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Abstract

A general concept of finding stationary distributions with higher order moments is presented.
The external magnetic field and defocussing self-field map are obtained up to any order in a very
general way using Lie algebra, implemented with ” Truncated-Power-Series-Algebra”. In order to
achieve better estimates during the iterative process, the Newton-Raphson method is applied
with Lagrange multipliers to guarantee physical meaningful results.

The stability of the distribution in the PSI Injector 2 and PSI Ring Cyclotron are analyzed
using linear theory. Further, a first simulation with a non-linear term in the charge distribution
is performed.
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ETH Zurich & PSI Villigen Chapter 1. Introduction

1 Introduction

1.1 Scope of Work

The goal of this thesis is the development of the theory and its implementation of finding a
non-linear mapping M and oy, such that

ox(t) = Mo oi(0) o M7 and (1.1)
ok = ok(t) = 01 (0), (1.2)

where oy (t) are the k-th order moments of a distribution in the six-dimensional phase space and
o, T represent operations on them. Equation (1.1) basically describes the general transport of
moments from the initial state to any state in time ¢. If the condition (1.2) is fulfilled the system
is stationary or, respectively, periodic. In particle physics it’s mainly known under the name of
matching. The matching of the rms envelopes is for example described in [1] with attention on
RF linacs. In [2] the equations are considered in case of beams that are prevailed by space charge.
Our work is based on [3] that discusses the matching of second order moments in case of linear
focussing and defocussing forces with the fact that the eigenvectors of the stationary distribution
are identical to those of the linear transfer map. They are computed by applying transformations
with real Dirac matrices as explained in [4].

In order to compute higher order space charge maps we approximate the electric field by power
series in each direction. Therefore, we use the scalar potential given in [5, 6] to obtain moments
including the electric field.

The correctness of our theory is verified by performing measurements using the linear approxi-
mation and by comparing them to the results obtained with the implementation of [7].

1.2 Assumptions

Although this thesis only treats space charge effects due to the self-field interaction of the bunch,
we shortly discuss some different types of interactions: Coulomb interaction, collisions and in-
teractions with residual gas [8, p. 363 - 364].

In high intensity machines the strongest impact on the bunch has the Coulomb interaction be-
tween the particles inside the bunch itself. They repel each other due to equal charge. Therefore,
magnets are not only used to guide the beam, they also counteract the divergent effect. These fo-
cussing forces are covered with a linear model in this thesis. Additionally, we assume no collisions
among particles.

Matthias Frey 1
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1.3 Coordinate System

A state of a particle is described by the pair (g, p) where ¢ = (z,y, z) are the coordinates and
P = (Pz,Dy,P-) the momenta. They are usually denoted by horizontal (z,p,), vertical (y,py)
and longitudinal (z,p,) direction (see e.g. [8, ch. 4.1]). The variables depend on the parameter s
(path length) rather than on the time ¢. The transformation (¢ — s) is accomplished by [6, eq.
1.2.1]

s = sg + Bet = Pet,

where sq is the path of the reference particle that is set to zero. The velocity is denoted by [8,
eq. 1.5]
v
ﬂ =
c
with speed of light ¢. The relativistic factor « relates to 8 by [8, eq. 1.10]

y 1 (1.3)

V1-p2
Sometimes, the momenta are replaced by (2,y', 2’) where ' = % [8, ch. 4.1]. These relate by

/ Pw
w = —,
Dbo

where w € {z,y, 2} and pg = mcBv [8, p. 18] is the reference momentum. Hence following relation

holds: e d Q'
bw _ g 0w _ o dw
a - Peqs T Perogg

where w € {x,y, z} again. The longitudinal direction is sometimes given in (I, ) where z = [ and
the quantity 2’ is proportional to §, i.e. [8, p. 370]

1
7 x —0.
v

1.4 Hamiltonian

A dynamical system is described by a Hamiltonian H where — in our case — it consists of a
magnetic Hy,,4 and space charge H,. part, i.e.

H = Hypog + H,e. (1.4)

Since we focus on the space charge model in Sec. 4 and Sec. 5, we omit this term for a moment. As
already mentioned in Sec. 1.2, we use a linear model to describe the magnetic field of cyclotrons.
For this purpose we apply [3, eq. 19] including the vertical direction and neglecting space charge,
ie.
2’2 ky ) y/2 ky 9 52

Hmag:7+?(1}' +7+?y +27’y2_h,$5, (15)
where (z,2'), (y,y’) and (,0) are the canonical pairs, k, and k, the focussing strengths, h the
inverse bending radius and v the Lorentz factor as defined in (1.3).

Matthias Frey 2
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1.5 Matched Distribution Algorithm

This section should give a short overview of the algorithm where the main steps are sketched
in Fig. 1.1. Since this thesis relies on an existing program [7] that is based on [3, 4] we don’t
have to start from the beginning. Nevertheless, several modifications have to be done. The model
uses for example linear space charge forces and considers only the matching of the second order
moments. All parts that basically don’t need to be modified have a green background. On the
contrary, the blue boxes represent all elements that have to be replaced or updated in order to
handle the non-linearity.

The simulation requires a few numerical and physical input parameters. But, the most interesting

Transfer Map

_— |

Initialize Space
{ Moments }—{ Charge Map ’ ‘ Track Momentsl
Update initial J
Moments
AN r\lo
i Are mo-

Stationary yes re o

I ments
Distribution

converged?

Figure 1.1: Flow chart for finding a matched distribution. All blue parts of the diagram need to
be modified whereas the green parts are taken from [7] without change.

parameters for the user are the energy, the intensity and the emittances. It then starts by
computing a closed orbit for the given energy. From the equilibrium orbit calculation we get
information like tunes, bending radius, etc. that enable the evaluation of the cyclotron maps.
Because the magnetic field doesn’t depend on the behavior of the bunch, the cyclotron maps
have to be computed only once. The equilibrium properties further allow an initial guess of the
moments. These are needed to obtain all space charge maps. After the concatenation of the
magnetic and space charge maps we track the moments of the initial angle by one turn. In case
of stationary moments the simulations stops and prints out the result. Otherwise, we have to get
a better estimate of the moments and update all space charge maps.

Matthias Frey 3
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2 Differential Algebra

The differential algebra (DA) in connection with beam dynamic computations is described by
Berz [9] in 1989. It allows a fast and precise differentiation on a computer where it is known as
”Truncated-Power-Series-Algebra” (TPSA) (see [10, p. 83 - 85]). The source code for this thesis
uses a DA package that was provided by the AMAS group at PSI.

In the following sections we shortly summarize [10, ch. 2.2.1 - 2.2.3] where we use the identical
notation in order to make it easier for a more profound reading.

2.1 Univariate Differential Algebra to First Order

When we define a pair of real numbers as (qo, q1), the algebra 1D, has subsequent basic operations:

(qo,q1) + (r0,71) = (g0 + 70,1 +71),
t-(qo,q1) = (tqo, tq1),
(g0, q1) - (ro,7m1) = (gor0, go™1 + q170),

where t € R and (rg,71) € 1D1. In case of gy # 0 the multiplicative inverse is given by

(q0,q1)" " = <QE17 —CI1CI62) )

and for gy > 0 the root is computed by

(i 535)

Due to the definition of
(g0, q1) < (ro,71) if go < g or (go =10 and ¢1 < 1),

(g0, q1) > (r0,71) if (ro,71) < (90, 1),
(90,q1) = (ro,71) if o = ro and g1 = 7y,

the algebra is totally ordered. As a consequence the tuple d = (0,1) is infinitesimal. Using this
property, we’re able to make it a DA by introducing the differential operator as

d(qo0,q1) = (0, q1),

where g1 represents the result of the differentiation. That’s why it’s called the differential part.
Through simple algebraic modifications it can be shown that the usual rules of differentiation
hold, i.e.

0{(q0,q1) + (r0,71)} = 0(q0,q1) + O(r0,71),
(g0, q1) - (ro,7m1)} = {9(q0,q1)} - (ro,71) + (g0, q1) - {O(ro,71)}.

For any = € R the [-]-operator is defined by

[z] = (z,1) =z + d,

Matthias Frey 4
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where d is the infinitesimal element. Consequently,

[f@)] = f([z]) = fz +d) = (f(2), f'(2)) = f(2) + d- f'(2),

for any function f(x) with derivative f’(z). Hence, the DA 1D; of any function represents the
linear part of the Taylor series around zero, i.e.

2.2 Multivariate Differential Algebra

The DA to order n in v variables is denoted by ,D,. All previously defined operations are still
valid, i.e.

[f]+[g] =[f + 4],

t-[fl1=1[t-fl,
[f]- g} = [f - 9],

as well as
O ([f] + [g]) = Ok[f] + Oklg],

O ([f]- 1g]) = [f]- (Blg]) + (Ok[S]) - 9],

where f, g are functions in ,D,, t € R and k € [1,v]. Defining di = [x], the relation to the
Taylor series Ty of the function f around zero is now more obvious:

f(xr,...,z)] = [Tf(z1,...,2,)]

2: ) B cpd
CJ17'~~).]V T xuu ’

Ji+ ... +5.<n
- Y
Jit+ ...+ <n
where the coefficients are given by
1 it +iv
et = TLE 1 8;10{1 c e oxl

Thus, any function that can be expanded as a Taylor series around zero, can be written as a DA
vector. Consequently, high order derivatives are obtained fast and accurately.

Matthias Frey 5
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2.3 Complexity of the Differential Algebra

The number of monomials of ,D,, — neglecting the constant — is given in [10, eq. 2.48], i.e.

(2.1)

M(n,v) = (n+u1> C(ntv—1)

v—=1 ) nlw-1)""

where v = 6 in our case. The fast increase of the complexity is illustrated in Fig. 2.1.

| — per order 3002
— total
o
o |
Ln
N
] 1715
© o o
E 31 /////
s - °
i 923 /1287
(o]
(o]
3 | w19
0 209 °_—
6 27 83/ 9 4 o 462
od o o——8=— 5¢ 252
6 21 56
T T T T T T T T
1 2 3 4 5 6 7 8

Figure 2.1: The number of monomials up to n-th order in six variables (see Appendix G21).
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3 Lie Algebra

3.1 Lie Transformation

This section discusses the Lie transformation which is used to obtain transfer maps. It relies on
[11, ch. 5.3 - 5.4] — except to (3.1) — where everything is explained in detail.
Let H be any Hamiltonian in the dynamical variables (z,ps), (y,py) and (z,p.) that depend
without loss of generality on the position s rather than time ¢. Then the Lie transformation
defines the map [11, eq. 29.4.1]

M =exp(—s:H:), (3.1)

with Lie operator :H: that for a dynamical pair (¢, p) is given by

_QH 9 9H 9

By truncating the Taylor series expansion of (3.1) at n-th order, i.e.

.A/l:‘i(—s:.H:)]%‘i(—s:IH:)J7 (3.3)

the Lie operator gets applied n times. Therefore, a n-th order map incorporates the n-th derivative
of the Hamiltonian H. In the linear approximation, i.e. n = 1, equation (3.3) leads to the well-
known 6 X 6 representation of transfer maps in case of the six-dimensional phase space. In the
next section we give a short example using a four-dimensional phase space.

3.1.1 Example: Linear Map

As previously mentioned, a linear map is obtained when truncating the Taylor series expansion
of (3.1) at first order, i.e. n = 1. We show this with the help of the Hamiltonian

12 52 k. — K 2K

7 R R R e Y Y §
2 292 2 2

stated in [3, eq. 19] with canonical pairs (x,2’) and (I,0), inverse bending radius h, focussing

strength k,, defocussing forces K,, K, and relativistic factor ~.

In a first step we apply the Lie operator (3.2) to all variables of the system in order to get the

transport equations:

g 0HOr OHOx O0HOx 0HOz OH __ ,
S s or T 0l 96 ox 0z 06 ol ox

OH 0x' OHO0x' OHOx' OHOx' 8£ B

. o oz I I T — _ _
e = o T Al 95 v or 95 ol or (e~ Ke)z—ho,
g OHOL OmOl OHO oHOl  oH 1,

T 0z 0xr T Ol 05 Ox'dx 05 Ol 05 A2 ’
g OO0 OHO5 OHO5 OHO5 OH _ ,p

Ox 8z’ ' 0l 86 ox' dx 95 Al ol
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Therefore, we obtain from (3.3) with the order (z,2’,1,6) and n =1, i.e. M = Iyx4 — :H: s, the
4 x 4 transfer matrix:

0 -1 0 0 1 S 0 0

B ke—K, 0 0  —h |  |[(Ki—k)s 1 0  hs
M= Taxa = h 0 0 e —hs 0 1 v 2s

0 0 —’K, 0 0 0 +*K.s 1

We get exactly the same result when inserting the matrix F' of [3, eq. 20]

x 0 1 0 0 z
d 2| _|Ki—ks O 0 h x’
ds | 1| —h 0 0 ’}/72 L]’
0 0 0 K. 0 )
F
into [3, eq. 12]
Fs)? Fs)?
M(s) =exp (Fs) :I4X4+Fs+%+%+...,
and truncating at first order:
1 S 0 0
_ N | (Ky —kg)s 1 0 hs
M(s) =exp (Fs) ~ Iyxq4 + Fs = hs 0 1 25
0 0 v2K.s 1

Hence, the Lie transformation is a general tool to obtain transfer maps to basically arbitrary
order. In combination with the DA of Sec. 2 we also have a numerical tool to obtain maps to
any order. The provided DA library already implements this kind of operation.

3.2 Map Factorization

Since our closed orbit of length L is discretized into N > 1 steps, we have N magnetic maps
Mnag as well as N space charge maps M,.. We combine them to the one turn map M by

M = Me(s+ (N —1)As) o0 Mypag(s + As) o Me(s) 0 Mypag(s), (3.4)

where o defines a concatenation operator and As = % is the trajectory step. During this oper-
ation, however, we perform a systematic error due to the ”Baker-Campbell-Hausdorff” relation
[12, eq. 20 or eq. (21a, 21b)], i.e.

1
P [st [stHcyc]] :

1
exp (:Hset ) exp (:Heyet ) =e€xp <:HSC: + Heyer + 3 [Hoe, Heyel : + 17

1
+ —  [Heye, [Heye, Hsel]: + .. ) ,

12° [

where [+, -] denotes the Poisson bracket that relates to the Lie operator (3.2) by [12, eq. 12]
(Hse, Heyel = :Hset Heye.

Therefore,

exp (:Hgei ) exp (:Heye:) = exp (1Hget + tHeyet) = exp (1Hge + Heye?) (L) exp(:H:).

Matthias Frey 8
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3.2.1 Example: Construction of a Transfer Map

On a computer a transfer map M is stored as a vector of TPSA objects. In the linear case this
map is basically a matrix. Thus, the concatenation (3.4) is simply obtained through matrix-
matrix multiplications. In order to generalize this operation to arbitrary orders, we need to
understand the linear theory first. The principle behind the multiplication is shown with the
help of a one-dimensional example. For this purpose suppose a dynamical pair (g, p) where ¢ is
the coordinate and p the momentum. Further, assume the mapping

. 49— q—D,
Y pr g3, (35)
for the focussing part and
g q+p,
M - 3.6
P —34+p, (3.6)

for the defocussing part. The multiplication of the space charge matrix from the left results in

1 1 1 -1 2 2
o= (1) G5 =0 )
sc cyc _5 1 1 3 E §

which is in polynomial form written as

q+— 2q+ 2p,
P 3q+ Ip.

