completely independent of FEM like general mesh data that needs to support communication, but
this flexibility also means that when we use a FEMVector we need to create a supporting structure
around it, that relates the FEMVector to its use case. This structure has to mainly provide two
things, the first one is functionality to map between the entries of the FEMVector and the DOF's
(or arbitrary points) inside of the mesh, and the second one is functionality to create FEMVectors,
this includes figuring out the correct size and setting-up all the halo exchange information, given
some representation of the MPI domain decomposition. So while the FEMVector is a general
object we still need to custom tailor it to the use-case that we have, which in our case is all part
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of the Nédélec space.

2.4 Nédélec Space

ippl::FiniteElementSpace

ippl::NedelecSpace

+ getGlobalDOFIndices()

+ getFEMVectorDOFIndices()
+ evaluateAx()

+ evaluateLoad Vector()

+ createFEM Vector()

+ computeError()

+ reconstructToPoints|()

Figure 2.5: UML Class diagram for the Nédélec Space.

The NedelecSpace class (UML diagram in Figure 2.5) stores all the information regarding
the Nédélec space. This means all the information about the basis functions, from the mapping
between global and local index to their formula and their curl. It provides methods for the
evaluation of the RHS given a representation of ¢g(&) and the evaluation of the multiplication A%,
between the Galerkin matrix and an arbitrary vector. It also creates the supporting structure
around the FEMVector, namely the mapping between the DOF indices and the entries of the
FEMVector, as well as routines for the creation of FEMVectors. Lastly it provides functionality
for the calculation of the L2 error, given an analytical form, and the reconstruction of the solution
given the Nédélec basis coefficients. All these points are discussed in more detail in the next few
sections.

2.4.1 Basis Functions

As already mentioned we store information regarding the mapping from local to global DOFs,
this equates to implementing the formulae defined in Equations (2.1) and (2.2). Similarly we also
have methods to retrieve the shape function values at arbitrary points inside of the reference
element, which is laid out by Collection (2.1). Next to simply retrieving the shape function
values we also need the curl of it, defined by V x 6_; with ﬁ_; the i-th basis function, as this is one
of the most common operators needed in curl-conforming Nédélec FEM. In the future different
operators can be implemented depending on what the problem to solve requires, as different
PDEs require different operators.

Alexander Pietak 8
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Figure 2.6: Example boundary setup in 2D for the exchange between two ranks. The image
displays a north-south exchange, for a west-east exchange the image can simply be rotated
clockwise by 90 degree. The colored areas indicate that these elements are completely owned by
that rank, the uncolored elements are shared between the two ranks, i.e., both ranks have DOF's
on them.

2.4.2 FEMVector

One of the main responsibilities of the NedelecSpace class with regards to the FEMVector is
its creation. The NedelecSpace class provides a function, called createFEMVector (), which
takes as input an MPI rank layout (calculated by IPPL) and returns a FEMVector for the MPI
subdomain of the current rank with correct size and halo communication setup. We therefore
need to discuss how the different boundaries with their halo cells are laid out. The layout provided
by IPPL follows a vertex based approach, so it will provide a range of vertices which dictate the
subdomains of each rank, this leads to some complication when having edge based DOFs, but a
simple rule can be followed: a rank owns all the DOFs which are part of the elements that are
engulfed by the vertex ranges of the layout. For example if the start of subdomain is marked
by (0,1) and the end by (1,2), it would mean that this rank owns the elements (0,1), (1,1),
(0,2), and (1,2). For a boundary where two MPI ranks meet, we have a hyperplane of elements
which are owned by neither of the ranks, but both ranks have a DOF on opposing edges of the
elements. There the rank for which this boundary is at the end of its domain will additionally
own the DOF's on the edges connecting the two domains with the DOFs owned by the other rank
in its halo. The rank for which the boundary is at the beginning of its domain will not get any
additional DOF's, but will simply put all the ones the other rank owns into its halo. Naturally if
the DOF is part of the halo of one rank (so part of the recvIdxs) it needs to be in the sendIdxs
of the other rank. A visual representation of this for the 2D case can be seen in Figure 2.6, where
a north south boundary is displayed, a west east would look identical just rotated 90 degrees
clockwise. For 3D the same scheme is used, one simply adds a new dimension with everything
else staying the same.

From these boundaries we can see that it appears as if we are growing one hyperplane of
elements outwards, so if the layout dictates that the rank has a domain of size m, x M, X 1,
elements it appears like we are actually interacting with a domain of size 7, +2 X1, +2xh,+2 =
mg X my X m,. Note that we are also adding one additional hyperplane of elements on the mesh
domain boundary, to stay in line with this definition and to also allow for more complicated
boundary conditions (like periodic) in the future. From this we then have that the FEMvector
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Figure 2.7: Example 2D 6 x 6 domain decomposition into 4 ranks. The colored areas indicate that
these elements are completely owned by that rank, the uncolored elements are shared between
different ranks, i.e., multiple ranks have DOFs on them. The small colored dots inside of the
degrees of freedom indicate that that rank has this DOF as part of their halo. Note that the
FEMVectors expand one hyperplane of elements further out than the mesh (black grid), this also
means that the element numbering for the global domain and the MPI subdomains have different
origins. Also note that we do not make a halo exchange between rank 1 and rank 2.

Alexander Pietak 10



ETH Zurich & PSI Villigen Chapter 2. Method

will store
ma(my — 1) + my(mg — 1), for 2D 2.8)
(ms — 1) (mg(my — 1) +my(my — 1) + memy) +mg(my, — 1) + my(m, — 1), for 3D

elements. An example 2D decomposition for 4 ranks is given in Figure 2.7. Note that we have to
pay special attention at points where multiple ranks meet, as it can get somewhat complicated
trying to figure out which rank owns what. Another interesting fact is that for this case we
would in theory have that rank 1 and rank 2 would exchange values over the diagonal, but in
our implementation we are not doing such an exchange. Our test showed that this does not have
an impact on the final result or the convergence of the algorithm. A similar thing is observed in
3D, where we do handle the diagonal exchange over edges, but not the diagonal exchange over
corners, but again no impact on the error can be observed. We are not entirely sure why this
happens and further research is required.

Now that we have established the DOF's which are stored by each FEMVector and how the
boundary is handled the last thing we need to look at is the order in which these DOF's are stored
inside of the FEMVector and related to that how we map between the global DOF numbering
scheme (as displayed in Figure 2.1) and the entries in the FEMVector, i.e., given the global
number of a DOF, what is its index in the FEMVector. For the ordering we follow the idea laid
out in Section 2.1, where we treat each MPI rank independently and do the numbering for its
Mg X My X m, subdomain, note that when we are on the domain boundary the FEMVector is
storing DOFs which are not part of the mesh, as the FEMVector is unaware of the mesh it will
handle them like every other DOF. Then in order to translate between the global number of a
DOF and its entry inside of the FEMVector we have to go over the element it belongs to, and
there its local number (as displayed in Figure 2.2). Suppose we have an element with a global
position p’'in the mesh. This element will belong to a subdomain of a rank, where it will have a
subdomain relative position of 7. Then we can use Equations (2.1) and (2.2), replace ' by p and
Ng, Ny, Nz By Mg, my, m,. These equations will then return the global DOF indices of all the
DOFs related to this element, from them we then want to pick out the one which corresponds
to our original DOF, which we do with the local shape function index, as we are working on the
same element the local index of the original DOF will be the same as the one of DOF in the
FEMVector. For example in Figure 2.7 we want to get the FEMVector index of the DOF on the
south edge (so local shape function index 0) of the element with global position p'= (3,1). This
element lies in subdomain of rank 2 where it has a subdomain specific position of p = (1,2),
note that here we are considering elements for which the FEMVector stores DOFs and because
the FEMVector has DOF's outside of the mesh we have to include those elements (which are not
part of the mesh) in our calculations, furthermore rank 2 has dimensions m, x m, =5 x 5 and
from this using Equation (2.1) we figure out that the index of the DOF inside of the FEMVector
is 19.