The same outcome is obtained when inserting the appropriate polynomial of each variable of
(3.5) into (3.6):

q=q—p+q+3p=2+2q,

pr —5(¢—p)+q+3p= 39+ 5p.
In case of non-linear polynomials, i.e. degree > 1, the procedure is identical. Although the
composition might lead to monomials that exceed the global truncation order, it doesn’t pose
a problem since we implemented the concatenation operation with functions of the DA library
that truncate a TPSA object automatically. In the following we demonstrate this behavior with
a small numerical example (see Lst. 3.1) where the mappings are given by

3 2 .3
q—q +p°, and My : q—q—Dp,

My :
Yopep? — g, p g+ 3p.
The exact solution is
Mo My — (€ F @ +6ap” +9p" = 3¢°p° +3p° — "
1 2 —0.5¢ + ¢* + 6qp* + 0.5p> + 9p* :

The numerical solution, however, depends on the truncation order as previously mentioned. In
Tab. 3.1 all results up to truncation order 9 are shown. The minimal truncation order of this
example is 3 due to the initial polynomials. Comparing those outcomes we recognize that the
right solution is only obtained if the global truncation order is greater than 9. But, the variable
p is already transported correctly at a truncation order of 4.

Matthias Frey 9
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order mapping of ¢ mapping of p

3 @+ ¢ + 6qp? —0.5q + ¢° + 6gp* + 0.5p°

4 % + ¢® + 6gp?® + 9p* —0.5q + ¢ + 6gp® + 0.5p% + 9p*
5 @ + ¢® + 6gp? + 9p* — 3¢%p° —0.5¢ + ¢ + 6gp® + 0.5p> + 9p*
6 ¢+ ¢ +6gp* +9p* — 3¢%p* —0.5¢ + ¢* + 6gp* + 0.5p* + 9p*
7 ¢®+ ¢ +6qp* + 9p* — 3¢°p® + 3qp° —0.5¢ 4 ¢* + 6gp* + 0.5p” + 9p*
8 > + ¢ + 6qp® + Ip* — 3¢%p> + 3qp° —0.5q + ¢ + 6gp? + 0.5p> + 9p*
9 P4+ 6qp7 +9p* —3¢%p° +3qp° —p°  —0.5¢ + ¢* + 6qp® + 0.5p® + 9p*

Table 3.1: Results of Lst. 3.1 using different global truncation orders (line 15). Due to third order
polynomials the truncation order has to start at three.

1 || #include <iostream>

2 #include "Utilities/ClassicException.h"

3 || #include "FixedAlgebra/FTps.h"

4

5 || /// Dimensionality of problem

6 || #define DIM 1

7 || /// Type of a truncated power series

8 || typedef FTps<double ,2*DIM> Series;

9 || /// Type of a wvector of truncated power series
10 || typedef FVps<double ,2*DIM> Map;

11

12 /// Main function

13 || int main(int argc, char** argv) {

14 try {

15 Series::setGlobalTruncOrder (3);

16

17 // define dynamical wvariables (gq,p)
18 Series q = Series::makeVariable (0);
19 Series p = Series::makeVariable(1);
20

21 Map mi;

22 ml.setComponent (0, q * q * q + p * p)
23 ml.setComponent(l, p * p - 0.5 * q);
24

25 Map m2;

26 m2.setComponent (0, q P *p * p);

27 m2.setComponent (1, q + 3.0 * p * p);
28

29 // combine maps

30 std::cout << ml * m2 << std::endl;

31

32 } catch(const ClassicException& e) {

33 std::cout << "Function: " << e.where() << std::endl;
34 std::cout << "Problem: " << e.what() << std::endl;
35 }

36 return O;

37 |1}

Listing 3.1: Example of a map construction. The map is truncated at third order (line 15).
The map would be exact when truncating at 9th order. The whole source code is given in
Appendix G10.
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4 Computation of the Potential

A transfer map M in particle accelerator simulations consists of focussing and defocussing el-
ements. This chapter focuses on the latter where its Hamiltonian Hy. is described through the
scalar potential ¢ by

Hse = q9. (41)

In the computation of the potential we distinguish in this thesis between distribution-based and
particle-based methods. Depending on the technique we take different assumptions on the behav-
ior of the bunch. This decision is fundamental since both strategies have their limitations and,
thus, consequences for the proceeding computations.

4.1 Particle-based Method

The electrostatic potential at 7; inside a bunch of particles is essentially given by Coulomb, i.e.
[13, eq. 1.48]

| N-1 "
o(7) = L E—
z) 4meg JXZ:O ||m — 7“j||2
i#]
where in our case ¢; = ¢ Vj and 73, 7; denote the locations of the particles in Cartesian coordi-
nates. The overall potential energy is consequently [13, eq. 1.50]

NZ 1

2 —1
e 2= T =71l
#J

q
W:
47

Hence, the brute-force evaluation of the potential for every particle takes O(N?). In 1987, Green-
gard and Rokhlin [14] introduced a new method called Fast Multipole Method (FMM). It allows
the computation of a potential at specific locations based on the interactions in a N-body problem
in O(N). As explained for example in [15], this method was later enhanced to three dimensions
using spherical harmonics to perform the multipole expansions.
In 2011, Zhang and Berz [16] published an article where they describe the computation of the po-
tential with FMM on the basis of the differential algebra (DA). There, they expand the potential
basically in terms of

dl - la d2 - %7 = J

r r

with r = /22 + y2 + 22. Since our goal is an evaluation of the space charge map up to n-th
order on the basis of the dynamical variables, these variables aren’t suitable for our purpose.
A possible solution could be the expansion in spherical harmonics as previously mentioned. In
order to obtain the potential in the canonical variables we would only need to transform back to
Cartesian coordinates.
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4.2 Distribution-based Method

In contrast to the previously discussed particle-based method the approaches outlined in Sec.
4.2.2 and Sec. 4.2.3 assume a continuous description of the potential which is stated in the
following section.

4.2.1 Potential inside an Ellipsoid
The scalar potential ¢ for a charge density p(z,y, z) is given by [13, eq. 1.17]

o= [ L

47‘[’80 R3 ||7?—7?/H2

with vacuum permittivity €9 and positions ¥ = (z,y, 2), respectively, ¥/ = (z’,y’,2’). In case of
a closed shape with volume V' the expression of the potential at an interior point 7 is obtained
by [13, eq. 1.23]

b(7) = — / P gy (4.2)

dmeo Jy |lF =7l

In [17, ch. 7] Kellogg derived a formula of the potential (4.2) on the assumption of an ellipsoid
(see Fig. 4.1) with N homogeneously distributed particles. In 1986, Gluckstern [5] stated a more
general expression of the scalar potential where the charge density function p(w) is assumed to
be ellipsoidally symmetric, i.e. [5, eq. 2.1]
2 2,2
w=——4 y_ + =)

Pl (4.3)

x Yy z

;

with semi-principal axes (az,ay,az).

Yy
s
z
Figure 4.1: Bunch with semi-principal axes a,, a, and a.

In contrast to Gluckstern’s notation, where the charge Q = ¢V is part of the probability density
function f, we write

p(w) = Qf(w).
Thus, the potential is given by [5, eq. 4.5, 4.19]

anayaz o 1 o0
o(z,y,2) = flw) dw du, 4.4
BT /° V(a2 +u) (a3 +u) (a2 +u) /ﬂ<u> e Y

where
132 y2 22
=3 + + 2+ + 2+ '
az+u  aitu  aitu
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4.2.2 Expansion of the Potential

The analytic expression (4.4) could already be taken and expanded in terms of Lie algebra to
accomplish a space charge transfer map to arbitrary order. Nevertheless, we have to make an
assumption on the distribution, thus, limiting the shape of the bunch.

By the assumption of a Gaussian-shaped bunch we choose the three-dimensional normal distri-
bution where our definition is similar to [5, eq. 5.1]

1

2m)*? aaya.

flw) = exp (-5, (4.6)

2

which leads to

Q > L - w
o O | [ ool
27/273/2¢, J, \/(a% + ) (%2/ + u) (a2 +u) /2w ( 2>

when inserting into (4.4). The analytical solution of the integral over w is

/QZ) exp (—%) dw = —2exp (—%) = 2exp (—;Q(u)> ’

therefore the potential has following form:

w=(u)

/ xp (—5w))
25/2773/260 \/ a2 + u) a2 + u) (a2 4 u)

Instead of evaluating the potential directly, we make use of the Taylor series expansion of the
exponential function [18, eq. 4.2.1], i.e

(x,y,2) = du.

() = > .
=0 J:
Though, the potential consists of a sum of integrals:
Q | (=1)7 O (u
PETEE—— ) du
05| 2 o a2 ) (a2 + ) (a2 +w)

By considering each integral individually, i.e.

o(z,y, z C/ du——/ du—l——/ Q2 (u

- = 93( )g(u) du+ O (2*(w)) ,

48
where we defined
1
g(u) = : (4.7)
V(@2 +u) (2 + ) (a2 +u)
_ Q
= 25/27r3/250’
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one recognizes that some of them can be rewritten using Carlson’s notation of elliptic integrals
[19]. Therefore,

¢((E, Y, Z) - 2CRF(ax7 a’yv az«)

_C
[ QRD(ayv az, am) + y2RD(aw az, ay) + ZQRD(CLI, 057 ag)]

7/ ztdu +€/°° du

(a2 +u)®/? (a2+u)/ @+uw)'? 4 Jo (a2 +u)®? (a§+u)3/2(a§+u)1/2
f/ y* du _|_7/ 222 du
(a2 +u)'/? (a2+u) P@2+u)’? Ao (a2 +u)?? (az—&—u)l/Q (a2 +u)*?

Aij/ 2du *7£z§/wm 4dU
(a2 +u) )2 (a2 + u) Rk (@2 +uw)?®? 8Jo (a2+ u)'/? (a2 + u)1/2 (a2 +u)®?
+0 ().

In Appendix B we show all terms up to fifth order. An implementation of Carlson’s elliptic
integrals can either be found in the Boost C++ Libraries [20] or the GNU Scientific Library
(GSL) [21]. In Lst. 4.1 we give a short example of the different function calls. The corresponding
numerical results of a varying a, and fixed a,, a. are shown in Fig. 4.2.

All other integrals that can’t be expressed in terms of Rp or Rp can be evaluated by a quadra-
ture rule of GSL.

Thanks to the expansion, the potential can be simply stored as a TPSA object where the eval-
uated integrals represent the coefficients.

// compute R_{F} and R_{D} using The BOOST C++ Libraries
double boost_rf = boost::math::ellint_rf(ax * ax, ay * ay, az * az);
double boost_rd = boost::math::ellint_rd(ax * ax, ay * ay, az * az) ;

// compute R_{F} and R_{D} using GNU Scientific Library (GSL)
double gsl_rf = gsl_sf_ellint_RF(ax * ax, ay * ay, az * az, 1.0e-8);
double gsl_rd = gsl_sf_ellint_RD(ax * ax, ay * ay, az * az, 1.0e-8);

NO U W

Listing 4.1: Function calls of Carlson’s elliptic integrals using either Boost or GSL.
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N~
& 9 4
© Qo
N<d>\ |
g
[a] -
o é T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005
ay

Re(af, ), a
200 260

0.000 0.001 0.002 0.003 0.004 0.005
ay
Figure 4.2: Results of evaluating Carlson’s elliptic integrals Rp(aZ,a,a2) and Rp(a2,a?, a?)

using C++ Boost and GSL, where a, = 0.004 m, a, = 0.007 m and a, € [0,0.005] m. The full
source code is given in Appendix G11.

4.2.3 Expansion of the Electric Field

Instead of expanding the scalar potential, we could approximate the electric field generated by
the bunch. The electric field E = (Ez, Ey, E.) and the potential ¢(z,y, z) are related by [13, eq.
1.16]

E=-V¢. (4.8)

Inserting (4.4) into above equation yields subsequent results:

0 2 2 2
E, — Sty / = f ( e ) du,
20 0 (a2 4 u)3/? (a2 + u)(a2 + u) aztu ay+tu  az+u
Qazaya, [ Yy 2 Y2 22
Ey = 2 ’ 2 3/2 2 2 = + + = du, (4.9)
o Jo (aZ+u) (a2 +u)(a2+u)” \az+u a;+u a+tu
0 2 2 2
B - Qagaya, / z f( 295 n 2y N 22 )du.
29 0 (aZ+ u)3/2\/(a§ +u(ad+u) \%G +u  a2t+u  altu

The full derivation is given in Appendix C. In a next step we assume that each component of
the field is given by a power series of the form [22, p. 28 - 30]:

n .
E,(w) =~ Z CiwW",
i=0
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with coefficients ¢;,, € R, truncation order n € N and w € {z,y,2}. By using the moment
definition of Allen [6, eq. 1.2.9], however, without the normalization through the number of
particles N, i.e.

(9) == /6 9f (%, pz, Y, Py, 2, p-) dr dp, dy dp, dz dp., (4.10)
R

where g is any function in the dynamical variables, and applying the method of least squares on

<HE ZZ 0 Ci,uW H > we get

2
9 - i 6 ! .
o | [ (B Yot ) s0e| 20 vy

2
ko OCj .0 ( chww> (€)d°¢ =0 Vje(o,n]
-2 / (Ew - Zci,wwi> w f(€)d%€ =0 Ve [0,n],
R6 i=0
/RG E,uw f(€)d% — ; i /R wiwl f(€)d% =0 Vj € [0,n],
Zcm} <wlw3> L <Ewwj> Vi € [0,n],

where we simplified our notation by using £ to represent the canonical variables (z, py, ¥, py, 2, D2)-
Thus, we end up with a linear system of equations of the form:

<1> <w> <w2> e <wn> Co,w <Ew
() (w?) (W) () CLou (Byw)
(w?)  (w?) : 1o = : L (a1
: : w2n—2 w2n—1 Cn—1,w <Eww”_1>
(w™) <wn+1> o w2n—1> <,w2n> Cow (Epw™)

After solving equation (4.11) we obtain coefficients that are given by moments of the electric
field. Although we expand each direction on its own, the dimensions are coupled through those
coeflicients due to the moment-based approach.

We omitted the normalization by N in the definition of the moment since we assume normalized
distribution functions. Hence, the integral [6, eq. 1.2.8]

W2 2
N = / / / ( _,_74_ )dxdydz,
aj a2

is always equal to one.

Since the moments in (4.11) are independent of the momentum space, we perform the com-
putation of (4.10) over the coordinate space only. Therefore, the general expressions are given
by
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Ay QyQy > "l x? 2 22
<anx> _ Q27J/ / f < - + 2y + 5 )
€0 R3 Jo (a§+u)3/2 (a§+u)(a§ + u) a;y+u ay+u  aztu

2 2 2
f (33 + yf + z )dudxdydz

< nE anayaz/ / f 2 N y2 N 22
v"B) 2g0 R3 (a2 +u)3/? (a2+ w)(a2+u)” \a2+u aZ+u aZ+u

f(x +y7+ >dudxdydz
a?

St 2 2 2
(" E.) Qarayaz/ / f( L A )
RS (a2 +u)3/2, /(a2 + u) (a2 + u) az+u  al+u  aZ+tu

2 2
f(x +y7+ >dudxdydz.
a?