This might seem somewhat tedious to have to go over the element in order to translate indices,
but in practice this does not lead to any problems, as for the assemble of the RHS, the evaluation
of Av, and the error metric calculations we are following an element based approach, where we
loop over the elements and then for each of them do local calculations which we then translate
to the global domain, therefore we always will be working with the shape functions of a given
element, and it then is quite natural to both retrieve their global indices and their positions
inside of the FEMVector.

Alexander Pietak 11
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2.4.3 RHS

The implementation of this is given by the function evaluateLoadVector (). In Galerkin FEM
one generally transforms the problem in a linear system of equations Aji = 5, here we will
now discuss how we obtain the RHS b. The PDEs we are currently solving have a RHS which
corresponds to a load term, which means that the I-th entry of the vector l_;, of the linear system,
is given by:

b = /Q B - §(@)as, (2.9)

where E 1 is the basis function with global index I and g(-) is the RHS function of the PDE we
are solving. We implement this in standard FEM fashion using an element oriented assembling
scheme, where we loop through all the elements, then for each of them calculate the local con-
tribution of the local shape functions to the global basis indices, where we evaluate the integral
using numerical quadrature. For a detailed description of the numerical quadrature used in IPPL
refer to [3]. As we are currently only supporting zero Dirichlet boundaries in Nédélec FEM we
skip all DOFs which are located on the boundary.

In theory the function §(#) will be provided by the PIC loop and how exactly this inter-
face looks like is at this stage of the IPPL development not clear yet. Therefore we currently
implemented it by passing a FEMVector which stores the values of §(Z) at the Nédélec DOF
positions (center of edges) and we then do a very crude interpolation to the quadrature points
using the distance between the edge centers and the quadrature nodes. One caveat that needs
to be remembered here is that a FEMVector can never exist by itself and that it always needs a
supporting structure. In this case of passing the RHS as a FEMVector it means we need to define
what DOFs the FEMVector is storing, especially with regards to MPI ranks, and how they are
ordered inside of it (here we are ignoring the halo, as we do not need to make any exchanges). In
theory this is defined by the NedelecSpace class, but this leads to a problem, because the PIC
loop would have to provide this vector and it does not know (and should not know) anything
about the Nédélec space. This means that in the future some other way needs to be defined on
how the RHS should be provided, one that is independent of the underlying FEM space being
used. This is currently ongoing research in IPPL, also with regards to how interpolation between
particles and mesh should be handled. In our implementation we are circumventing this problem
by defining that the FEMVector that gets passed to the evaluateLoadVector () function needs
to have a structure identical ont the one described is Section 2.4.2; except for any of the halo
information (so simply the DOF's it stores and the order of this). We are able to do this as we are
currently only solving standalone test cases without any PIC for which we manually defined the
RHS. Therefore we can use our “human” knowledge to construct FEMVectors for these specific
cases.

2.4.4 Evaluate Av

In the previous section we saw how we obtain the RHS b of the system Aji = l_;, now we discuss
how the left hand side (LHS) is calculated. In theory one can explicitly construct the matrix
A and then solve the system directly, the problem with this approach is that for larger domain
sizes the matrix A can become very large making it unfeasible to store it inside of memory,
especially on GPUs. For this reason we are taking a matrix-free approach in which we provide
a functional that calculates the matrix vector product Av, for some arbitrary ¢, and combine
this with an iterative solver, currently we use CG. Like this a much smaller memory footprint is
achieved making the problem solvable even for large domains and higher orders. One part of this
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functional is the member function evaluateAx()' that calculates the result of a multiplication
between A and a vector .

The entry (I, J) for the global indices I and J of the matrix A are given by:
AI,J = / ]:(317517)(157 (210)
Q

where F(31, 3) is related to the F(@(Z)) of the Solver class through its variational formulation
and it will be different for each type of problem that we want to solve. In order to obtain the
product AU = § we can say:

Sr=> Api; (2.11)
J

In order to implement this in code we take a very similar approach to the calculation of the
RHS. We loop through all the elements and then for each element K calculate the local element
Matrix A which stores the contributions of the local shape functions of the element to the global
matrix A:

A ;= /Kf(ﬁi,ﬁj)df. (2.12)

Here the integral is solved using numerical quadrature and the F is provided to the NedelecSpace
class by the Solver class through a functor that takes as input the basis function values and
their curl at the quadrature points and returns the corresponding value of F(-,-). This approach
allows for the solving of problems with arbitrary F(), and in the future the parameters which
are passed to the functional representation can be expanded to allow for the solving of problems
which do not only rely on the basis function value and the curl. After the local element matrix
A is constructed we use it to update 5 according to Equation (2.11) where we need to map the
local DOF indices (i,7) to their global ones (I,.J) using the local to global mapping discussed
previously. Like with the RHS the DOFs on the boundaries are skipped, due to their zero
Dirichlet nature. After all this is done we should have an § which corresponds to the product
Av and we can then take this entire function and pass it to the CG solver as an operator.

2.4.5 Error metric

In order to gauge the accuracy and correctness of our implementation we added an error metric
namely the continuous L2 error, implemented by the function computeError (). The error that
we are solving for is:

e= [ fil@) -t (2.13)
Q

where @(+) is our numerical solution and @y (+) in an analytical solution. In true FEM fashion
we do not compute this directly on a global level, but do it element wise, such that we have:

e= Y /K \(F) — oo () 247, (2.14)

K €elements

1Note the somewhat different naming convention

Alexander Pietak 13



ETH Zurich & PSI Villigen Chapter 2. Method

As we can see this would require us to have a functional representation of our solution @(-), but
in practice we have a vector i which corresponds to the basis function coefficients. In order to
overcome this we utilize interpolation, specifically interpolation based on the basis functions. In
order to get the value @(&) for some & inside of an element K we use:

() = Z 133 (1), (2.15)

i€local DOFs of K

where p; is the basis function coefficient of the local shape function ¢ and B_; is the corresponding
shape function. We then use numerical quadrature to evaluate the integral in Equation (2.14)
and retrieve the final error. In standard FEM fashion we expect the error to decrease with second
order when increasing the number of elements per dimension linearly.

2.4.6 Solution reconstruction

At the end of the day, after the problem has been solved, we need to pass the solution back to PIC,
so we need a method for reconstructing the solution #(Z) from the basis function coefficients ji.
Like with the RHS we also have here that the exact interface between PIC and FEM has not been
designed yet. What we currently provide is a function called reconstructToPoints(), which
takes as input a list of points inside of the mesh, stored in a Kokkos: :View, and then reconstructs
the function value of @(-) at these points and returns this as also as a Kokkos::View. In the
future this might be used to directly retrieve the function value at the particle positions.

The implementation of this is rather straight forward and shares similarities to the error
metric calculations. The general idea is that we loop through all the points, then for each point
w figure out to which element K it belongs too and then reconstruct the function value @(w)
using the formula of Equation (2.15), with Z replaced by w. Note that all this requires that
the points passed to the function lie inside of the subdomain of the current MPI rank, which in
turn means that every rank gets its unique set of positions. We think that this implementation
makes more sense compared to one where a singular global set of positions is passed as each
rank represents an individual unit that to a degree should be unaware of the global scheme and
should generally only work on its subdomain.