T y z

(4.12)
The derivation of an explicit form of (xE,), i.e. n = 1, for a continuous beam is given in [23]
and later recapitulated in [6]. Thanks to this general method, we're basically able to describe
the space charge map for any distribution. In case of a Gaussian probability density function f
and the transformation in Appendix D, above formulas look like

6a . 6a, 6a, n+1
/6az/6ay/6at/ a2+ ,u 3/2\/( _|_ ,u )(az_i_L)

1—p
1 "172 y2 z 1 1'2 y2 22
€xp -3 + + exp —5 a—2+¥—|—a—2
() (4 e5) (2 5) P
1
ﬁdﬂdxdydz, (4.13)
6a. 6a, 6a, 1 ynJrl
wer=sf, fo. )
oo Sy oo o (a4 25772, a2 + ) @+ 1)
1 a? y? 22 12?2 y?* 2P
exp 3 5 ; + 5 + 5 ; exp -3 a72+§+a72
- IJ/ r 'a
(a;,;Jrq) (ay‘i’m) (az‘i’m) T Y z
1
ﬁdudxdydz,
nE K/Gaz /Gay /Gam/ Zn+1
0. )60, 0. Jo (a2 + 12)%/2, (a2 + ££7)(a3 + £27)
1 x? y? 22 1 [x*  y? 2P
€xp -3 + + exp —5 a—2+¥+¥
(24 2)  (2+2) (a4 ) AN
1
—— = dpdrdy dz,
(1 —p)?
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where we defined

o Q
. 16m3eq erf [3@3 axayaz’

(4.14)
with erf() being the error function as specified in [18, eq. 7.1.1] by
f(z) = — / (—2) dt (4.15)
erf(z) = — [ exp(— . :
VT Jo

The single moments, i.e. <wj>, are simply obtained by evaluating

6a. 6a,, 6a, 1 2 2 2\ 7

(™) =1L x"exp |—= r + L + Z ) | da dydz,
—6a, J—6ay J —6a, 2 a% 0,5 ag ]
6a. 6a, 6a, 1 $2 y2 22 )

<yn> B L/Ga /6a /Ga yn P _5 (0‘2 " a72 - a‘2> dr dy dZ’
04z v =0y v —OAg L z Y z/
6a . 6a,, 6a, r 1 2 2 2\ ]

(z"y=1L z"exp |—= T r¥ 12 ) de dy dz,

2\a2 a2 a2

—6a, J—6a, J—6a, L T Yy z/ J

with
1

(2m)3/2 exf [3v/2] ° Az0y0 .

Through truncating the bunch at 60 we introduce a systematic error because all particles that
are further away aren’t considered anymore. For a one-dimensional normal distribution N(0, 1)
this error is 1.973175-107%. A comparison of various truncation values is shown in Fig. 4.3. The
corresponding source code can be found in Appendix G22.

4.2.3.1 Integration Method

The choice of the integration scheme is important. First of all, we need highly accurate results.
Secondly, the time to evaluate those integrals shouldn’t take too long, since we have to compute
them several times during the calculation of a matched distribution.

A numerical integration can either be performed using a quadrature rule or a stochastic method
(e.g. Vegas Monte Carlo). The GNU Scientific Library (GSL) [21] provides both of them. Those
quadrature rules, however, consider only the one-dimensional case. We would have to combine
them or develop our own code in order to evaluate the multidimensional moment integrals. A
more sophisticated solution is the application of the GSL extension Cubature (version 1.0.2) that
is developed by Johnson [24]. It uses adaptive methods and allows parallelization.

A comparison of the GSL Vegas Monte Carlo implementation and Cubature is shown in Fig. 4.4.
There, we measured the time of computing (4.13) with n = 1 while ignoring the normalization
factor (4.14).

Although it’s not a proper comparison we took the number of sample points of the Monte Carlo
integration equal to the relative tolerance used in Cubature. In order to obtain an error of the
same magnitude the number of samples would have to be squared, i.e. a relative error of e.g.
108 is approximately achieved with 10'6 samples.

The green curve in Fig. 4.4a belongs to a simple use of OpenMP using 16 threads. It’s about 8
- 11 times faster than the single core execution (see Tab. 4.1).

The measurements clearly indicate that Cubature yields better results than Vegas Monte Carlo
in approximately equal amount of time. Nevertheless, a fast parallel version of Monte Carlo on
GPUs might be still a possible option.
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(a) One-dimensional normal distribution N(0, 1).
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(b) Integration error € when truncating the Gaussian at 1o, 20, ...

Figure 4.3: Normal distribution and truncation error.
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log,g relative tolerance (Cubature)
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(a) Runtime of Vegas Monte Carlo vs. Cubature.
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(b) Absolute error of Vegas Monte Carlo vs. Cubature. Reference solution: Cubature with relative
tolerance of 107°.

Figure 4.4: Comparison between Monte Carlo integration [21] and Cubature [24]. The moment
(zE,) without prefactor (4.14) got evaluated. Both axes are in logarithmic scale. The z-axis is
either the number of samples or the required relative tolerance. The semi-principal axes were set
to az = 0.005 m, a, = 0.004 m and a, = 0.007 m. The source codes are in Appendix G12 and
Appendix G13.
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rel. tol.  single [us] parallel [us] speedup

1072 22507 2659  8.4645
1073 79407 10013 7.9304
1074 299179 26938 11.1062
1075 1669853 194690  8.5770
1076 9802970 1035953  9.4628
1077 43183 540 4356089  9.9134

1078 191400 164 18958266  10.0959

Table 4.1: Comparison of execution time of Cubature with decreasing relative tolerance. The
parallel version was run with 16 threads on Merlind [25].

4.2.3.2 Verification of Integrals

Allen [6] computed analytical expressions of the moments in case of a continuous beam in longi-
tudinal direction, hence, we can check the correctness of our numerical integration. The general
representation of some quantities is [6, p. 26 - 29]

o raza, [
Nes = Waway/ f(s)ds, (2?) = =X sf(s)ds,
0 2Nes Jo
3 o)
) Ta.a; QNcs  ay
(v 2N.s Jo sf(s)ds, (@E) dmeg ay + ay

where N, is the amount of particles of a cross section [6, p. 26]. In case of a two-dimensional
Gaussian distribution (4.6), i.e.

f(5) = 5r—esp[-3]

2magay

beam size a, = 0.005 m, a, = 0.006 m and 10? particles (Q = ¢N), we get following results with
Mathematica [26] (see Appendix G2):

Nes =1, (2%) =25-10"" m?,
(y*)=3.6-10"°m?,  (2E,) = 0.654529 V.

We obtain identical results in C+4 when for example setting the relative tolerance to 10~% and
the maximum number of function evaluations to 10%. The source code is given in Appendix G14.
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4.2.3.3 Charge Distribution

Using Gauss’s law [13, eq. 1.13]
v E=2L, (4.16)
€o
we’re able to recompute the charge distribution. The expansion of the electric field simplifies this

task since each direction is expanded independently, i.e.

dE;(z) dEy(y) = dE.(z)
dx * dy * dz )

p(x,y,z) €OV'E€0<

Il

m

o
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k=1 k=1 k=1
n
k-1 k-1 k-1
= €0 E k (Ck,xl‘ + ChkyY +Ck 22 ) :
k=1

In the following we show some examples of the charge distribution evaluated with various
truncation orders m. The simulations were performed assuming a bunch of 10° particles and
az = ay = a, = 0.005 m. The exact result with the uniform probability density function that we
define by

1 w < 17
flw) = {S“I“U“Z (4.17)
0 w>1,
is given by
Q 10°
p=

3 15 3
Sapaya. ~ 8-0.005° /™ ¢/m

The series expansion yields the results given in Fig. 4.5 where the distributions are plotted with
z = 0. The source code is in Appendix G15. The numerical result agrees with the analytical
solution. However, with increasing number of expansion terms the support restricts to ~ lo
due to our bounds of integration (see Appendix D.2). Another characteristic is the different
behavior on the border depending on the truncation order. The value either decreases (Fig. 4.5¢)
or increases (Fig. 4.5d) because of the alternating signs of the power series coefficients.

In Fig. 4.6 are the results with the Gaussian distribution. The shape of the Gaussian seems to
be correct only for a truncation order of n = 3. The highest magnitude of (4.6) with p(z,y, z) =

Qf(x,y,2) is

Q 10° 3 14 3
000 = o araya; = r oot /™ D07 0T/

The numerical solution is slightly lower (e.g. ppaz =~ 2.6040-10'* for n = 3). But with increasing
order it seems to converge to the analytical value (e.g. ppmaz = 3.2067 - 10* for n = 9) .
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(a) Truncation at order 3. p = 10*® e/m?.
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(c) Truncation at order 7.
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(b) Truncation at order 5. p = 10'® e/m>.
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(d) Truncation at order 9.

Figure 4.5: Uniform charge distribution (plotted with z = 0) obtained with semi-principal axes
0 =a, =a, =a,=0.005m and (4.17). A relative tolerance of 1075 and a maximum number
of function evaluations 108 were applied.
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Figure 4.6: Gaussian charge distribution (plotted with z = 0) obtained with semi-principal axes

0 = az = ay = a, = 0.005 m. A relative tolerance of 107% and a maximum number of function
evaluations 108 were applied.
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4.2.3.4 Electric Field

Due to the poor result using the Gaussian charge distribution in the previous section we analyze
the electric field approximation. The analytical result can be obtained by applying Gauss’s law
of (4.16) in spherical coordinates

10 1 0 1 0 P
r2 or (r rsin(v) 99 (sin(9) Eyp) + e’ (4.18)

rsin(9) dp ¢ e
with E = (E,Ey,E,) and [27, p. 511]. Then, the charge density of the spherical Gaussian (see
Appendix E.1)

’E,) +

plr) = Q1) = e |-

(2 2a?
yields
0 , 5 B Qr? r?
o (r’E,) = r e, eXp | —5 31>

with solution (see Appendix G3):

E.(r) = 2\/§7r3»gr2a)a3 <\/?a erf Lfa} —a’rexp [—;;D , (4.19)

where erf(-) is the error function given in (4.15). A plot of the electric field in the range of
r € [0,60] is shown in Fig. 4.7.

On the other hand, the integration of (4.9) with (4.6) and a@ = a, = a, = a. (see Appendix G3)
results in

gy Qu_ (VG VE PR e[k (i)
TV (@ + g + 2 a(a? + 47 + %)

o (4.20)

where w € {z,y, z}. Although it’s not directly obvious, we can show that the l3-norm of (4.19)
and (4.20) with w € {z,y, z} are equivalent. By substituting (E.1) into (4.20), we get:

Qu V2m erf [ﬁ} - 2exp [—%]

E, =

4273/ 2¢, r3 ar?
e (el R
= ralerf | — | — 2a%rexp |——
4/ 273/2r3¢ a3 2a P a

— L (\/?a?’ erf [
2v/2m3/213¢ a3 2 2
Q T 4 r
SR S (N
23/ 2m3/2r2¢ ya3 g4

(4.19)

Therefore, the electric field components are given by

rsin(1) cos(p)

E, = E.(r) . = E,.(r)sin(9) cos(p),
B, = ET(T)M = E,(r)sin(¥) sin(p),
B = B0 %Y _ B (1) cos(),
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with a squared [-norm of

E? + B2 + E? = [E,(r)sin(9) cos(¢)]” + [E,(r) sin(9) sin(p)]* + [E,(r) cos(9)]”

= EZ(r) [sin®(9) cos®(¢) + sin®(9) sin® () + cos* (V)]
= E2(r) [Sin2(19) + cos®(9)]
= ()

E(r) [vim]
6000 10000
|

2000

0
|

0 lo 20 30 40 50 60
r [m]

Figure 4.7: Electric field of a sphere using a Gaussian charge distribution with ¢ = a = a, =
ay = a, = 0.005 m. The z-axis represents the distance from the center of the sphere.

In Fig. 4.8 are electric field approximations with various truncation orders. It confirms the poor
behavior that we have already observed in Sec. 4.2.3.3. The curve indicates a peak as in Fig. 4.7
but it’s shifted by approximately 1o. The analytic solution (see Appendix G3) has the maximum
at r ~ 0.0068 m with F,,, = 12326.0476 V/m. The peak position and its value seem to slowly
converge to the right value as shown in Tab. 4.2.

order peak at r [m] peak value [V/m] abs. error rel. error [%]

3 0.0151 15578.9 3252.8524 26.3901
) 0.0133 14692.1 2366.0524 19.1955
7 0.0127 14328.0 2001.9524 16.2416
9 0.0126 14166.6 1840.5524 14.9322

Table 4.2: The peak of the electric field for various truncation orders. The last two columns
indicate the absolute and relative error with respect to the true peak of E,, ., ~ 12 326.0476 V/m
at r ~ 0.0068 m.
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Figure 4.8: Electric field ||E(r,9, )||2 at ¥ = ¢ = 7 using a Gaussian charge distribution with
0 =ay = ay = a, = 0.005 m. The z-axis represents the distance from the center of the sphere.
The Cartesian coordinates are transformed by (E.1). Relative tolerance of moment computation
was set to 1075 with maximum number of function evaluations 108. The corresponding source
code is given in Appendix G16.

4.2.3.5 Electric Field Density
The total energy is [13, eq. 6.112]

W, = %0 / (E2 n c2§2) av,
\%

with volume V, electric field E and magnetic field B. The magnetic field is zero because we
assume a bunch with velocity v = 0. Additionally, we consider a sphere of radius R, thus, above
formula simplifies to

S €o

27 pm R
W, = 70/ E2qv =2 / / E?r? sin(9) dr dd dy,
2 v 2 0 0 0
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where the transformation to spherical coordinates is given in Appendix E. As we approximate
the electric field in each direction through a power series, the equation can be rewritten as

B 570 2 ™ R 2 T 2 2 5 T'QSin ,
We=75 /O /O /O (B2 () + Ey(y) + EZ(2)] (9) dr dd dep, (4.21)

where the coordinates have to be substituted by (E.1) during the computation.
A spherical bunch of N particles homogeneously distributed have a charge distribution (4.17) of

Q

02@7

where @ = ¢N. By applying Gauss’s law (4.16) in spherical coordinates (4.18) we obtain the
electric field

Q
Enr) = 5 mh

where the independence of ¢ and ¢ simplifies the calculation. In this case the computation of

(4.21) is given by
€0 2m T R
We = —/ / / E2(r)r? sin(9) dr d9 dy,
2Jo Jo Jo

which can be analytically solved assuming the uniform distribution (see Appendix G4):

Q*n

We unif — .
il T 44060 R

(4.22)
In Fig. 4.9 and Tab. 4.3 is a comparison of (4.22) with the approach of expanding the electric
field where we have chosen N = 10° and R = 0.005 m. The analytical result (4.22) with this

configuration yields
We unip ~ 7.8955 - 10° eV,

or, respectively, & 7.8955 eV /particle.

When requiring a relative error of 1072 and maximum number of function evaluations of 10%
for the numerical integrations, the expansion agrees with the reference solution up to truncation
order 13. Then, the numerical issue kicks in.

Thanks to the spherical symmetry we only need to compute the moments in one direction.
Additionally, all integrals of odd integrands are zero:

(wPy=0 Vpe{2n+1|neNy} and (wPE,)=0 Vpe{2n|n e Ny},

where w € {z,y, z}.
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7 — Electric Field Expansion © Q
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Figure 4.9: Electric field energy of a spherical bunch with R = a, = a;, = a, = 0.005 m and
uniform charge distribution. The relative error is computed by (n/r —1) - 100 where n represents
the numerical value and r the reference value. The C++ code is in Appendix G17.

order field energy [MeV] relative error [%)]
1 7895.488788908594 2.249-10~10
3 7895.488788914006 2.935-1071°
5 7895.488788914002 2.934-10710
7 7895.488788913866 2.917-10710
9 7895.488 788918492 3.503 - 10710
11 7895.488 788442384 —5.680-1077
13 7895.488789249182 4.539-107°
15  7895.488790126233 1.565- 1078
17 7895.488852108553  8.007 - 10~7
19 7895.489299 672355 6.469 - 1076
21 7895.489241960982 5.738-1076

Table 4.3: Numerical values of the field energy for various truncation orders based on the uniform
probability density function (4.17). The last column represents the relative deviation in percent
from the reference solution (see Appendix G4), i.e. 7895.488 788 890838 MeV.
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4.2.4 Distribution with Higher Order Terms

Up to now we haven’t applied any higher order terms in the charge distribution. In [28] they
describe the usage of such additional terms as part of the Gaussian distribution, i.e. [28, eq. 12]

1'f_g(‘f) )

o 1+ _

f(& 02) = Agexp —ixTUQ

where Ay is some prefactor, & = (z, pz, ¥, py, 2, p») and g(Z) represents a function of higher order
terms. However, they do not specify how this function looks like.