2.5 Solver

Finally we have the Solver class, displayed in Figure 2.8, which contains the information for
solving a problem of a specific type. This mainly boils down to providing a representation of
the variational formulation of the LHS, corresponding to F, and storing the FEMVector rep-
resentations of the RHS b and the final solution vector ii. Because the F is unique for each
problem that we are solving we have to create an individual class for each of these problem
types. It also interacts with the Nédélec space to retrieve the RHS and the functor for the Av
multiplication, which it then passes to the CG solver. For example we implemented a class
FEMMaxwellDiffusionSolver which solves a problem of the kind

V x V x 4(Z) + 4(Z) = §(&) in Q (2.16)
(%) x T = on 99, (2.17)
which we will discussed in more detail in Section 3 as part of our experiments.

Figure 2.3 already provided a simplified overview of how this works. More concrete we pass
the RHS () evaluated at the Nédélec DOFs to the constructor of the Solver class, which will
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ippl::FEMVector
ippl::Maxwell

ippl::Solver

# pcg-algo_m : ippl::CG

+ solve()
+ getL2Error()
+ reconstructToPoints()

Figure 2.8: UML Class diagram for the Solver class.

assemble the RHS using the Nédélec space according to Section 2.4.3 and store this inside of its
rhsVector member. Then in order to solve the actual problem the function solve() is called
which will first retrieve the functor for the Av evaluation from the Nédélec space according to
Section 2.4.4 with the help of its definition of F. After this both the RHS and the functor for
A7 is passed to the CG solver which solves the entire problem and returns the basis function
coefficients ji which are then stored in lhsVector, completing the solve routine.

After the problem has been solved we normally would pass the solution back to the PIC
loop, but as this interface is not yet fully designed we currently do not do anything with
the finished result and we simply store the basis function coefficients. But we also ex-
pose two functions getL2Error() and reconstructToPoints() which are wrappers around
the NedelecSpace: :computeError () and NedelecSpace: :reconstructToPoints() functions
of the Nédélec space which can be used during testing in order to gauge the correctness of the
implementation.
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Chapter 3

Results

3.1 Setup

In this section we will test our implementation on one type of PDE, which is given by:

V x V x (%) + (%) = §(Z) in Q (3.1)

(&) x = on 09,

where ¢(Z) is the source function, @(Z) the solution, 7 the domain normal (pointing outwards),
and € the domain with 9Q being the boundary. For this PDE we define two different source
functions () and two different domains 2. The first case, which we call “Trigonometric” has
the following g(Z) and :

(1 1) i
(14 k%) sin( y)] for 2D, with Q = [1, 3]

(1+ k%) sin(kx)

g() = [(1 + &2) sin(ky) sin(k2) : (3.3)
(1 + k%) sin(kx) sin(kz) for 3D, with Q = [1,3]?
(1 + k?) sin(kx) sin(ky)

The second case, which we call “Polynomial”, has the following g(&) and :

2 (421 o )
2 (2? — 1)‘| for 2D, with Q@ = [-1,1]
§(7) = '_2(22 1) - 2(y2 —1)+ (y2 . 1)(22 —1) . (3.4)
22 -1)-2=2-1)+ (22 -1)(2%2 - 1) for 3D, with Q = [-1,1]?
27— 1) - 22— 1)+ (2~ D)2 1)

16
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We then have that the exact solution @(Z) for the Trigonometric problem is:

-sin(ky)]
sin(kx)

u(z) = [sin(ky) sin(kz) ’ (3.5)

sin(kz) sin(kz) for 3D
| sin(kx) sin(ky)

for 2D

and for the Polynomial one it is:

2

-_(y2 B 1)] for 2D
—(x* =1

(x2 —1)(22-1) for 3D
(@2 = 1)(y* = 1)

In order to solve the problem described by Equations (3.1) and (3.2) using FEM we need to
find its variational formulation. Luckily this is a very common type of problem and therefore
this has already be done for us in [5]. The variational formulation is given by:

/QVxﬁ(f)~V><U(f)df+/

Q

@(7) - U(2)di = / @(7) - §(2)d, (3.7)

Q

where we enforce the zero dirichlet boundary by skipping DOF's located on the boundary. From
this we now also can quite easily extract the F(-,-) of Equation (2.10):

F(@(3),3(&) = V x 4(&) - V x 8(&) + (&) - 7). (3.8)

During the element-based assembling scheme we are going to assemble the local matrices for
the LHS and local parts of the vector for the RHS for every element in the mesh. In order to
simplify calculations we are not going to work on the actual elements of the mesh, but rather on
the reference element. In Section 2.1 we already introduced the transformations required, our
problem transforms into:

Am-:/Kvxﬁi-VXﬁjdij/KEi.ﬁjdf:/KJ*T(vx@).J*T(vXEj)der/K@.Ejdf,
(3.9)

i = 3, - §(T)di = :'i'_’_)d_'a :

si= [ Big@iz = [ F- g (3.10)

where J~7 is the inverse transpose Jacobian of the affine transformation between the reference
and the actual element.
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Trigonometric problem

2D 3D
Num nodes L2 Error Iterations L2 Error Iterations
16 5.125-1072 13 1.168 - 1071 5
22 2.626 - 1072 19 6.013 - 1072 8
31 1.290 - 1072 29 2.961 1072 15
43 6.586 - 1073 42 1.514-1072 22
60 3.339-1073 61 7.682-1073 35
84 1.688-1073 89 3.884-1073 54
118 8.495-107* 165 1.955-1073 93
166 42721074 248 9.833-107* 233
234 2.142 .10~ 335 4.932-1074 343
330 1.074-107% 1026 2.474-1074 994
466 5.379-107° 1609 1.238-1074 2321
659 2.686-107° 2963 6.184 -107° 3883
931 1.345-107° 4261 3.096-107° 6185
Polynomial problem
2D 3D
Num nodes L2 Error Iterations L2 Error Iterations
16 8.824-1073 7 2.293.1072 23
22 4.502-1073 12 1.171-1072 36
31 2.206 - 1073 19 5.741-1073 56
43 1.125-1073 29 2.930-1072 81
60 5.703-107% 43 1.485-1073 119
84 2.882-107* 62 7.503-107* 170
118 1.450-10~* 90 3.776 - 10~* 267
166 7.291-107° 185 1.899 - 1074 382
234 3.657-107° 178 9.522-107° 640
330 1.834-107° 483 4.776-107° 1039
466 9.181-107° 1113 2.391-107° 2086
659 4.585-107° 2220 1.194-107° 3592
931 2.295-107¢ 3600 5.977-107¢ 5804

Table 3.1: Tables with exact values of the convergence studies.
iterations is also given.

Additionally the number of CG
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A
275
Dimension Dimension
2D 2D
5 A 3D 5 A 3D
= =
w2 ]
Order Order
— Ideal 1/n? — Ideal 1/n?
515 A
2 128 512 32 128 512
Number of nodes per axis Number of nodes per axis
(a) Trigonometric case. (b) Polynomial case.

Figure 3.1: L2 error convergences for the different problems. As we can see, perfect order 2
convergence is achieved.

3.2 Correctness

In order to gauge the correctness of the implementation a convergence study is done. To this
extend the problems are solved multiple times while increasing the mesh resolution, for each
case the L2 error as described in Section 2.4.5 is calculated and the result is plotted. For these
experiments we went with number of nodes per dimension in the range of 16 to 931, a Gauss
Jacobi quadrature using 5 nodes per dimension for the numerical quadrature is used, and the
linear system is solved using a non-preconditioned conjugate gradient algorithm with tolerance
set to 10713 and maximum number of iterations set to 10000. The plots resulting from this can
be seen in Figure 3.1 with exact values given in Table 3.1. From theory we would expect the
error to converge with a rate of ©(n~=2) where n is the number of vertices per dimension. As we
can see in the plots we have this convergence, as expected.