4.3 Discussion of Methods

In this section we shortly compare all previously described methods and give a motivation of our
choice.

A limitation of the distribution-based methods is their assumption of a charge distribution. We
basically prescribe a charge distribution that, however, might be a bad approximation over time.
A possible solution might be the use of methods that estimate the probability density function
based on moments. Such methods normally depend on basis functions like Laguerre or Hermite
polynomials. [29]

The huge benefit of distribution-based methods is the fact that we don’t need to track particles,
i.e. everything can be described by moments.

The particle-based method, on the other hand, allows any kind of distribution and moment
tracking shouldn’t represent a problem. But since we require for each trajectory a space charge
map, we would need to resample particles from the moments or simply track single particles.
This requires more memory and is more complex — especially when want to resample particles
based on higher order moments.

Additionally, it wasn’t really clear to us how one should obtain a space charge map from FMM,
although it’s claimed in [16].

All these disadvantages and uncertainties of the particle-based method finally convinced us to
apply one of those distribution-based models where we decided to implement the approach of
expanding the electric field since it is more general.
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5 Non-Linear Space Charge Map

5.1 General Form

In order to obtain higher order space charge maps, we have to expand (3.1) with the space charge
Hamiltonian (4.1). Applying the series expansion (3.3) leads to

> (—s:HSC:)j 1 I +s2:HSC:2 s Hg.:3
~ 2 =1 —s5:Hg: -

Mse = 1 2! 3!

...,
j=0

where the repeated application of the Lie operator includes higher order derivatives. Due to (4.1)
above formula is rewritten as
(sq)?:¢:> _ (sq):0:°

Moo =1—5q:¢: + 51 - 30 +.... (5.1)

In the dynamical variables the Lie operator in (3.2) is given by

960 0D 06D 969 96 9 9 0

HoX
0 0 0

where all derivatives of the potential ¢(z,y, z) with respect to the momenta are zero. Using the

relation (4.8) then yields

0 0 0
b = —B,— — B, 2 _ g2
¢ “op, Yop, " Op.

Therefore, the evaluation of above equation in e.g. horizontal direction (z,p,) gives

ox ox ox
ix=—Ey — —BE, — —F, — =0,
b “op, YOp, " Op.
Opx Opz Op.
ipy = —EBp —~ —F, =~ —E, =—E,,
¢:p Ops 7 Opy op
1 0 0

where the same holds for the vertical and longitudinal direction. Because the electric field is
independent of the momenta, the second term in the series expansion (5.1) vanishes, i.e.

e = ::0=0,
:¢:2pm =—:p: b =E, 0L, +Ey 0L +E, 0L, =0,
8]73; apy 8]?2

where we exploited [11, eq. 5.3.4], i.e. :¢:2 = :¢: :¢:. Consequently, all terms

pdw=0 Vj>1,
D Ipy =0 V) > 1,
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with w € {z,y, z} vanish which reduces (5.1) to
Mse =1 —sq:¢:.
The space charge map for each canonical variable is therefore given by

1
1+ sqF,;
1
1+sqEy |’
1
14 sqF,

Msc =

where we ordered the variables according to (z,ps,y,py, 2,p-). By inserting the model of ex-
panding the electric field of Sec. 4.2.3 we obtain

1
1+5g) 7 Cio’
1

Msc ~ 1 4 sq Z:‘L:O Ci,yyi
1

L+sgd .2

with coefficients ¢; 5, ¢;y and ¢; , that are obtained by solving (4.11). Since the source code
is based on the variables (z,2’,y,y,2,0) instead of (z,ps,y,py,2,p-), We have to apply the
transformations explained in Sec. 1.3. Therefore, the space charge map is finally given by

1
1+ mﬁszq(:Q'y Z?:O Civfxi
1
L+ mﬂs2qc2'y Z?:O Ci:yyi
1
1+ FYQ mBSQqCQ'y Z:‘L:O Ciazzi

Mo =~

5.2 Linear Approximation of the Electric Field

Since the linear space charge map is known, we can verify above theory by making a linear
approximation of the electric field in all directions, i.e. E, = ¢y + cqw with w € {x,y,z}.
Assuming a centered beam that is (w) = 0, the general result of (4.11) is

(1 o) () = (1) = e 2B

with w € {z,y, z} again. Though, the 6 x 6 space charge matrix in (x,2’,y,v’, z,9) is

1 0 0 0 0 0
b s 1 0 0 0 0
0 0 1 0 0 0

Mie(s) = 0 0 e WBs 1 0 0 (5:2)
0 0 0 0 1 0
0 0 0 0 q (2E:) .2 1
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This is exactly the same matrix compared to [7, ch. 2.5.2],

1 0 0 O 0 0
K;,s 1 0 0 0 0
0 0 1 0 0 0
MSC(S) - 0 0 KyS 1 O O ’ (53)
0 0 0 O 1 0
0 0 0 0 Kn%s 1

which is based on the theory of [8, ch. 11.4.] with (x,2',y,4',1,d). The strengths of the space
charge forces K, K, and K, are defined in [3, eq. 21] by

Ks[1 - f(s)] Ks[1 - f(s)]

K, = ————+"">—, K, = )
(05 + 0y)0,0, Y (0n + Oy)0y0

K, — Ksf(s)

b
OyOy0

with [8, eq. 11.35]

and [8, eq. 11.36]
3ql )\

- 20v/5megme3 323

K3

where A is the wavelength.

5.2.1 Dimensional Analysis

In this section we compare the dimensions of (5.2) and (5.3). For this purpose we abbreviate the
units in a more general way, i.e. length L, mass M, time T and charge Q. Therefore, the units of
the quantities in the previous section are expressed by

MN=T"Q, [e0)=L3M1'T2Q%* [=LT', [E]=[E]=[E]=LMT2Q,
[m] = M, lq =@, (8] =1, V=1
The SI unit of (5.4) is then given by

LT—l Q2 LT—l Q2
(B3] = 7573 Trer 30 - 719z — L
LBL3MMIT2T3Q T-1Q

Consequently, the space charge strengths have units of

Since the subdiagonal entries of (5.2) have units of

{mﬁg@y <f£§>} _ [m@gc?v <?<J£§>} _ [mgz;v <z£§>] _LLMT2QQ~!

the dimensions of (5.2) and (5.3) agree.

-2
CrEMT?
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6 Moment Tracking

In the following sections we discuss the theory of tracking moments by higher order transfer
maps. This kind of transport is also explained in [12, ch. 5.2].

But before illustrating the theory of non-linear moment tracking, we have to understand the
linear case. For this purpose we study the second order moment tracking and make an example
in the one-dimensional phase space.

6.1 Linear Mapping of Second Order Moments

On the assumption of a linear transfer map M € R%*6 the second moment matrix [8, eq. 4.134]
defined in the dynamical variables (z,p.), (y,py) and (z,p.), i.e.

(@) (wpe)  (wy)  (xpy)  (x2)  (ap)

(pzx)  (P2)  (Day) (Paby) (P22) (Pap:)

(yx)  (ypz)  (¥*)  (ypy)  (yz)  (yp=) 6.1)
<py33> <pypw> <pyy> <p§> <pyz> <pyp2> ’ )
(zz)  (zpa)  (2y)  (zpy) (%) (2p2)

(p=x)  (ppa)  (pzy) (pzpy) (p22)  (P2)

is transported on the path s by [8, eq. 4.141]
oo(s) = Moo(0)M . (6.2)

Based on above notation we define the general formula of mapping the k-th order tensor of
moments by

or(s) = Mo op(0) o M7, (6.3)

where M is the k-th order map. Since the simple matrix operations applied in (6.2) aren’t valid
anymore, we denote those new operations by o and 7. In the next section we try to understand
(6.2) by an example.

6.1.1 Example

Assume the one-dimensional phase space with the canonical pair (g, p) and covariance matrix
2
o= (<q ) <q§>> : (6.4)
{ap) (p*)
Further, suppose that the variable ¢ is mapped linearly by

g+ Aog + Mp, (6.5)

with Ag, A1 € C. Hence, the transfer map is given by

M= (AO A1) , (6.6)
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where e represents a placeholder for the coefficients of the linear polynomial for the momentum.
Therefore, inserting (6.4) and (6.6) into (6.2) yields following result:

o M o MT
—_—

(@) ap)p) _ (o M ((€2), (@) (Mo o\ _ (o M (Po(a®), +M(ap); *
((q;D)f <p2>f> <° °> <<qp>i <p2>i> ()\1 ') (' ‘) (/\o (ap); + M (p?), *)
_ (Ag (@*); +22oA1 (gp); + A% (), *> ’

* *

where * and % symbolize modified entries and the subscripts i, f indicate initial, respectively,
final state. Thus, the moment <q2> is mapped by a linear combination of {(gp), <p2> and <q2>
itself. We obtain the identical result when squaring (6.5) and computing the moment of it, i.e.

(), = /W (Moa; +Mipi)* f(g.p) dadp = /RQ (A8a? + 2M0Muaipi + A1) f(g,p) dadp

:/\3/ q,?f(q7p)dqdp+2)\o/\1/ aipif(q.p) dqderA?/ P f(q,p)dgdp
R2 R2 R2
= A3 (%), + 2 oA (qp); + AT (p*),

with probability density function f(g,p). In the next section we discuss this property in connec-
tion with arbitrary moments.

6.2 General Moments

In general, a moment of the form o

(' phy"pl ="l
that is defined in the dynamical variables with exponents i, j,k,l,m,n € Ny, is computed ac-
cording to (4.10) by

(a'ply’plz"pl) = /6 2 plyFpl, 2" P2 f (.Y, %, Da, Dy, p2) dx dpy dy dpy dz dp., (6.7)
R

with f being a probability density function. The total number of moments grows with the order
pursuant to (2.1). As an example, the second moment matrix defined in (6.1) already counts 21
different moments.

6.2.1 Mapping

The example in Sec. 6.1.1 showed another representation of (6.2) making it possible to generalize
this formula for arbitrary orders and moments denoted by (6.3). We first conclude that the new
state of the k-th order moment of a single variable is accomplished by taking the k-th power of
its polynomial, followed by a summing up of all moments that occur as monomials in the new
polynomial. The coefficients of the polynomial can be thought of the weights of each moment
that contributes to its transport. Mixed moments, i.e. moments that consist of a product between
different variables, are tracked accordingly. But this time the product has to be taken between
all polynomials of the appropriate variables.
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So, lets assume the six-dimensional phase space with canonical pairs (z,ps), (y,py) and (2,p.),
where the variables are mapped by

fo:gl@ﬁ% pIHﬁIZQQ(J’ﬁ)v
y—=9=93(0.p),  py— Py =94(¢. D),
Z’_>2:g5(cfvﬁ>a D=z Hﬁz:gﬁ(q_;mv

with g; (i = 1,...,6) being multivariate polynomials in ¢ = (x,y,2) and p'= (pz,py, p-). Then,
the general formula to transport moments is

@R, = (3@9) - 9(@p) - 5(@.P) @D - 9 (@ P) - 98 (@) (6.82)
= Ao <l‘> 4+ ...+ X5 <pz> + X¢ <J)2> + ...+ Ao <p§> + Ao7 <l‘3> + ... (68b)
= ZA?af + ZAgﬂagﬁ + Z AP oGP 4 Z AP GEPI L(6.8¢)

o a,B a,fB,y a,3,7,0

with exponents i, 7, k, I, m,n € Ny, transport coefficients A, (r € Ny) and tensor indices «, 3,7, 9.
The k-th order tensor Ay in (6.8c) holds the coeflicients of (6.8b). In case of Az this corresponds
to
)\6 )\7 )\8 )\9 >\10 )\11
A2 Az Aa Ais e
A7 Az A9 Ago

Ao = ,
2 Aot Aza Aog
)\24 >\25
A26

and therefore

ZA;‘Ba;ﬁ =X (2°) + A7 (@po) + ... + Aa6 (P2) -

a,f3
Due to the fact that a multiplication of polynomials (6.8a) is again a polynomial and that an
integral over a sum can be rewritten as a sum of integrals, verifies the correctness of above
equation by intuition.
Thanks to the TPSA representation we’re able to compute (6.8c) by simply iterating over all
monomials of the polynomial and summing up all corresponding moments with respect to the
monomial coefficients.

6.2.1.1 Programming Example

A small program verifies the above explained theory. We use a one-dimensional phase space (g, p)
with the non-linear map
M. 47 12+_q1i+ 7,
p=p°— 54
It generates N particles with coordinate ¢ and momentum p being normally distributed with
N,(0,0.25) and, respectively, N, (0,0.01). The moments are evaluated using the discretized vari-
ant of (6.7), i.e.

;N1
(¢7) =+ > P,
k=0
where i,j € Ny are exponents again. In Tab. 6.1 are the results of Appendix G18 that maps

either particles or moments. The fact that both methods return the same results confirms the
correctness numerically.
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moment particle-based moment-based

{(¢*)  1.69089 1.69089
(gp) ~ 0.0117429 0.0117429
(p®)  0.00178635 0.00178635
(gp*)  0.109954 0.109954

(¢®p®)  0.00552552 0.00552552

Table 6.1: Results of Appendix G18 with input parameters N = 10% and seed 42. The second
and third column are the results of a particle-based and, respectively, moment-based tracking.
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7 Matched Moments

During one turn in a cyclotron the bunch changes continuously its shape due to focussing and
defocussing forces. A distribution is called stationary if for any position s in the orbit the moments
remain unchanged, i.e.

(a'plyPplzmpl) (s) = (a'ply*pl2"pl) (s + L) Vs >0, (7.1)

where L is the length of the orbit and <mip§ykp;zmpg> specifies a general moment with su-
perscripts 4, j, k, [, m, n € Ny denoting the occurrence of each dynamical variable. In [3] the
estimates of the second order moments, i.e. any combination with i +j4+k+1{4+m+n =2, are
improved by using the fact that the eigenvectors of the stationary distribution are identical to
the eigenvectors of the 6 x 6 transfer matrix. Through inserting user-defined bunch emittances as
eigenvalues of the distribution the moments got constrained. The generalization of this approach
to systems including non-linear effects would involve the solution of eigenvalue decompositions
for tensors with degree d > 2. However, starting from the general definition (7.1), we obtain a
more flexible method.

7.1 General Description

The definition of a stationary moment in equation (7.1) gives rise to write the task as a minimiza-
tion problem where the difference of a moment between subsequent turns should be diminished,
ie.
1 ;o o 9
argmin o |[(#'ply"p, 2" p2) (s + L) — (a'py*p,2"p2) (5)]]

where ||-||, specifies the Ly-norm. The type of norm basically doesn’t matter but the Euclidean
norm is a common choice. The position s on the path where we try to minimize the difference is
not relevant. This is motivated by the assumption that in case of matched moments at position
s, the moments are also matched at s + As for As <« 1.

In the following we write the position s of the path as a subscript, i.e. (-),, for the sake of clarity.
The values of the moments of the next cycle s+ L are available to us by transporting the current
moments with the one turn transfer map M. Though, we have a function for every moment

Forr (@gs Pa)er s 2o (@) s (@pa)s s (P2) o (%)) s

that depends on all present moments. Because the phase space directions are normally coupled,
the functions contain also moments of other orientations. Therefore, the minimization problem
can’t just be solved for every moment separately. The task can now be written in a more compact
form as

1
argmin§|\A§7'5 —fs||§, (7.2)

where the rows of A € R™*" store the coefficients of the polynomials that describe the transport

. . T .
of the r moments contained in 7, = (<x>s s (Da)gse-os <m2>s AxDz) gy <x3>s ... ) € R,
The matrix A and the vector Z, are known to us. The unknowns are the moments of the next
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turn that are basically obtained through a matrix-vector multiplication, i.e. Zs;p = AZs. Thus,
another form of equation (7.2) is

I -
arg min g [EATEEAS (7.3)
For a matched distribution, i.e.
Zsyp =%s Vse[0,L],

equation (7.3) is minimal for any s. In that case the transfer map M and, respectively, the
matrix A that depend on the moments, are stationary. If we assume that A represents exactly
that mapping, we can rewrite (7.2) by

o1 R .
arg min 5 [|AZsy 1 — fvsH; :

In order to ensure a physical solution we incorporate some constraints. In case of a matched
distribution the emittances are constant. Therefore, we restrain the least squares method by [8,
eq. 4.106]

= \/:102 ) (p2) xpz> , \/ ypy> ; = \/ 22) (p?) sz> , (7.4)

where €,, €y, €, are the user-defined emittances. The non-linear constrained least squares problem
looks then as

A S o
argm1n§|\Axs+L—xs||g st guw (@syr) =0 Yw==x,y,2

with

S 2
g Farr) =\ w?),yp (02)ey — (0P — o (7.5)
These conditions can be incorporated through Lagrange multipliers X (see e.g. [27, p. 436]) where
the Lagrangian is given by

- Liigs - ST
L(E s, N) = 5 AT i = Tl[3 + XTF (Forr) (7.6)

with § = (g2, 9y,9.) " as constraint vector. We solve this problem by setting the first derivative
of the Lagrangian with respect to each parameter to zero. This yields following equations:

oL

= ATAZyp — ATE A+ X205 = §(#r) =0 7.7
8fs+L xz +L x + ) (9)\ g(x JFL) ) ( )
where =
VJCHLgm({S-‘rL) 5
Jg =\ Vi, 9y(@ssr) | € R (7.8)

vfs+ng(fs+L)
The detailed calculation of those derivatives is given in Appendix F. The derivative of g, (w =
x,y, z) with respect to Zs1p, is

(r) if 4,
2\/<w2><pguz>>7<wpw>2 d(w2y >’
- o _d__
Vi 9w = 2V (@) (p2)—(wpw)’ if d(p3,)’ (7.9)
—{(wpw) if 4
V(w?)(p2) —(wp)? d(wpw)
0 otherwise.

In order to obtain a numerical solution of (7.7), we make use of the Newton-Raphson method.
In the following section we describe the method with focus on our problem.
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7.2 Newton-Raphson Method

The Newton-Raphson method solves the problem of finding a root of a system of equations

—

F() =0,
by following iteration scheme:
Gierr = G = Jr () T E(@G) (k> 0), (7.10)

where Jp(7) is the Jacobian matrix of F.
In each iteration step a linear system of equations has to be solved. Thus, the Jacobian matrix
has to be non-singular such that the solution is unique. In our case the non-linear function is
given by (7.7), i.e.
F= (ATA@H — AT JJA) € RU+3X1 (7.11)
g(fs-‘rL) ’

with J, defined in (7.8) and Lagrange multipliers X Therefore, the Jacobian matrix is

= (ATA+H,(Zepp,N) J
Jp=V_ F= gitstL g R(r+3)x(r+3) 7.12

F Ty A ( Jg 03><3 € ’ ( )
with Hessian Hy(Zs4 1, X) = Vi o (JJX) € R™ " (see Appendix F). After applying the Newton-

Raphson method (7.10) we obtain the new estimate of the moments in the vector i = (Zs1r,\) "
In case of a singular Jacobian matrix Jp there’s no solution.

7.3 Linear Matching Example

On the basis of (1.5) and a linear space charge approximation, the polynomials of mapping the
dynamical variables by one turn are given by

T a11% + a12Px + @152 + a16Pz, Pg 7> @21 + Q22D + G252 + G26D2,
Y — a33Y + as4py, Py > G43Y + Q44Dy,
Z > G517 + Q52D + 0552 + A56Dz, Pz > 612 + Q62D + G652 + Q66D

where a,,,, represents the element (n,m) of the 6 x 6 transfer matrix. By applying (6.8) for all
second order moments, we obtain the transport equations from the initial state i to the final
state f (see Appendix G5):

(2%), = afy (2%), + 2ana12 (2ps),; + 2a11a15 (22); + 2011016 (2p2),; + aia (D7),
+ 2a12015 (P2 2); + 2a12a16 (Papz); + als <22>i + 2a15a16 (2p2); + aig <p§>z ;
(xpg)f = a11021 <$2>Z + (a11a22 + a12a21) (Tps); + (a15a21 + ariags) (x2);
+ (a16a21 + a11az6) (Tp2); + a12a22 <pi>,i + (aisa22 + a12a25) (P2 2),

+ (a16a22 + a12a26) (P2pz); + a15a25 <22>i + (areazs + a15a26) (2p2); + 16026 <P3>Z ;
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(zy) ; = arass (xy); + a11a34 (Tpy); + a12a33 (P2y),; + a12a34 (P2py); + a15a33 (Yz);
(yp-); + a15a34 (py2),; + a16a34 (Pyp=), »

<$py> = a11043 (TY); + a11044 (TPy),; + a12043 (PoY); + A12044 (P2Py); + a15043 (Y2),

+ a16a43 (Yp=); + 15044 (Py2),; + @16044 (PyD-); ,

<$Z>f = a11051 < 2>i + (ai2as1 + a11as2) (vpe); + (a15as51 + ariass) (x2);

+ a16a33

+ (a16as51 + a11as6) (Tp2); + a12as2 <pm> + (a15a52 + a12as5) (P 2);

+ (a16as2 + a12a56) (P2D=); + a15055 (2 2>i + (a16as5 + a15a56) (2pz); + a16ase <pz> )
<$Pz>f = a11061 <$2>1 + (a12a61 + a11a62) (Tpz); + (15061 + ar1a65) (22);

+ (a16a61 + a11ae6) (TP2); + a12062 <pl> + (a15a62 + a12a65) (P2);

+ (a16a62 + a12a66) (P2P=); + 15065 < >z + (aieaes + a15a66) (2p2); + a16a66 <pz>Z )
(W), = a3s (y?), + 2az3a34 (ypy), + a34 (p}), -
<Z/Py>f = A33043 <2/2>z + (agsa43 + agzaaa) <ypy>l + a34G44 <p§>Z )
<P§>f = aj; (%), + 2a4saua (ypy); + ai, <p32,>i ;

where the moments (p3 ), (Pzy), (Papy), (P22)s (P2p2), (y2), (YD), (Py2), (Dyp2), (2%), (2p.) and
<p§> are transferred as one of the appropriate moments in horizontal direction. The vector of
unknowns & € R?'*! is therefore given by

F=((22), @pe) s (B2 () (22 (pa), (02))

From the transport equations of the second order moments, we get the non-zero pattern of the
matrix A € R?1*21 of (7.6). Due to reasons of clarity we just use the symbol x to represent the
non-zero elements, i.e.

b

I
X X X O O OO OO X X OO * X OO X X%
S OO X OF X OO OO X OO O X ©O
O OO X X OF X OO OO X OO O X ©O
X % X O O O OO OO X OO X X OO x X
O OO X X OF X OO OO X OO O X ©O
O OO * * OF * OO DO H * ©ODODODH *+ OO
OO DODODO X OO X OOODODODOCDOO O OO
O OO OO OO X ©OCOODODODODOOO OO
S OO X OF F ©OOODO X X OO O X ©O
O OO X X OF X OO OO X OO O X ©O
OO DO OO X ODOODODODODODOOO OO
S OOt X OF F ©OODDODO X X OO Ot X ©O
S OO X OF X OO OO X OO O X ©O
X % X O O O OO OO d X OO X X OO x X
X X X O O O OO OO X F OO X X OO X X

X X X O O O OO OO X X OO X X OO X X
X X X O O O OO OO X X OO X X OO X X
X X X O O O OO OO X X OO X X OO X X
X X X O O O OO OO X X OO X X OO X X

X X X O O O OO OO X X OO X X OO X X
X X X O O O OO OO X X OO X X OO X X
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Its structure shows that the matrix is symmetric concerning the position of the non-zero ele-
ments. The entries, however, aren’t equal. Consequently, the symmetric matrix A" A indicates
the identical pattern. The Jacobian matrix J, € R®*2! on the other hand has following non-zero
pattern:

Jg =

o O
o O
*x O O

0 0 00
0 0 00
0 0 0 O

S O X

0 0 0 00O 0 0 0 0O 0
0 0 0 0 % 0 0 00 0
00 0 00O 0 00 0O *

O O
*x O O

with values obtained through (7.9). The Hessian H, € R21%21 Jooks according to Appendix F
like

I
I
DO DD DD DODODDODODODDODDODDODDODO X OO OO
(=N ool NoNoNeNe e loloNoeNoNoeNoNo ol ol oo o)
OO DD DD IDODODOODODODOODODDODODODODODODODODOOoO OO
=N eleleololoNeleleoloBelslsloNaolaoBaololoRole)
=N elelelaoNaNeNeleloloNoleNeNeNol ol ol oo o)
OO DD DD DD IDODDODDODDODDD OO0 OO
=N eleleololoNeleBeloBoleolsRoNaoNaB el el ool
=N eleleNaoNoNeNeleloloNoNeNoNoNol ol ol oo o)
SO OO DD DD OO ODODO OO OCO0O
SO DDDODO X ODOF * OO ODODODODOOOOO
DO OO OO F X OOODODODOCDOO OO0
(=N elololoNoNoNeleloloNoeNoNoNo ool ol oo o)
OO OO DD ODODODOODOOOOODODODODODODODODODOOO OO
OO DODDODO X ODOF *F ©OOODODODODOOOOO
=N eleleololNoNeoNelelolololoRoNaN e el ol oo o)
=N eNeleNoaoNoNeNeleloeloNoNoNoNoNolo ol oo o)
X X X OO OO O ODDDDDDDODODIDODODOoOOOOCO OO
X X X O O OO OO DODDODODODODODOO OO OO
X X X O O OO OO DODDODODOOOOO OO OO

DO OO DODODODODODODDODDODOO X OO OO %
OO OO DD ODODODOODODODDODDODO X OO OO *

7.4 Non-Linear Matching Example

In this section we give a short example where we perturb the Gaussian distribution by a non-
linear term in horizontal direction. In [28, eq. 12] the usage of higher order terms in the Gaussian
distribution is mentioned. However, we use an artificial third order term that might have no
physical meaning.

7.4.1 Assumptions

Since our program is based on the ” Truncated-Power-Series-Algebra” that assumes small devia-
tions from the reference particle, we still assume a centered beam, i.e. (x) = (y) = () = 0. For
our example we suppose that (E,) = (E,) = (E.) = 0 holds true as well. This example should
only cover moments up to third order that’s why we take all moments of fourth order and higher
equal to zero.
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7.4.2 Distribution Perturbation

In our example we perturb the charge distribution by a fixed non-linear term of third order, i.e.

z2  yr 2P N
f(z,y,2) = fa (ag%—l-c@—l—@) - exp {—k@: >ag} : (7.13)

where fg represents the Gaussian distribution as in (4.6), k is some constant that specifies the
percentage of influence and a,, (w = x,y, 2z) are the semi-principal axes as before. As already
mentioned, we do not claim that it has some physical meaning or relevance. However, it should
give us a first insight into non-linear matching.

7.4.3 Electric Field Approximation

In order to include higher order moments into the space charge maps we have to approximate
the electric field by a polynomial of at least degree 2.

Due to the assumptions made in Sec. 7.4.1 the linear system of equations (4.11) is given in each
direction by

(1) 0 ngi Co,w <EO |
0 w? w law] = wW )
(w?) éwsi 0 2w (Bww?)

with solution (see Appendix G6)

o (w?) + (w?)? |
(W) (WEy) + (w?) (W?E,)

e (w?) + (w3 |

by — (W) (WE,,) — (w?) (W?Ey,)

(w?)® + (w?)?

In contrast to the Gaussian without perturbation, the coefficients of the monomials with even
power, i.e. cg . and cz 4, are non-zero as well.

7.4.4 Additional Constraints in Lagrangian

The second order approximation of the electric field requires the tracking of first, second and
third order moments. Hence, we have to make sure that physics and the assumptions in Sec. 7.4.1
are still satisfied after the Newton-Raphson method. We accomplish that by additional Lagrange
multipliers QE € R5*1. So, the Lagrangian of (7.6) gets slightly modified to

- -

- 1.5 S ST oo s
L(Zsyp, N\ ) = B} ||AZ sy — $s||§ + /\Tg (Tsr) + JTh(l‘erL),

with
<:E>3+L
<pm>s+L
ﬁ(fs+L) = iigsji
<Z>;+L
<p2 > s+L
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Hence, the vector in (7.11) extends to

(AT A - ATE 4 TN+ T
F= g'(fs-&-L) e R(r+9)><1,

—

h(ferL)

where the Jacobian is given by

-,

ATA+ Hy(Zoyp,N) + Hy(Zorn,0)  JT I

)

fs+L,XﬂEF = J, 0343 Oszxg | € R+9)x(r+9)

Jrp =V
Jh 06><3 O6><6

The Hessian Hj,(Zs41,1) is a 7 X 7 zero-matrix and the Jacobian matrix of the constraint is
Jn = (IG><6 OGX(T,G)). It has to be mentioned that the vector s now also contains the moment

(1). The non-zero pattern of the coefficient matrix A is indicated in Fig. 7.1.

.
.

0 10 20 40 50 60 70 80
column

Figure 7.1: Non-zero pattern (#mnon-zeros: 4641) of coefficient matrix A € R84*84 Tt stores the
coeflicients of the polynomials to transport first, second and third order moments.

It basically shows that moments of higher order are also influenced by moments of lower order,
and vice versa. Since the vertical direction is decoupled from the horizontal and longitudinal
direction, the coefficient matrix contains some bigger ”gaps”. It’s clear that the matrix is more
dense the more couplings between the directions exist.

In Sec. 9.6 we show results where we tried to match moments based on this example.
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8 Implementation

8.1 C/C++ Libraries

The implementation is based on following libraries:
e DA library (AMAS group at PSI),
e Boost library [20],
e Cubature (version: 1.0.2) [24].

In some programming examples we make also use of the usual GSL library [21].

8.2 Initial Source Code Generalizations

The program of [7] consists of five classes: ClosedOrbitFinder, SigmaGenerator, RDM, MapGener-
ator and MagneticField. It has also a namespace physics that defines constants.

This section discusses all source code changes that are initially done in order to generalize the
program.

In a first step we removed the RDM-class. It was used to decouple the 4 x 4 transfer matrix,
i.e. without vertical direction, in order to obtain better estimates of the searched stationary
moments. Although this technique could probably be extended to higher orders, we replaced it
by a standard eigenvalue decomposition solver that diagonalized the whole 6 x 6 transfer matrix.
Further, we generalized the implementation of the map construction. Before, the transport ma-
trices of the space charge and magnets of the cyclotron were hard-coded. Now, the MapGenera-
tor-class is able to handle any Hamiltonian as a function and generates a map to arbitrary order
according to formula (3.1) and based on the provided DA library (see Sec. 8.5.4).

These changes are the fundament in order to incorporate the generalizations for the non-linear
theory.

8.3 Data Structures

In [7] the moments are stored in a 6 X 6 matrix representing the second order moment matrix
02. In order to keep track of other moments too, we changed the underlying data structure
completely. Since the complexity of the task grows as illustrated in Fig. 2.1, a fast insert is
reasonable. Additionally, we would like to have random access in order to get the second order
moments. These are needed in the computation of the space charge maps and in the constraints
of the Newton-Raphson method. That’s why we decided to store all moments in a STL deque
where they are kept in increasing order, i.e.

<x>,(p,J),...,<pz>,<J;2>,(xpw>,...,<p§>,<x3>,<x2pl.>,...,<x2pz>,...