3.3 Scaling Analysis

We also perform a small scaling study of our implementation in the form of a strong and weak
scaling analysis. The hardware setup we used for the runs consists of a two node setup, each
equipped with a dual socket 128 core AMD EPYC 7773X and 1TB of memory, and four NVIDIA
A100s with 80GB of memory each. For the network a 200Gb/s Infiniband connection is used, and
the MPI is a cuda aware OpenMPI 5.0.3 instance, the operating system is Rocky Linux 9.4.
For the runs we only consider the Polynomial case, as the performance between the two cases
should be the same. It was configured identically to the previous section, with the exception
that for both strong and weak scaling the maximum number of CG iterations are set to 100 and
the tolerance is set to a negative value, like this we have that the number of CG iterations stays
constant over the different domain sizes and therefore the work required is directly related to
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o Num nodes a Num nodes
> >

3 - 40962 9 - 1283

I = 81922 g - 2562

n -~ 163842 0 = 5123

1 2 4 8 1 2 4 8
Num ranks Num ranks
(a) 2D case (b) 3D case

Figure 3.2: Strong scaling of the implementation. All runs where repeated 10 times with an
additional warm-up run, mean and confidence intervals are plotted.

? Base ? Base
3 - 40962 k) 1283
g = 81922 g - 2563
w -~ 163842 w = 5123
0.54
1 2 4 8 1 2 4 8
Num ranks Num ranks
(a) 2D case (b) 3D case

Figure 3.3: Weak scaling of the implementation. All runs where repeated 10 times with an
additional warm-up run, mean and confidence intervals are plotted.
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Num nodes Time [s] Num nodes Time [s]
4096 0.6828832287 128 0.7920425589
8192 2.4991507782 256 5.7699309643

16384 11.3711869943 512 45.0464857090
(a) 2D case (b) 3D case

Table 3.2: Runtimes for for the scaling experiments in the case of a singular rank. The mean
over the runs is calculated. Note that here in the case of a singular rank it does not matter if we
consider the strong or the weak scaling case.

the domain size (which is critical for the weak scaling). All runs where repeated 10 times with
an additional warm-up run for which then mean and confidence intervals are calculated. For
strong scaling in 2D we went with problem sizes of 40962, 81922, and 163842 which where run
with 1, 2, 4, and 8 ranks (where only for the case of 8 ranks we move to two nodes), this can be
seen in Figure 3.2(a), with base runtimes in Table 3.2a. For the strong scaling in 3D we went
with problem sizes of 1282, 2563, and 5123 with same range of ranks, this can be seen in Figure
3.2(b), with base runtimes in Table 3.2b. For the weak scaling in 2D the base sizes where 40962,
81922, and 163842, they where scaled with the number of ranks p with the formula /D Nbase,
where npqse is one of the base sizes. The number of processes was again in the range of 1 to
8, the results of this can be seen in Figure 3.3(a), with the base runtimes given in Table 3.2a.
For the weak scaling in 3D the base sizes where 1283, 2563, and 5123, the update formula for
more processes is given by /D npase, with same number of processes as in all other experiments,
this can be seen in Figure 3.3(b), with base runtimes given in Table 3.2b. Generally for all the
experiments here we were not able to go to any larger problem sizes due to having not enough
memory on the GPUs.