Due to the trajectory discretization we store all moments for every step. For this purpose we
chose a STL vector. Hence, the memory to store for example every moment up to fourth order
(209 moments, see Fig. 2.1) as a double, i.e. 8 B, with 103 trajectory steps is

8-209-10° B = 1672000 B ~ 1.6 MB.
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On the other hand, a particle-based simulation in the six-dimensional phase space that needs
approximately the same amount of memory could track

1672000 B
6-8B
particles. Such a simulation would give not reliable statistics.
All map manipulations are performed using the DA library where a map is hold in a FVps (fixed
vector power series) object. This class contains all necessary operations, e.g. the Lie transforma-
tion (3.1), that are essential in our computations.

Our Newton-Raphson method implementation is based on the provided containers and functions
of uBLAS that is part of the Boost library.

= 34833.3 ~ 34833

8.4 Class Diagram

The project got complemented with additional classes: Moment, MomentTracker, SpaceCharge
and LSE. The complete class structure is shown in Fig. 8.1. The class LSE provides a function to
solve a linear system of equations. It simply combines several functions of the uBLAS package
that is part of the Boost library. This functionality is applied in the class SpaceCharge to get the
coefficients of the electric field approximation according to (4.11). The class SpaceCharge itself
is used to compute transfer maps to arbitrary order.

As the name implies, the class MomentTracker provides methods for tracking moments. It inherits
all public members of the class Moment that includes functions to compute general moments of the
form (6.7). Moments are either tracked by evaluating all required moments through integration
or by passing all moments to the function as argument. We apply the latter approach in the class
SigmaGenerator to update the moments of each trajectory.

Some physical constants that are used during the computation are all defined in the namespace
physics, where we differ between SI units and natural units, i.e. c=1,g=1¢e.

MapGenerator ClosedOrbitFinder oS MagneticField
uses
> SigmaGenerator physics
uses
uses
Moment SpaceCharge LSE
uses

MomentTracker

Figure 8.1: UML diagram. All classes in the box (red) are added to the implementation of
[7]. A more detailed diagram of the already existed classes can be found in [7, ch. 4.1]. The
library dependence on GSL (Cubature), DA and Boost isn’t indicated. A better overview of the
functionalities of all classes is provided by our Doxygen.
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8.5 Source Code Details

In this section we discuss some program details with small code fragments. We focus on essential
steps in the process of finding a matched distribution, e.g. initialization and update of moments.

8.5.1 Choice of Semi-Principal Axes

The choice of the semi-principal axes depends on the particle distribution. As written in [8, eq.
11.34], the semi-principal axes relate to the bunch size in case of a uniform distribution by

az = /5 (x?), ay = /5 (y?), a, = /5 (22). (8.1)

On the assumption of a Gaussian distribution we apply [8, eq. 4.107], i.e.
ap =/ (2?),  ay=V(Y?),  az= V(7).

8.5.2 Number of Particles

The relation given in [8, p. 372] states that the number of particles of a bunch is proportional to
the average current:

I

9

cq
with wavelength A. The wavelength, on the other hand, can be computed by [3, p. 7]

N

2me

A= T
woNh7

where w, is the nominal orbital frequency and N}, the harmonic number of the cyclotron. There-
fore, the number of particles is given by

N - " 27l -‘
qwoNh

In order to obtain no floating point values we round the fraction to the next higher integer.

8.5.3 Initialization of the Higher Order Moments

In chapter VIIT of [3, p. 6 - 7] are formulas derived that compute the second order moments
of a spherical beam. Based on this approach we could derive formulas that describe physical
meaningful starting values for other moments. Since our goal is to track moments of arbitrary
order this is not general enough. Instead, one could initialize the second order moments as before
and then apply the moments <x2>, <pg%>7 <y2>, <p§>, <z2>, <p§> to evaluate arbitrary moments
(6.7) by integration.

We decided to keep the implementation of [7] where the second order moments are initialized
using the assumption of a spherical beam that is described in [3, p. 6 - 7]. We initialize, however,
all higher order moments with "random” numbers. Depending on the pseudo random number
generator, seed and range, this might then yield different stationary distributions.
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8.5.4 Map Generation from a Hamiltonian

Originally, the class MapGenerator contained the linear focussing and defocussing matrices hard-
coded. Thanks to the DA library that includes functions to compute (3.1), we’re able to evaluate
maps to arbitrary order for any Hamiltonian. We obtain that by defining a Hamiltonian as a
A-expressions (see e.g. [30]). The only requirement on this expression is that the return-type is a
DA object.

In Lst. 8.1 is a code snippet that shows the main part of the computation of a drift map (full
example in Appendix G19). It is based on the Hamiltonian given by [31, eq. 39], i.e.

5 1 2 1
N [T
Bo \/<50 v B

with transfer matrix [31, eq. 45]

1 L 0 0 O 0
01 0 0 O 0
0 01 L O 0
Md”*ft(s = L) = 0 0 0 1 0 0 (82)
L
0 0 0 0 1 Bz
0 0 0 0 O 1

In case of protons, L = 1 m and E = 0.590 GeV (5oyo =~ 1.28571) the test program yields a
linear map stored in a DA vector as shown in Output 8.1. It is identical to the result obtained
with (8.2).

1 || // define Hamiltonian for the drift

2 Hamiltonian H = [&](double betO, double gam0) {

3 return (delta/bet0) - sqrt((1./betO + delta)*(1./betO + delta) - (px*px) - (py*py) -
1./(betO*betO*gamO*gam0), order);

};

std::cout << H(bet0O,gam0) << std::endl;
// generate linear drift map

Map_type mapgen;
std::cout << mapgen.generateMap (H(betO,gam0), L, 1) << std::endl;

O © 00D U

—

Listing 8.1: Computation of the drift map in the linear approximation.
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FVps 6 powers in

Tps 011 6 T Pz Y Py 2z 6
. 1.00000000000000e+00 1 0 O 0 O O
1.00000000000000e+00 0 1 0 0 O O
0.00000000000000e+00 -1 -1 -1 -1 -1 -1

Tps 011 6
Da 1.00000000000000e+00 0 1 0 0O O O
0.00000000000000e+00 -1 -1 -1 -1 -1 -1

Tps 011 6
8 y 1.00000000000000e+00 0 O 1 0 O 0
= 1.00000000000000e+00 0 0 O 1 0 O
'% 0.00000000000000e+00 -1 -1 -1 -1 -1 -1

g Tps 011 6
Ei Dy 1.00000000000000e+00 0 O O 1 0O 0
0.00000000000000e+00 -1 -1 -1 -1 -1 -1

Tps 011 6
. 1.00000000000000e+00 0 0 O O 1 O
6.04946281540726e-01 0 0 O O O 1
0.00000000000000e+00 -1 -1 -1 -1 -1 -1

Tps 011 6
5 1.00000000000000e+00 0 0 O 0 0O 1
0.00000000000000e+00 -1 -1 -1 -1 -1 -1

coefficients

Output 8.1: Linear drift map obtained by Appendix G19 with a drift length of L = 1 m, energy
0.590 GeV and particle rest mass of 0.938272 GeV (i.e. protons).

8.5.5 Updating Moments

Because the one turn transfer map isn’t decoupled, we apply the projected emittances in the
Newton-Raphson method in order to compute the moments of the initial trajectory element. We
get them by computing (7.4) using the initial guesses of the second order moments. In the model
of [7], however, the user-defined emittances are basically used as eigenvalues directly.

It might happen that the initial guess is far away from the solution. In this case the Newton-
Raphson method doesn’t find a solution. That’s why we restart the procedure after 50 Newton
steps with Lagrange multipliers that are ten times bigger than the initial value of the previous
attempt. At the beginning of the method they are all set equal to one.

The one turn transfer map allows us to update the values of the initial moments by a root
finding problem. In order to compute the moments of each discretization step s, we track the
initial moments iteratively, as also described in [7, ch. 4.5.2] for the second order moments, i.e.

or(s+ As) = M(s,s+ As) o oi(s) o M(s, s + As), (8.3)

where M(s, s + As) represents the map from s to s + As. This is based on the assumption that
the moments change slowly for a step size As < 1.

The code fragment Lst. 8.2 shows the computation of the moments for each trajectory step as
it is indicated by (8.3). In the first step the transfer map from s to s + As is calculated (line
6). Then, we iterate over all moments that we consider during our computation and track them
with a function of the class MomentTracker. The corresponding values of the moments are hold in
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the container sigmas_m. In order to obtain correct results we need to store the tracked moments
temporarily in an other container (specified by sigma on line 16).

Thanks to the DA library the function is very general, i.e. it is able to track any moment of any
order.

1 || Map M;

2 || MomentTracker <value_type, 6> mtracker;

3

4 || for(size_type i=1; i<nStepsPerSector_m; ++i) {

5 // transfer map for one trajectory step

6 M = Mscs[i - 1] * Mcycs[i - 1];

7

8 // iterate over all moments of a specific order (in increasing order)

9 for(typename list_type::const_iterator it=moments.cbegin(); it!=moments.cend(); ++it)

10

11 for (int idx=Series::orderStart (*it); idx!=Series::orderEnd (*it); ++idx)

12 {

13 // get the exzponent of the idz-th monomial

14 FMonomial <6> mo = Series::getExponents(idx);

15 // track moment and store it temporarily in an other container

16 sigma.push_back(mtracker.track ({mo[0],mo[1],mo[2],mo[3],mo[4],mo[5]}, sigmas_m([i-1],
M, truncOrder_m, firstMoments));

17 }

18 }

19

20 // copy updated moments back to real container

21 std::copy(sigma.begin(), sigma.end(), sigmas_m[i].begin());

22

23 sigma.clear();

24 || ¥

Listing 8.2: Update of moments for each trajectory step. The whole function is in Appendix
G20.

8.5.6 Convergence Criterion

In the program of [7] the distribution is considered stationary if the Lo-error between successive
turns is smaller than a user-defined tolerance ¢, i.e.

|62(s + L) — da(s)ll, <€,

where L is the path length and &, represents the vectorized form of the matrix o2 in order to
apply the vector norm. Since our model might also track higher order moments, we generalized
this stopping criterion to

> law(s + L) = au(s)ll5,
k

where the sum goes over all orders k and &}, is again the vectorized form of the tensor oy.
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9 Results

9.1 Hardware

All runtime and stability measurements were performed on the PSI cluster called Merlinj where
following modules were used for compiling:

e gcc/4.8.4,
e gsl/1.15,
e boost/1.57.0.

Further, the C++ flags -O3 -std=c++11 -fopenmp -Wall -Werror were applied. The simulation
were run on nodes with two Intel Sandy Bridge CPUs E5-2670 with 2.60 GHz [25], therefore, we
could run the simulations using 16 cores.

9.2 Measurement Setup

In the following table we show the configuration settings for the simulations with the PSI Ring
Cyclotron and PSI Injector 2.

PSI Injector 2 PSI Ring Cyclotron
energy range [MeV] 0.87-72 72 - 590
harmonic number Ny, 10 6
RF frequency v,y [MHz] 50.650 50.650
proton rest mass mg [MeV] 938.272 938.272
angle start [deg] 45 0
#maps per turn 1440 1440
#£sectors 4 8
#maps per sector 360 180
max. #function evaluations in integration 100 000 100000
truncation order (linear theory) 2 2
max. #closed orbit iterations 100 100
magnetic field file inj72_all sectors_bfld.dat ring590_bfld.dat

Table 9.1: Fixed input parameters of the simulations.

In the computation of a non-linear matching (see Sec. 9.6) the truncation order was changed to
three. All matching simulations are performed over one sector of the machines — instead over
one turn — due to their symmetry.
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9.3 Linear Matching

This section compares results with the program of [7], where a slightly modified version was
used. Instead of the hard-coded maps it uses the approach described in Sec. 8.5.4 where the
maps are computed starting from the Hamiltonian. The space charge strengths, however, are
still computed according to [3] or, respectively, [8, ch. 11.4] such that the result is identical to
the unmodified version.

All simulations in this section, except those with a Gaussian charge distribution, considered a
distribution to be stationary if the Lo-error, as defined in Sec. 8.5.6, was lower than 10~%. Because
the computations of the moment integrals take longer with the Gaussian charge distribution, we
required a Ly-error smaller than 1073 for the stationary distribution.

9.3.1 PSI Ring Cyclotron
Instead of (4.17), the program of [7] uses the uniform charge distribution given by [8, p. 372]

o3y 3Q
 dweagaya,  Amagaya,’

p

with the total charge defined by [8, p. 372]

X
Q="
c
Since the moment integrals are evaluated on the interval [—1, 1], we need to normalize the charge
distribution in order to obtain an equivalent uniform charge distribution, i.e.

1 3

8 4mazaya,

f (9.1)

Further, we apply the relation (8.1) between the semi-principal axes and the rms values. The
matched second order moment matrix for £ = 72 MeV, I = 22 mA and e, = ¢, = €, =
1 7 mm mrad is

13.3619 0.1482 0 0 —0.0507  3.5617
0.1482 1.4944 0 0 2.7565 0.0294
_ 0 0 6.9437  —0.0276 0 0
72 = 0 0 —0.0276  1.4215 0 0
—0.0507  2.7565 0 0 10.3282  —0.0598
3.5617  0.0294 0 0 —0.0598  1.9315

at a Lo-error of 9.9486 - 1072 and

13.3556  0.1497 0 0 0.1155 3.4643
0.1497  1.4759 0 0 2.8356  0.0307
0 0 70713  —0.0278 0 0
92 = 0 0  —0.0278 1.3958 0 o | (9-2)
0.1155 2.8356 0 0 10.9279  0.0287
3.4643  0.0307 0 0 0.0287 1.8019

with the model of [7] at a Lg-error of 9.8169 - 107°. The Lg-error between the two results is
0.7044. By using the uniform distribution defined in (4.17) we obtain with the identical setting
subsequent solution:
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13.8674 0.1516 0 0 —0.0992  3.8996
0.1516  1.4400 0 0 2.7100  0.0338
- 0 0 7.0132 —0.0277 0 0 9.3)
0 0 —0.0277  1.4074 0 0 ’ '
—0.0992 2.7100 0 0 9.6444 —0.0851
3.8996  0.0338 0 0 —0.0851  2.0688
where the Lo-error is 9.9943 - 107°. The simulation with the Gaussian distribution yields
13.6190 0.1477 0 0 0.0049 3.6101
0.1477  1.4661 0 0 2.8488 0.0276
oy = 0 0 7.1022  —0.0278 0 0 (9.4)
0 0 —0.0278  1.3898 0 0 ’ ’
0.0049  2.8488 0 0 10.7105 —0.0305
3.6101  0.0276 0 0 —0.0305 1.8623

at a Lo-error of 9.9639 - 10~4.
The results seem to agree approximately, especially the vertical direction. On closer examination,
however, one recognizes that the signs in longitudinal direction, i.e. (zz) and (zp,), differ (marked
in red) with respect to the reference solution in (9.2). The difference between the projected
emittances is

g2 _ 2098) ~ 4437299153 — 4.466 039 695 = —0.028 740 542,

92 _ 2099 3,141 592654 — 3.141591 602 = 0.000 001 052,

g2 _ 2099) ~ 4437299154 — 4.466 039 272 = —0.028 740 118.

When we compare the convergence behavior (see Fig. 9.1a) we recognize that the program with
the generalized space charge model requires more iteration steps to obtain the specified Ls-
error. While the total number of iterations of the reference [7] is 223, the run with the uniform
distribution as defined in (4.17) needs 1980 (+787.89 %) steps and 312 (+39.91 %) iterations
with (9.1). The simulation that used the Gaussian distribution isn’t comparable with the others
since only an error smaller than 10~2 was required. The algorithm stopped at 151 iterations.
In Fig. 9.1b we added lines that indicate the change of the relative tolerance in the moment
integration of the space charge map computations. Although we change the precision, the Lo-
error isn’t influenced in the sense that it shows a small peak.
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(b) The curve in blue is truncated at 250 steps. The dashed green lines in vertical direction represent
the relative tolerance adaptions of the moment integration during the space charge map computation.

Figure 9.1: PSI Ring Cyclotron. Convergence with £ = 72 MeV, I = 22 mA and ¢, = ¢, =
€, = 1 mmmmrad.
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9.3.2 PSI Injector 2

When running the model of [7] with E =2 MeV, ¢, =¢, = ¢, = 5 mmmmrad and I = 4 mA,
we get

10.7995 —0.1329 0 0 —0.1096 12.8163
—0.1329 33.4476 0 0 19.8137 —0.0401
oo — 0 0 2.8000 —0.1438 0 0 (9.5)
2 0 0 —0.1438 38.3166 0 0 ’ ’
—0.1096 19.8137 0 0 16.6954 —0.0859
12.8163 —0.0401 0 0 —0.0859 21.6351

at a Lag-error of 9.7711 - 1075. The generalized model with (4.17) yields a second order moment
matrix of

8.5436  —0.0976 0 0 —0.0887 11.0266
—0.0976  25.2187 0 0 14.1538 —0.0268
oy = 0 0 27185  —0.1437 0 0 (9.6)
0 0 —0.1437 39.4659 0 0 ’ ’
—0.0887 14.1538 0 0 10.9686 —0.0839
11.0266 —0.0268 0 0 —0.0839 19.6430

with a Lg-error of 9.8892 - 10~°. The second order moments in case of a Gaussian distribution
look like

8.7932  —0.1058 0 0 —0.0912 10.0431
—0.1058 24.5032 0 0 15.6742 —0.0472

. 0 0 2.8673 —0.1444 0 0

72 = 0 0 —0.1444 37.4182 0 0
—0.0912 15.6742 0 0 13.7296 —0.0855
10.0431 —0.0472 0 0 —0.0855 15.6928

where the Lo-error is 9.51764 - 10~%. Although the vertical direction and the coupling terms
(except to (p.z)) are close to the reference solution, the horizontal and longitudinal direction
vary of the order of 2 - 9 on the diagonal. The computation of the projected emittances of (9.5)
and (9.6) shows a significant discrepancy in the horizontal and longitudinal direction:

%) — £096) ~10.356 920 467 — 10.356 997 608 = —7.7141 - 10,
g99) _ 2096) ~19.005 243217 — 14.678 186 897 = 4.327056 32  (~ —22.77 %).

In contrast to the PSI Ring Cyclotron, the change in the relative tolerance of the moment inte-
gration causes an increase of the Lo-error, but, only in case of the Gaussian charge distribution.
The curve is also more wiggly than the simulation with the uniform distribution (4.17) that is
shown in Fig. 9.2b. There, the tolerance change indicates no impact. But the curve has bumps
that seem to appear regularly.

As we have already observed for the PSI Ring Cyclotron, the number of iterations increases
significantly. Instead of the original 335 steps for the computation of (9.5), it requires now 1409
iterations for the computation of (9.6). That’s a percentage rise of approximately 320.60 %.
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(b) Convergence with the uniform distribution (4.17).

Figure 9.2: PSI Injector 2. Convergence with £ = 2 MeV, I = 4 mA and €, = ¢y = €, =
5 mmm mrad. The dashed green lines in vertical direction represent the relative tolerance adap-
tions of the moment integration during the space charge map computation.
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9.4 Linear Stability Analysis

The success of finding a matched distribution depends on the intensity, emittances and en-
ergy. Since there are basically infinite many settings, we restrict our simulations to a specific
energy with varying intensity and emittances. The intensity ranges from 0.5 mA to 10 mA in
steps of 0.5 mA. The emittances are increased by 1 7mm mrad starting from 1 7mm mrad to
10 7mm mrad and are kept equal in all dimensions. The simulations are performed using the
uniform distribution that is given by (4.17).

Because the program normalizes the emittances by [, their value differs from 1 - 10 7mm mrad
for higher energies as e.g. in Fig. 9.4.

Based on the assumption that no convergence appears at all if no matched distribution exists,
we stopped the program after reaching a Ls-error of 0.1.

The striped regions in blue of Fig. 9.3 and Fig. 9.4 are configurations that didn’t converge within
2 hours of execution time whereas all configurations that have a white color diverged.

At first sight the diagrams basically indicate that the higher the emittances, while keeping the
intensity fixed, the more iterations are required. On the other hand, when keeping the emittances
fixed, the number of iterations decreases the higher the intensity.

The stability plot of the PSI Ring Cyclotron shows also a drastic increase of the number of
iterations for emittances higher than 3 7mm mrad.

| | | | | | |
104 65 79 91 5275 - M
7 = | I so000
8 7 - B
7 - 56 76 90 8630 - - 40000
6 L
£ - 30000
S s — I
4 L
47 73 90 - 20000
3 L
2 o - 10000
1 L
42 71 89
T T T T T T o 0
1 2 3 4 5 6 7 8 #iterations

€ =€ =€, [tmm mrad]

Figure 9.3: PSI Ring Cyclotron at 72 MeV and uniform distribution defined in (4.17). Normal-
ization factor (4 digits): Sy = 0.3992 for 72 MeV. Blue region: Computation exceeded time limit
(2 hours).
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Figure 9.4: PSI Injector 2 at 2 MeV and uniform distribution defined in (4.17). Normalization
factors (4 digits): Sy = 0.0431 for 870 keV and Sy = 0.0653 for 2 MeV. Blue region: Computation
exceeded time limit (2 hours).

For some emittances, e.g. e, = ¢, = €, = 1.3187 m mmmrad, the PSI Injector 2 shows gaps
where no convergence appears.

9.5 Timing of the Space charge Map Construction

The construction of the space charge maps is more expensive than in [7] due to the evaluation
of the multidimensional moment integrals. The required time depends on various numerical
parameters like the allowed relative tolerance, the maximum number of function evaluations
(during the integration process) and the total number of trajectory steps. It’s clear that the
accuracy gets increased the higher the number of trajectory steps N and the smaller the relative
tolerance are chosen. Unfortunately, the computation time grows as well. That’s why we decided
to change the relative error adaptively during the process of finding a matched distribution, i.e.
it’s decreased by a factor of 10 if the Lo-error is smaller than the current tolerance, since it makes
no sense to require high precision in case of bad guesses of the stationary distribution.

In Fig. 9.5 are results that show the time needed to build up all space charge maps for one sector
of the machines with increasing order. The plots illustrate the expected behavior dependent on
the relative tolerance and truncation order.
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(a) PSI Ring Cyclotron with £ =72 MeV, I =2.2 mA and e, =¢, = ¢, = 1 mmmrad.
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(b) PSI Injector 2 with E =2 MeV, I =4 mA and e, = ¢, = ¢, =5 mmmmrad.

Figure 9.5: Time required to compute all space charge maps for one sector, i.e. 180 maps for PSI
Ring Cyclotron and 360 maps for PSI Injector 2, with Gaussian distribution. The simulation was
performed with a relative tolerance for the integrals of 1073 and 10~*. The maximum number
of function evaluations was limited to 10°. The program was run with 16 threads.
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9.6 Non-Linear Matching

We present here the result of matching moments based on the example of Sec. 7.4. The third
order moments are initialized uniformly in the range of [—0.01,0.01] with the pseudo random
number generator Mersenne-Twister (standard C++11) with seed 42. Further, the prefactor in
(7.13) was set to k = 0.1.

Since the identical simulation didn’t converge for the PSI Injector 2, we only show the result of
the Ring Cyclotron.

9.6.1 PSI Ring Cyclotron

The configuration with £ = 72 MeV, I = 2.2 mA and ¢, = ¢y = €, = 1 mmmmrad converged
to a stationary distribution with a Lo-error of 9.8451 - 10~%. The convergence plot in Fig. 9.6
indicates a peak that might mainly appear due to the moment <y2> that decreases by 0.4. The
value then increases again but the effect is softened by other moment changes.
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Figure 9.6: Convergence of the non-linear matching. At iteration step 149 occurs a peak.

The numerical result shows that the requirement of a centered beam is fulfilled. All first order
moments are zero:

(z) 3.7876 - 10728

(pz) 1.9311 - 1027
o= | W |2 0

(py) —9.1335- 1027

(z) 2.3774-107%7

(p.) 7.9089 - 10~28
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The second order moments are given by

13.3079 0.1475 —2.8702-10~° 1.0716-10° 0.0133 3.5389
1.5004 —1.0137-10"® 1.5389-10 2.7517 0.0282
_ 6.9284 —0.0289 0.0002 —2.1458 - 1075
72 = 1.4246 1.5948 - 107°  —1.6469 - 10~°
10.3186 —0.0247
1.9330

(9.7)
In contrast to the non-perturbed distribution the moments in horizontal and longitudinal direc-
tion are now coupled with the vertical direction although these values are of the order 10~° to
1075. The comparison with (9.4), i.e.

13.6190 0.1477 0 0 0.0049  3.6101
0.1477  1.4661 0 0 2.8488  0.0276
B 0 0 7.1022  —0.0278 0 0
72 = 0 0 —0.0278  1.3898 0 0 ’
0.0049  2.8488 0 0 10.7105 —0.0305
3.6101  0.0276 0 0 —0.0305 1.8623

shows that the moments <x2>, <y2> and <22> decreased whereas the values of <pi>, <p§> and
(p?) increased:

—2.2843 —0.1110 174.3475  —1.9714
o 2.3367 —3.4085  2.2415
oy B —2.4471  3.9700
(Uéazx) B 1) 1100 % = 2.5091 %

—3.6590 —18.8437
3.7963

Despite those changes the projected emittances differ just slightly:

g0 _ 204 ~ 4,466 029211 — 4.465 982603 = 4.6608 - 107° (=~ 0.0104 %),
EPT — &99 ~ 3141554302 — 3.141634084 = —7.9782- 10" (=~ —0.0254 %),
g0 _ £ ~ 4,466 009 82 — 4.466 008 721 = 1.099 - 10~¢ (= 0.0002 %o).

The third order moments are all listed in Output 9.1.

Matthias Frey 61



ETH Zurich & PSI Villigen

Chapter 9. Results

(z%):  0.0051 — —0.1946, ): 00028 — —7.5797-107°
(zy): 00050 —  0.0954, ): —0.0073 — —0.0136
(#z):  0.0081 — —0.0786, ): —0.0081 — —0.0393
(zp2):  0.0015 — —0.0131, ):  —0.0025 —  0.0042
(xpepy) :  —0.0045 —  0.0095, ): —0.0022 — —0.0231
(xpep.): —0.0098 —  5.1948- ):  0.0005 —  0.0070
(zypy):  0.0037 —  0.0012, y:0.0027 —  0.0399,
(zyp.):  0.0065 —  0.0263, y:  0.0089 —  0.0006
(zpyz):  0.0051 —  0.0108, ypz) 1 —0.0010 — —0.0035
(zz*):  —0.0091 — —0.0152, ): —0.0087 — —0.0285
(zp?):  0.0050 — —0.0029, 5y —0.0070 —  0.0004
(p2yy: —0.0015 —  0.0004, ): —0.0080 — —0.0007
(p2z): —0.0071 — —0.0051, ): —0.0081 — —0.0072
(pzy®):  0.0006 — —0.0007, ): —0.0011 —  0.0004
(pyz):  0.0055 —  0.0061, ):  —0.0075 —  0.0023
(pzpl):  0.0049 —  0.0004, ): —0.0035 —  0.0049
(papypz):  0.0050 —  0.0052, )i 0.0061 — —0.0205
(pezpz): —0.0091 — —0.0124, ) 0.0085 —  0.0003

(y*): 00049 — —0.0017, (y’py)y: —0.0017 — —0.0015
(y?z): —0.0040 — —0.0310, (y’p-): —0.0096 —  0.0033
(yp2):  0.0040 — —0.0001, (ypyz): —0.0008 —  0.0009
(ypyp-):  0.0007 — -1.1216-10"°,  (yz*): —0.0002 —  0.0185
(yzpz): —0.0058 —  0.0055, (yp2):  0.0021 —  0.0009

(p}): —0.0001 — —0.0006, (ppz): —0.0023 — —0.0054
(pPep=):  0.0033 —  0.0007, (pyz®y: —0.0017 —  0.0185
(pyzpz): —0.0013 —  0.0086, (pyp2): —0.0082 — —0.0009

(z*): —0.0085 — —0.1298, (*p.):  0.0064 — —0.0073
(2p2): —0.0004 — —0.0154, (p3): —0.0011 — —0.0011

Output 9.1: Initial and converged values of all third order moments. Syntax: initial — final.
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10 Conclusion and Outlook

On the basis of Lie algebra and ” Truncated-Power-Series-Algebra” (TPSA) the implementation
of [7] got generalized. The hard-coded space charge model was replaced by a more general de-
scription where the underlying particle distribution can be freely chosen. It performs a series
expansion of each component of the electric field vector that is obtained by the scalar potential
of an ellipsoidally symmetric bunch where the expansion coefficients incorporate the couplings
among the different dimensions.

The separately treated focussing forces are embedded into the system by a second order Hamil-
tonian. Its data structure is generalized such that we’re able to apply the Lie transformation in
order to get the linear map.

The update scheme that was based on real Dirac matrices got replaced by a Newton-Raphson
method with Lagrange multipliers. This approach doesn’t depend on the order and dimension of
the problem. Further, it allows an easy extension with additional constraints and invariants that
might be needed when matching higher order moments.

Using the linear approximation, simulations with the PSI Ring Cyclotron returned similar re-
sults for the lowest energy compared with [7]. The PSI Injector 2 is more critical. Some values,
especially in the horizontal and longitudinal direction, deviate significantly from the reference
solution.

As the comparison with the spherically symmetric bunch illustrated, the presented model in-
dicates problems with the correct representation of the Gaussian charge distribution. Although
the shape of the electric field improves the higher the truncation order, it’s still a poor approxi-
mation. The matched distribution algorithm has also the problem to converge for configurations
with higher energy (e.g. starting from ~ 114 MeV in case of the PSI Ring Cyclotron). It mainly
arises due to the initialization using spherical symmetry where some coupling terms are equal to
zero. Applying the solution of the preceding energy as initial guess of the higher energy configu-
ration could resolve that issue.

Nevertheless, a first simulation with an additional third order term in the charge distribution
converged to a stationary distribution. The solution indicated mainly a significant change in the
horizontal and longitudinal extent of the bunch. But before interpreting the data too much, more
simulations have to be done to verify its physical correctness. There, the question of additional
constraints concerning the higher order moment arises. A comparison with Particle-in-Cell sim-
ulations could therefore be a next step. Secondly, it should be focussed on the convergence rate
since the number of iterations and, thus, the computational time increased. The execution time,
however, might be reduced considerably by parallelizing computationally intensive parts. A first
effort was already made concerning the evaluation of the multidimensional integrals. There, a
simple OpenMP parallelization results in a speedup of approximately 8 - 10 for 16 threads.
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A Units

quantity symbol ST unit C, N unit e, V unit
charge q As C e

charge density 1) Asm™3 Cm™3 em™>
current 1 A Cs! es !
electric field E kgmA~ls™3 NC! Vm~!
mass m kg kg MeV ¢ 2
potential ) kgm?A~!'s3 NmC™! \Y%

speed of light c ms~! ms! 1

vacuum permittivity €0 A?s*kg7'm™2 C?N'm=2 eV!im!

Table A.1: Symbols and their corresponding units. The conversions to SI units are given in
Appendix G7.
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B Terms as Carlson’s Elliptic Integrals

Carlson [19] defined the elliptic integrals of second kind as

Rp(z,y, / dt,
e \/t—l—x y)(t+ 2)

Rp(z,y,2) =

2 /0 (t+ 2)3/2 (t Tty .