From the plots we get a somewhat mixed result, we can unsurprisingly see that for smaller
problem sizes both the strong and weak scaling perform bad, for example in the strong scaling
3D case we have that for a problem size of 128 no more scaling can be seen for more than 2
ranks. If we move to larger problem sizes the scaling tends to get better, but they are still not
satisfactory. For example for the largest problem size in 3D we already drop to around 90%
parallel efficiency at 8 ranks, for 2D we are able to hold ourselves better and remain at 94%.
For the speed-up in both 2D and 3D for the largest problem size and 8 ranks we already drop
to 72% of the optimal speed-up. And all this is for the case of only 8 GPUs, in theory we would
like to go to much more. So in theory the larger the problem size the better, but here we then
start to run into a different issue: memory. We cannot go to larger problem sizes, because they
simply stop fitting into GPU memory. For example in the 3D case with problem size of 10243 we
have that already only the representation of the RHS g(#) at the DOF's using double precision
requires around 77GB of memory, which barely fits into a GPU. So we have the problem of
needing to parallelize because we do not have enough memory, but at the point at which we have
to parallelize the program does not yet scale well and we would actually like to go larger. Trying
to decrease the memory footprint would be rather difficult, as at one point we have to store the
FEMVectors on device. One could maybe try to do something with regard to storing the entire
data in CPU and then only moving it part-wise to GPU, this would help with the amount of
memory that is needed on device, but would introduce more complexity and overhead every time
data needs to be copied to device and back. Another approach would be to try to decrease the
overhead generated by the parallelization, which in turn would lead to better scaling behaviour
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for all problem sizes and we therefore do not run into the issue of the scaling behaviour being
bad for the sizes at which we parallelize. We therefore can see that still some work could be done
in this area.
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Chapter 4

Conclusion

The initial goal that we had was to implement the Nédélec space in IPPL, based on the method
we laid out in Section 2 and the experimental results we presented in Section 3 we are rather
confident that we succeeded in our initial goal, but there are still more things that could be done.
For example right now we only support zero Dirichlet boundary conditions, here some more work
can be done to expand to more types of boundaries such as non-zero Dirichlet or periodic, all
this would entail expanding the functionalities of the FEMVector. Also the Nédélec space needs
to be better integrated into the PIC loop, for both how information is passed from PIC to FEM
and the other way around. Here some uniform interface could be designed, which is independent
of the finite element space used. For the passing of information from PIC to FEM, the function
values could be provided at the quadrature nodes such that no additional interpolation has to
be done, this would lead to a dependence on the quadrature rule being used by the FEM space,
but this seems like much less of a problem compared to a dependence on the finite element space
and the DOFs within it. For the exchange of information from FEM to PIC we would say that
our current setup of being able to evaluate the solution function at arbitrary points is already
pretty good, as we could have that PIC provides the location of all the particles and FEM then
simply returns the solution for each of those particles. One could also think about implementing
higher order Nédélec spaces. One other interesting thing that should be looked into is that we
are not exchanging values over the corners in the halo communication, as seen in Figure 2.7.
In our test we did not see any difference in the resulting error between cases where the domain
was decomposed in a way where subdomain corners exists where such corner values would have
to be exchanged, and decompositions where we do not have such subdomain corners. It also is
quite interesting that this phenomenon exists for both 2D and 3D, but here we have that the
singular corner values which we do not exchange for the 2D case become a “line” for the 3D case
where we have to exchange them, so the number of values go from ©(1) to ©(n). This leads us
to believe that a reason behind why the values do not need to be exchange might be because
there are only constant many of them and we are only missing a halo exchange therefore they
are somewhat close to correct and then CG is able to take care of this, but this only makes
limited sense, as FEM generally is sensitive to error in a singular DOF and we should loose the
second order convergence. We are therefore not entirely sure what the reason behind this is and
therefore more research in this area would be required. Based on all this we see that there is still
more work that can be done, but we were able to lay the foundation of the Nédélec space.

While our implementation of the Nédélec space laid the foundation for more possibilities
regarding it, we also have that the FEMVector laid the foundation for more development itself.
Before we were limited to DOF's on the vertices of the mesh, which meant we only could use
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the first order Lagrange space, but with the development of the FEMVector we are now able to
have DOFs at arbitrary points of the mesh, which makes it possible to implement higher order
spaces and entirely new ones. For example the Lagrange space can now be expanded from only
supporting first order to supporting second or third order. So while the FEMVector might not be
the flashiest new thing we still think that it can play an important role in the future development
of FEM inside of IPPL.
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