In order to shorten our notation we apply for all integrals that can’t be expressed by above forms
Carlson’s bracket notation, i.e. [19, eq. 1.1]

[p17p27 .. 7pn] - / (al + blt)pl/2 Tt (an + bn)pn/2 dt,
Y

where in our case n = 3 with (a1, a2, a3) = (az,ay,a.) and by = by = by = 1. Additionally, the
bounds of integration are y = 0 and x = co.
When using the definition of Q(u) in (4.5) and g(u) in (4.7), following relations hold:

/0 g(u)du = 2Rp(a?, a2, a?)

e 2
A Q(u)g(u) du = 3 [#°Rp(ay,a2,a2) + y*Rp(a},a2,a;) + 2°Rp(az, a;, a2))

/00 Q?(u)g(u) du = 2* [-5, -1, —1] + 22%y* [-3, =3, —1] + y* [-1, =5, —1]
i + 22222 -3, -1, =3] + 2¢y%2% [-1, -3, =3] + 2* [-1, -1, —5]
/Oo Q3 (u)g(u) du = 28 [~7, -1, —1] + 3z*y? [-5, =3, —1] + 32%y* [-3, -5, —1]
’ + 901, -7, 1] + 32*2? [-5, -1, 3] + 62%y?2* [-3, -3, —3]
+ 3y*2% [-1, =5, =3] + 32%2* [-3, -1, =5] + 3y?2* [-1, -3, 5]
+ 281, -1, -7
/OO QY (u)g(u) du = 2® [~9, —1, —1] + 425¢? [-7, -3, —1] + 62*y* [-5, -5, —1]
+42%y® -3, -7, —1] + ¥ [-1, =9, —1] + 42®2% [-7, -1, —3]
+ 122%y% 2% [-5, =3, =3] + 1202y* 2% [-3, =5, —3] + 4922 [-1, -7, 3]
+ 6x%2* [=5, -1, —5] + 122%y%2* [-3, =3, —5] + 6y*2* [-1, =5, —5]

+ 42220 [=3, -1, -7 + 4y?20 [-1, -3, -7 + 22 [-1,—1, -9
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/OO Q5 (u)g(u) du = 2% [-11, -1, —1] + 52%¢* [-9, =3, —1] + 1025y* [-7, =5, —1]
i + 10248 =5, =7, —1] + 5228 -3, =9, 1] + y*° [-1, —11, 1]
+ 52822 [-9, -1, —3] + 202%y?22 [-7, =3, —3] + 302*y*2? [-5, -5, —3]
4 202%y%2? [-3, -7, =3] + 5y®2% [-1, =9, —3] + 102°%2* [-7, -1, —5]
+ 30xy%21 [—5, =3, =5] + 3022y 2* [=3, =5, —5] + 10y52* [-1, -7, —5]
+ 10228 [=5, —1, = 7] + 2022y?20 =3, =3, —7] + 10y*2° [-1, =5, 7]

+ 52228 =3, -1, —9] + 5y?2® [-1, -3, —9] + 20 [-1, -1, —11]

All terms described by integrals are given in Appendix G8.
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C Derivation of the Electric Field

Starting from the scalar potential defined in (4.4) of Sec. 4.2, the electric field is computed by
using (4.8).

We only show the derivation in horizontal direction since the vertical and longitudinal direction
are transformed appropriately.

p, =90 _ _Qaaa d / / f(w) dwdu
dz deg  dzx \/a2+u a2+u (a2 +

_ _Qosaya. ! 4 dw} d
deg /o \/(ag +u)(a2 + u)(a2 + u) I l/mu) I !

Qagzaya, [~ 1 dQ(u) > df(w)
= 00) -0 — f(Qu)) —— ——dw| du
deo /o \/(ag+u)(a§+u)(a§+u) floo)- 0= F{8u) =g, +/Q(u)\_gg_/
=0
Qazafyafz 1 dQ(u)
= _ —f(Qu du
420 /o \/<ag+u)(a§+u>(ag+u)[ T ]

agaya, [~ 1 x? 2 22 22
- (@) m
4eg 0 \/(ai—ku)(az—&—u)(az—&—u) az+u  aZ+tu aZ+tu)aitu

azaya, [ x 22 2 52
- Qasty Z/ f( 5 + 2y + )du,
2e0 0 (a2 +u)3/2\ /(a2 +u)(a2 +u) \% tu aytu aztu

where it was made use of Leibniz’s rule [32, p. 153]

d oo db(t) da(t) ¥® dg(x, t)
i [, o0 =g00.0%G2 ~gawn G+ [ T e

We can verify the expression by comparing with [6, eq. 2.3.3]

Qaway / x ( 2 yz )
E - + d )
CV= " o @@ e g )

which is the horizontal electric field component of the potential for a continuous beam, i.e. [6,
eq. 2.3.1]

o, y) = oy

450// \/azﬂ—

where S(u) is given by [6, eq. 2.3.2]

dw du,
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D Transformation of Moment Integrals

The following sections show the transformation of the integrals in (4.12) to finite domains in case
of different charge distributions. The single moments are given by

2 2 2
(z™) = /]R's " f (22 + ¥y 22) drdydz,

.2
T ay a;

) ) 2 2 2
(y") = /Rsyl’f <a2+ CLQ+(12> drdydz,

Y

n np (2 Y 2
<z>:/RSz f(c&—l-%%—i—ag)dxdydz,

with probability density function f. In each case we only transform the moments in horizontal
direction because the other directions are modified appropriately.

D.1 (Gaussian Charge Distribution

The three-dimensional elliptic Gaussian is given by (4.6), hence,

. Q ) ) oo oo In+1
(2" B} = 16m3epaza,a
octys S oo oo o (a2 4 w2 flad ) (a2 + )
2 2 2

1 T Y z 1 /22 y* 22
—= —= | =+ % + = || dudzdyd-=.
exp{ 2<a%+u+a§+u+a§+u>}e}{p[ 2(a§+a§+a§ udrdycz

By truncating at 60 and using the proposed change of variables of [24], i.e.

/Ooof(U)du=/01f(1MM)(l_lu)2du7

the integral transforms to

6a. (1 6a, n+1

T

1
(z"E) = K/ /
~ax J—6ay J-6a Jo (a2 + 7£0)32, [(a2 4 1) (02 + 25)

1—p

1 22 y? 52

P73 2 / * 2 u + 2 2
) ) ()
1 /22 y? 22 1
—— | ==+%+ = || ———=dudzdyd
oo (g i )| e
where
Q

)

1673¢eg erf [3 2 Samayaz
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with error function (4.15). The single moments, i.e. (™), are given by

1 /22 2 2
™ exp {— <x2 + y—z + i)} da dydz.
2\ay ay a

1 6a. 6a, 6ay

(") =

(2m)/2 ext [3v2]° ayaya, J—sa: o0, )60

By reason of truncating at 60 the normalization factor of the Gaussian distribution slightly
changed, i.e. instead of

oo poo poo 1 (332 y2 22):| 3/2
exp |—= | &5 + 5 + = || dedy dz = (20)% %aaya.,
[ (G gen '

it is given by

6a 6a 6a 2 2 2
z y @ 1 3
/ exp {— <x + 44 ;)} dz dydz = (27)*2aa,a. erf [3\/5} ,

2 2
—6a, J—6a, J —6az 2 a:r: a’y

where 5
erf {3\@} ~ 0.99999999408047414145 ~ 1.0000.

The corresponding computations are in Appendix G1.

D.2 Uniform Charge Distribution

The assumption of a uniform charge distribution, i.e. (4.17) with w < 1 only, leads to subsequent
moment formulas:

dudrdydz

. Q a, Ay o, [e'e] xn—&-l
(@ E7“> - 128cpaa,a
08xy@z J—a. J=ay J=as JO (a2 +u)3/2, /(a2 + u)(a2 + u)

1 a, Ay Qg
SN " dz dy dz.
<$ > SGzayaz /—az /—ay /—az v

Both equations are independent of the vertical and longitudinal direction, thus, each of these
multidimensional integrals simplifies to a one-dimensional integration:

(x"E,) = 12850221%012/0 (a2 +“)3/2\/?au2—|—u)m/am "t dx/% dy . dz
_ 4Qaya, /°° du gnt2 ]
= 128¢qagzaya; Jo (a2 + u)3/2 (a2 + u)(a2 + u) n+2 ——a.
__Q apP - (=1 /°° du
T 3200y n+ 2 0 (a2 +u)d/? (ag—f—u)(ag—&—u)

Qantt du

_ _(_1\n+2 *
"By )/o (2 + w32, [(a2 + u)(a2 +u)
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1 Ay ay a, 1 [o P 1 n+1 =
<x">:7/ x”dx/ dy/ dz=— 2" dx = x
8040y a 20, 2a, n+1

Ay

— Qg —ay —a, —Qy r——a
H/_/H/_/ - x
2ay 2a;

a? (1 - (=1
2(n+1)

The former integral is up to the factor identical to Carlson’s elliptic integral Rp [19]. By applying
[0, 00[— [0,1] as in Appendix D.1, we end up with

" Qayt! wsay [ du
X Ew = a7 - _1 )
T sy Y ’/0 (a3 + $25)%2 JaF + 25) (2 + 725) (1= po)?
= gt )
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E Spherical Coordinates

The transformation from spherical to Cartesian coordinates defined in [27, p. 311] is given by
x = rsin(¢) cos(y), y = rsin(d) sin(y), z = rcos(¥), (E.1)

where 1 € [0, 00[, ¥ € [0,7] and ¢ € [0, 27]. The Jacobian matrix is given by

% g% 37“; (sin(ﬁ) cos(p) rcos(¥)cos(p) —rsin(d) sin(cp))

12
J=|% 9 9y _ [gnW)sin(p) rcos(d)sin(e) rsin(d)cos(y)

or [ekis Oy -
9z 0z 0z cos(9) —rsin(¢) 0

or 99 o
The determinant is then easily obtained to be

det (J) = sin(9) cos(y) - || S(V) sin(p) - rsin(¥) cos(p)

—rsin(¢) 0
. . rcos(¥) cos(p) —rsin() sin(y)
— sin(¥) sin(ep) - rsin(d) v 0 ¢ ’

rcos(¥) cos(p) —rsin(d) sin(yp)
rcos(?)sin(p)  rsin(d) cos(yp)

= r?sin®(9) cos®(p) + r? sin®(¥) sin® () + r? sin(9) cos®(9) (cos?(p) + sin®(p))

+ cos(¥}) -

= rZsin(d) [Sin2 (19) cos®(p) 4 sin? () sin? () + cos*(¥)]

= r?sin(?) {sinQ(ﬁ) (cos?(¢) + sin®(p)) + cos? (19)] = r?sin(v).

=1

=1

E.1 Spherical Gaussian

Assuming a spherical bunch, i.e. a = a; = a, = a,, the Gaussian defined by (4.6) with (4.3)
transforms to

1

f(r,9,¢) = m exp _T; ( Zsin?(19) cos®(ip) + 72 sin? () sin? () + 72 cos? (19))}

= m exp —% (r2 sin®(9) [cos? (i) + sin ()] +72 0052(19))]

1

flr,9) = W exp —2—(112 (r2 [sin®(9) + 0082(19)]>]

1

fr) = 1 [
"= (27)3/2a3 P | 2a% ]|’

where (E.1) was applied.
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F Lagrangian Derivatives

In this section we compute the derivatives (7.7) of the Lagrangian stated in (7.6) of Sec. 7.1. In
a first step we calculate it with respect to the moment vector s, 1:

aﬁ a 1 2 3T
= %5 | 5 A_’s - _‘s A g _’s
o = g (5 14— 2R+ KT
1 0 2 0 YT oo
=207, t T (X))

[|AZs i1 — fs||2
@ ©)

For the sake of clarity we treat those derivatives separately. The result of (I) is

1 0 . L2 10 R
§m [AZsyp — Zsll5 = §3fs+L [(AfferL ) (AZsyr — )]
1 0 = - -
= 58*7 [( s+LAT j) (ATsyr — l’s)]
1 0
= 587 [ S_~_LA AZsyp — xS+LA Ts — X, Aa:s+L + Z a:s}
1

= [2A AZgyp —2AT ]
= A AZgy — AT,
The second term (2) with X = (Ao, A1, A2) T and (7.5) (w = a,y, 2) yields

0 T oo 0 R - o
9T ()\TQ ($s+L)) = 55— (A09a(Tosr) + Mgy (Tos ) + A29:(Toq1))
Ts4+L astrL
= )\vas+LgI(f5+L) + AlvferLgy(ferL) + )‘QstJrng(fSJrL)
R T
Vi, 9 (Zs+1) Ao
= vfs+Lgy(fS+L) A
vf,s+ng(fS+L) A2
_ 7Ty
=J, A
Hence, combining both calculations results in
oL

= ATAT, - ATE )X
axs-&-L

The solution of the derivative of the Lagrangian with respect to N is trivially given by

3£ 10 0 w1,
3)\ =9 3XH €+L*I9||2 5)‘T9(IS+L) G(Zsyr)-

=0

The derivatives of (7.5) are only non-zero for the moments of the form (w?), (wp,) and (p2)
with w € {z,y, z}. Thus,

3910 o <p721)> 8gw o -2 <wpu1> _ <wpw> agw <U}2>

o (w?) 1 T 2hy O (wpw) 4y 1, 2h hy OW2) e 2hw’
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with

oo = /(02 (2 — (). (1)

By taking the second derivative of (7.5) with respect to sy we obtain the non-zero entries —

-

while omitting the Lagrange multipliers — of the Hessian Hy(Zs4.1,A) in (7.12):

Pgu _ (02)’ Pgw 1 (W) () g0 (L) (wpa)
d(w?2)®  4h3 T 0(p)d(w?)  2hy, 4h3, 7 O (wpw)d (w?)  2h3,
gy _ ()’ CPgu 1 {wp)’ Pgu (02 (wpu)
o@pz)* A O(wpw)’  hw B O(wpu)d(pZ) 20,

where h,, defined by (F.1) was used again. All these derivatives are computed in Appendix G9.
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G

Scripts and Source Codes

All data, plotting scripts and other programs that are used in this thesis are stored in a repository.
It also contains most of the employed literature. In order to get access, please contact Dr. A.
Adelmann (andreas.adelmann@psi.ch).

In this section we only itemize some of the programs. In the subsequent list are the filenames of
the Mathematica [26] scripts on which we refer in the text:

G1
G2
G3
G4
G5
G6
G7
G8
G9

code/tools/Mathematica-Scripts/GaussianNormalization.nb
code/tools/Mathematica-Scripts/Allen.nb
code/tools/Mathematica-Scripts/EFieldSpherical Gaussian.nb
code/tools/Mathematica-Scripts/Field Energy Uniform.nb
code/tools/Mathematica-Scripts/LinearMatchingPolynomials.nb
code/tools/Mathematica-scripts/LinearSystem OfEquations.nb
code/tools/Mathematica-Scripts/PhysicalSymbolsAnd Units.nb
code/tools/Mathematica-Scripts/Carlson.nb

code/tools/Mathematica-Scripts/Derivative LagrangianConstraints.nb

The full C++ source codes of the shown code fragments and computations for the figures are
given in the following files:

G10
Gl11
G12
G13
Gl4
G15
G16
G17
G18
G19
G20

code/tests /testMap Generator.cpp
code/tests/testEllipticIntegral.cpp
code/tests/testRuntime.cpp
code/tests/testParallelCubature.cpp
code/tests/testAllen.cpp

code/tests /testChargeDistribution.cpp
code/tests/testElectricField.cpp
code/tests/testField Energy.cpp
code/tests/test Tracking.cpp
code/tests/testDrift.cpp

code/include/SigmaGenerator.h

The scripts of Fig. 2.1 and Fig. 4.3 are

G21
G22

code/tools/R-Scripts/NumberOfMoments.R
code/tools/R-Scripts/GaussianDistribution.R
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